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Preface to the Fifth Edition 


The book has been written in a fine thread of logic and provided a systematic approach to the 
development of the subject. I wish, | could do justice to the book in maintaining its superiority in 
presentation and clarity in writing its fifth edition. This effort is to pay my sincere regards to the 
departed soul, who not only taught me at the graduate and postgraduate level but also guided me 
like a father in every walk of life. 

The revised edition of the book has been written to serve diverse set of students keeping in view 
their requirements as per the changed syllabi at the graduate and postgraduate level of some of the 
universities and to make the book more illustrative and self-contained. To this end a chapter on metric 
spaces containing various lucid examples, the topological framework—open and closed sets, 
convergence, completeness, compactness and connectedness, has been added. Differentiation under 
the integral sign and Beta-Gamma functions have been discussed in the chapter on double integrals 
and in Appendix | to meet the primary needs of the students at the graduate level. 

To reinforce and solidify the understanding, some of the chapters and sections have been 
rearranged and several new exercises and solved examples have been incorporated. The section on 
limits inferior and superior of sequences is introduced and discussed in detail. Every care has been 
taken to explain and elucidate the different concepts so as to provide conceptual clarity to the readers. 

I am grateful to Dr. S.C. Arora, Reader, Deptt. of Mathematics, University of Delhi, Delhi for 
his going through the chapters on Lebesgue Integral and Metric Spaces and making several useful 
suggestions. I am also thankful to Dr. Bansi Lal, Head, Deptt. of Mathematics, Kirori Mal College, 
Mrs. Shoba Rani, lecturer Vivekanand Mahila College, Delhi for pointing out various misprints and 
making fruitful suggestions. I am thankful to all my colleagues in the Department of Mathematics, 
especially to Mr. Satish Verma for the help he rendered continuously in preparing this revised edition. 
We hope this edition will prove to be useful for the students as well as teachers. Lastly we are 
thankful to M/s New Age International (P) Limited, Publishers for their keen interest in bringing out 
the revised edition of the book in an elegant form. 


Suggestions and constructive criticisms for the improvement of the book are welcome. 


AUTHOR 


Preface to the First Edition 


The book is intended to serve as a text for a course in real analysis that is usually taken up by the 
Honours and Postgraduate students of Indian universities, although its scope has been generally 
determined by the courses in real analysis prescribed by the University of Delhi. Professionals or those 
preparing for competitive examinations may also find in it much that is useful. 

The purpose in writing this book has been to provide a development of the subject-matter which 
is well motivated, rigorous and at the same time not too pedantic. Most of the hard theorems which 
are either omitted or treated rather skimpily in many texts in advanced analysis have been proved 
with care. Some of them are ordinarily considered too difficult for a standard course in calculus but 
too elementary for a course of analysis. With the inclusion of those theorems, the book attempts to 
fill the gap and to make the transfer from elementary calculus to advanced course in analysis as 
smooth as possible. 

Class work is often a joint effort between the teacher and the students, an effort which must 
adjust to the level of rigour demanded by the teacher and the capacity to assimilate, possessed by 
the students. The author hopes that the present book provides a course which will substantially meet 
both the requirements and will fulfill the need of a suitable text book. 

The tone of the book is essentially classical but an attempt has been made to treat the subject 
matter on modern lines—some terminology has been updated and modern methods applied to smooth 
out and shorten certain classical techniques. The book starts with a quick review of the essential 
properties of rational numbers and using Dedekind’s cut, the properties of real numbers are 
established. This foundation supports the subsequent chapters. The material on some of the topics— 
functions of several variables, uniform convergence of sequences and series of functions, line and 
surface integrals, double and triple integrals—is given with more details and with more examples and 
motivation than is usually done. No effort has been spared to present in a natural sequence the basic 
ideas of theory of Fourier series. The theory of surface integrals is generally paid less attention than 
it deserves. Special effort has been made to include all necessary details. 

A large number of examples, taken mostly from the question papers of different universities and 
from my own class notes, have been properly graded and supplied with answers. Majority of them 
are straightforward; hints for harder ones are occasionally given. A sufficient number of them have 
been solved for the benefit of the readers. Short examples to illustrate the general theory or to show 
where it breaks down, follow every important principle. This and the remarks and notes added here 
and there should help in fixing the ideas better. Effort has also been made to give the proofs of a 
number of theorems in a somewhat modified form. 


Contents 


During the study of the subject and preparation of lecture notes for more than three decades 
of my University teaching (wherein lies the genesis of the present book) I have made use of the 
standard works of a large number of authors including Berman, Bromwich, Budak, Carslaw, Courant, 
Ferrar, Fomin, Gelbaum, Gibson, Goursat, Hyslop, Knopp, Landau, Olmsted, Nikolsky and Phillips. 
I have benefitted largely from them but I cannot resolve, how much is due to each. | owe much 
to them and | gladly take this opportunity to acknowledge my indebtedness to them. If due 
recognition for the authorship of any material is lacking, | extend my apology. Any such omission 
is unintentional. 

I owe a special debt of gratitude of Professor U.N. Singh, Ex-Vice-Chancellor, University of 
Allahabad, who has been helping me all along with valuable suggestions. 

I am deeply obliged to my reversed teacher Mr. Shanti Narayan, Ex-dean of Colleges, University 
of Delhi, for it is from him that | have derived my essential vision of the subject. My friends 
Dr. P.K. Jain, Reader, University of Delhi and Dr. S.C. Arora of Hans Raj College, Delhi, gave me 
the benefit of very fruitful discussions for which | am grateful. My sincere thanks are due to my 
colleagues in the Department of Mathematics in my college who helped me in various ways: and, 
in particular, to Dr. (Miss) Savita Arora who went through the first draft of the manuscript and 
suggested a number of improvements in the presentation of the subject. 

Finally | may add that the author and also the publisher will welcome all suggestions for the 
improvement of the book. 


S.C. Maik 
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Real Numbers 


1. INTRODUCTION 


In school algebra and arithmetic, we usually deal with two fundamental operations viz. addition and 
multiplication and their inverse operations, subtraction and division respectively. These operations are 
related to a certain class of ‘numbers’ which will be described more precisely in the following sections. 
The basic difference between ‘elementary mathematics’ and ‘higher mathematics’, which begins at the 
college level, is the introduction of the all important notion of limit which is very intimately related to the 
intuitive idea of nearness or closeness and which cannot be described in terms of the operations of 
addition and multiplication. The notion of limit comes into play in situations where one quantity depends 
on another varying quantity and we have to know the behaviour of the first when the second is arbitrarily 
close to a fixed given value. In order to illustrate our point in relation to a practical situation, consider the 
question of determining the velocity of the planet earth at a particular instant during its motion round the 
sun assuming that the path of its motion round the sun and its position on this path at any instant are 
known. We cannot determine the velocity of earth without taking recourse to the notion of limit and 
indeed we need the notion of limit even in defining the concept of ‘velocity’ of a moving object which is 
not moving with a uniform speed. The purpose of this illustration is simply to indicate that there are 
numerous situations where the methods of elementary algebra prove quite inadequate for the purpose of 
solving or even formulating a problem, and we are forced to evolve new concepts and methods. The 
notion of Jimit is one such concept. 

For the proper understanding of the notion of limit and its importance, it is absolutely desirable that 
the reader should be familiar with the true nature and important properties of ‘real numbers’. Starting 
with natural numbers, we shall briefly and intuitively introduce in the following sections the concept of 
rational numbers and irrational numbers which together form the system of real numbers, describing in 
the process the important properties possessed by these numbers. The branch of mathematics called 
real analysis deals with problems which are closely connected with the notion of ‘limit’ and some other 
notions, such as the operations of ‘differentiation’ and ‘integration’ which are directly dependent on the 
concept of limit when all these operations are confined to the domain of real numbers. It is difficult to 
say anything more precise at this stage. The interested reader will certainly have a clearer and precise 
understanding of this important branch of mathematics as he systematically studies this work. 


1.1__Real Numbers 


The system of real numbers has evolved as a result of a process of successive extensions of the system 
of natural numbers (i.c., the positive whole numbers). It may be remarked here that the extension 
became absolutely inevitable as the science of Mathematics developed in the process of solving problems 
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from other fields. Natural numbers came into existence when man first learnt counting which can also 
be viewed as adding successively the number | to unity. If we add two natural numbers, we get a 
natural number—but the inverse operation of subtraction is not always possible if we limit ourselves to 
the domain of natural numbers only. For instance, there is no natural number which added to 8 will give 
us 3. In other words, 8 cannot be subtracted from 3 within the system of natural numbers. In order that 
the operation of subtraction (i.e., operation inverse of addition) be also performed without any restriction, 
it became necessary to enlarge the system of natural numbers by introducing the negative integers and 
the number zero. Thus to every natural number 1 corresponds a unique negative integer designated —n 
and called the additive inverse of n, and there is a number zero, written 0, such that 7 + (-n) = 0, and 
n+0=n for every natural number n. Also 77 is the inverse of 7. The negative integers, the number 0, 
and the natural numbers (i.e., the positive integers) together constitute what is known as the system of 
integers. Similarly, to make division always possible, zero being an exception, the concept of fractions, 
positive and negative, was introduced. Division by zero, however, cannot be defined in a meaningful and 
consistent manner. The system so extended, including integers and fractions both positive and negative, 
and the number zero, is called the system of rational numbers. Thus, every rational number can be 
represented in the form p/q where p and q are integers and q # 0. 

We know that the result of performing any one of the four operations of arithmetic (division by zero 
being, of course, excluded) in respect of any two rational numbers is again a rational number. So long as 
mathematics was concerned with these four operations only, the system of rational numbers was 
sufficient for all purposes but the process of extracting roots of numbers (e.g., square-root of 2, cube- 
root of 7, etc.), as also the desirability of giving a meaning to non-terminating and non-recurring decimals, 
necessitated a further extension of the number system. There were lengths which could not be measured 
in terms of rational numbers, for instance—the length of the diagonal of a square whose sides are of unit 
length, cannot be measured in terms of rational numbers. In fact, this is equivalent to saying that there is 
no rational number whose square is equal to 2. In order to be able to answer such questions, the system 
of rational numbers had to be further enlarged by introducing the so called irrational numbers. It is 
beyond the scope of this book to discuss systematically the definition of irrational numbers in terms of 
rational numbers. Numbers like V2, ¥7, m (ie.. the ratio of the circumference to the diameter of a 
circle) with which the reader is already familiar are examples of irrational numbers. Rational numbers 
and irrational numbers together constitute what is known as the system of real numbers. 

Though the real number system cannot be extended in a way in which a rational number system is 
extended but it can be used to develop another system, called the system of complex numbers. But 
since real analysis is not concerned with complex numbers. we have nothing to do with complex 
numbers in this book. 

For the sake of brevity and clarity of exposition, and because the notion of set is fundamental to all 
branches of mathematics, we start with the algebra of sets. 


1.2 Sets 

A set is a well defined collection of objects. In other words, an aggregate or class of objects having a 
specified property in common enables us to tell whether any given object belongs to it or not. The individual 
objects of the set are called members or elements of the set. Capital letters A, B, C, etc. are generally used 
to denote the se¢s while small letters a, b, c, etc. for elements. If x is a member of a set A, then we write 
xe A and read it as ‘x belongs to A’ or ‘x is an element of 4’ or ‘x is a member of 4’ or simply ‘x is in A’. 
Ifx is not a member of A, then we write x¢ A and read it as ‘x does not belong to 4’. 
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Some Typical Sets 
N: The set of natural numbers, 
I : The set of integers, 
I: The set of positive integers, 
I: The set of negative integers, 
Q: The set of rational numbers, 
R: The set of real numbers. 
There are two methods which are in common use to denote a set. 
(/) A set may be described by listing all its elements. 
(a) Set S has elements a, b, c, then we write 
S = {a, b, c} 
(b) Set V of vowels in the English alphabets 
V = {a, e, i, 0, u} 
(ii) A set may be described by means of a property which is common to all its elements. 
(a) The set S of all elements x which have the property P(x) 
S= {x: P(x)} 
(>) The set B of natural numbers 
B={n: neN} 
Null Set. A set having no element. Sometimes the defining property of a set is such that no object can 


satisfy it, so that the set remains empty. Such a set is called a null set, an empty set or a void set, and 
is generally denoted by the Danish letter @ or { }. Thus 


@ = {n: nis a natural number less than 1} 
od={x: x# x} 


1.3 Equality of Sets 


Two sets are said to be equal when they consist of exactly the same elements. Thus, sets P and Q are 
equal (P = Q) if every element of P is an element of Q, and every element of Q is also an element of P. 
Thus, 


{a, b, c} = {b, a, c} 
{4, 5, 6, 7, 8, 9} ={m: 3<n<10,nEN} 
It is to be noted that while writing a set, an element occurs only once but the order in which the 
elements of a set are written is immaterial. 
A set is finite or infinite according to the number of element in it is finite or infinite. 


1.4 Notation 


Vida. e.av~ 


These symbols borrowed from mathematical logic help in a neat and brief exposition of the subject and 
so we shall describe them briefly here. 


= 
o 
uu 
Ee 
a 
x 
a5 
(2) 
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(‘) V stands for ‘for all’ or ‘for every’. 


The statement x < y, VxeS means x is less than y for all members of S, 
ie., all members of S are less than y. 


(ji) J stands for ‘there exists’. 
(iii), => stands for ‘implies that’. 
If P and Q are two statements, then P = Q means that the statement P implies the statement 
Q, i.e., if P is true then Q is also true. Thus 
CESS 2°95 
AB ICD and CDI|EF = AB\|EF 
If the statements P and Q are such that P implies Q and Q implies P, then we write 
P = @Q (both ways implication) 
Thus for real numbers x, y 
xy =0@x=00ry=0 
(iv) a stands for ‘and’ 
v stands for ‘or’ 
The statement P A Q holds when both the statements P and Q hold, but the statement R v S can 
hold when either R holds or S holds, i.e., Rv S holds when at least one of R and S holds. Thus, 


(x -3)(x-5)<O0Sx>3Ax<5 
Yel >x=lvx=-l 
(v) Negation ~ stands for ‘not’. 
If P is a statement then ~ P is negation of P. 
In other words, ~ P denotes ‘not P’. 
Thus when P holds, ~ P cannot hold and vice versa. 
P A~P is always false, but P v ~ P is always true. 


1.5 Subsets 


If A and B are two sets such that each member of 4 is also a member of B, i.e... xe A => xe B, then 
A is called a subset of B (or is contained in B) and we write AC B. 

This is sometimes expressed by saying that B is a superset of A (or contains 4) and we write 
BDA. 

Thus, if A is a subset of B, then there is no element in A which is not in Bie, ye B => ye A. 
Consequently, the null set @ is a subset of every set and A Cc A, for every set 4. 

Thus, if AC B and BCA, we write A = B 

A CB allows for the possibility that 4 and B might be equal. If 4 is a subset of B and is not equal 
to B, we say that A is a proper subset of B (or is properly contained in B) and we write A c B. Thus 
A is a proper subset of B if every member of 4 is a member of B and there exists at least one member 
of B which is not a member of A. 


Two sets A and B are said to be comparable if either A > B or AC B, otherwise they are not 
comparable. 
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1.6 Union and Intersection of Sets 


Union. If A and B are two sets, then the set consisting of all those elements which belong to A or to 
B or to both, is called the union of 4 and B and is denoted by AU B. 
Clearly 
AU@=A,AUA=Aand AUB=BUA. 


Intersection. If A and B are two sets, then the set consisting of all those elements which belong to 
both 4 and B is called the intersection of A and B and is denoted by Af) B. 
Clearly 
ANo=6,AN A=Aand AN B=BNA. 
Thus, A) B consists of elements which are common to 4 and B. 
Two sets A and B are said to be disjoint if they have no common element, i.e., A [ B= 9. 


1.7 Union and Intersection of an Arbitrary Family 


The operations of forming unions and intersections are primarily binary operations, that is, each is 
a process which applies to a pair of sets and yields a third. We emphasize this by the use of 
parentheses to indicate the order in which the operations are to be performed, as in (A,U A) U A3, 
where the parentheses direct us first to unite 4, and A,, and then to unite the result with 4,. 
Associativity makes it possible to dispense with parentheses in an expression like this and to write 
A,UA,U Aj, where we understand that these sets are to be united in any order and that the order 
in which the operations are performed is irrelevant. Similar remarks apply to A,f A, A. 
Furthermore, if {4,, 4), ..., 4,,} is any finite class of sets, then we can form 


A,UA, U...U A, and A, MA, 1... A, 
in much the same way without any ambiguity of meaning whatever. In order to shorten the notation, we 
let = {1, 2, ..., 2} be the set of subscripts which index the set under consideration. / is called the Index 
Set. We then compress the symbols and write 
U A; and f) A; or U A; and f) A; 
fA : 


iel jel i= i=l 


It is often necessary to form unions and intersections of large (really large) class of sets. Let A be 
a set and {A,: Ae A} an entirely arbitrary class or family F of sets which contains a set A, for each 
A in A. Then 
ew A, = {x: x © A, for at least one A in A} 
£ 


1) A,={x: x © A, for every A in A} 
AeA 


and 
define the union and intersection of an arbitrary family ‘F’. 

A is called the Index set. 

In particular, if A = {I, 2, 3, ...} be the set of all natural numbers, then the union and intersection are 
often written in the form 


UA, and 1A, 
u j 


i= 


or simply UA; and ()A;. 
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1.8 Universal Set 


In any discussion of sets, all sets are usually assumed to be subsets of a set, called the universal set 
(usually denoted by U ). In our present discussion, however, the set R of real numbers can serve as the 
universal set. 


1.9 Difference Set, Complement of a Set 


If A and B are two sets, then the set consisting of those elements of B which do not belong to 4 is called 
the difference set of A and B and is denoted by B— A. 


If, however, A is a subset of B then B — A is called the complement of A in B or complement of A 
with respect to B. 


Complement of A in the universal set U is called the complement of 4 and is denoted by 4°. 


1.10 Functions 


Let A and B be two sets and let there be a rule which associates to each member x of A, a member y of 
B. 

Such a rule or a correspondence f under which to each element x of the set A there corresponds 
exactly one element y of the set B is called a mapping or a function. 

Symbolically we write f: A > B, i.e., fis a mapping or a function of A into B. 

The set A is called the Domain of the function. 

The set B contains all the elements which correspond to the elements of 4 and is called the co- 
domain of f- 

The unique element of B which corresponds to an element x of 4 is called the image of x or the value 
of the function at x and is denoted by f(x); x is called the preimage of f(x). It may be observed that while 
every element of the domain finds its image in B there may be some elements in B which are not the 
image of any element of the domain A. The set of all those elements of the co-domain B which are the 
images of the elements of the domain 4 is called the range set of the function - If the co-domain B of f 
itself is the range set of fthen we say that fis a function from A onto B. If members of the domain set are 
denoted by x and those of range set y then y = f(x) is the value of the function fat x. We call a function 
f: A— B to be one-one if two different elements in A always have two different images under f 
ie, 1 #x,=> f (x) # f (x4), forall x,1,€ A 

If f: A= B is both one-one and onto, then we can define its inverse mapping f-': B—> A as 
follows: 

For each y in B, we find a unique element x in A such that f(x) = y (x exists and is unique, since f is 
one-one and onto). We then define x to be f"'(y). The equation x =f '(y) is the result of solving y =f (x) 
for x. 

If f: A > B is both one-one and onto then we say that f is a one to one correspondence between 
A and B. In this case f': B > A is also a one to one correspondence between B and 4. 


If A, CA, then its image f(4,) is a subset of B defined by 
f(A) ={F (x) eB: xe Aj}. 
Similarly, if B, is a subset of B, then its inverse image f'(B,) is a subset of A defined by 


f'(B)={xeA: f(x) eB} 
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A function f is called an extension of a function g (and g is called a restriction of f) if the domain 
of f contains the domain of g 


and f(x) = g(x) for each x in the domain of g. 


Just as we can combine sets to get a new set, we can combine given functions to construct a new 
function in the following way: 


If f: A> B and g: BC are two given functions, we define the composite function 
gof: AC by 


(go f)(x)= (f(x). for every x € A. 
The function /: A > A defined by (x) =x for every x € A is called the identity function on A. 
If gof=fog=lI, then 
g=f'or f=g". 

The main properties of the function f: A — B and its inverse images are as follows: 

(‘) f(@) =, where @ is an empty set. 

(ii) fA)CB 

(iii) If Ay © Ay, then f(A,) f(y) 


(iv) s(ua }=us(a) 
() (na Jena) 
(vi) f"(0)=9, f'(B)=A 
oid (UB Jura). (08 =n) 
(viii) f7'(B) = (F"'(B)) 
1.11 Equivalent Sets 


Two sets A and B are said to be equivalent (written as 4 ~ B) if there exists a one to one correspondence 
between their elements. 


Let 
A= fa, e, i, o, u} and B= {1, 2,3, 4,5} 
Then 4 is equivalent to B and the one-to-one correspondence can be seen as 


avleeaio3oe4ueas 


Each of the two sets A and B have five elements which is a definite finite number and we call such 
sets as finite sets. Thus, if the sets are finite and have equal number of elements it is easy to see the one- 
to-one correspondence. 

The positive integers are adequate for the purpose of counting any non-empty finite set; since all 
sets outside mathematics appear to be of this kind. But in mathematics we consider many sets which do 
not have a definite number of members. Such sets are called infinite sets. 
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The set N of all natural numbers, the set I of all integers, the set Q of rationals, the set R of reals, 
etc. are infinite sets. 

The set N of naturals which is the same as the set of all positive integers seems to be larger than the 
set of all positive even integers E = {2, 4, 6, ...}, for N contains £ as its proper subset. Does this mean 
that the set N has more elements than £? The answer is no. In dealing with infinite sets we must 
remember that the criterion for equivalent sets is whether there exists a one-to-one correspondence 
between these sets or not (irrespective of the fact which one is a proper subset of which). This function 
{:N—E defined by f(n)=2n,ne€N serves to establish a one-to-one correspondence between 
these sets. Thus, N is equivalent to £. Note that N > E but N # E. 


ILLUSTRATIONS 


|. The set N of all natural numbers and the set S of all even integers are equivalent, a one-to-one 
correspondence is 
100,262,306 -2,4064,50-4.,.. 


is) 


The set N is equivalent to I, 
1460,261,306-1402,56-2,.. 
3. The set N and the set of all positive rationals are equivalent, the correspondence 
191,204,332,434,533, 
6 4,74, and so on 
has been set up, by adding up the numerator and denominator where sum is 2: + =1, where 
sum is 3: 4,2 where sum is 4:4, 3,4, etc. and omitting those already listed. 
4. The two closed intervals [a, b] and [c, d] are equivalent. The figure establishes a one-to-one 
correspondence between them. 


asec 
q<>p 
b<d etc. 


1.12 Compositions 


We shall be dealing mainly with number sets and so we define only two types of compositions in the 
sets. 

An Addition Composition is defined in a set S if to each pair of members a, b of S there corresponds 
a member a + b of S. 
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Similarly, a Multiplication Composition is defined in S if to each pair of members a, b of S there 
corresponds a member ab of S. 

A set is said to possess an algebraic structure if the two compositions of Addition and Multiplication 
are defined in the set. 


Subtraction and Division may be defined as inverse operations of addition and multiplication 
respectively. 

Let a,be S. 

Subtraction: a — b may be expressed as a + (-b) when —be S. 

Division: The quotient a/b (b #0) may be put as a- I/b or ab“! when I/b or b''e S. 


2. FIELD STRUCTURE AND ORDER STRUCTURE 
2.1__Field Structure 


A set S is said to be a field if two compositions of Addition and Multiplication be defined in it such that 
V a,b,c e€ § the following properties are satisfied. 

A-1. Set S is closed for addition, 

abeS>artbes 
A-2. Addition is commutative, 
a+b=bt+a 
A-3. Addition is associative, 
(a+b)+c=a+(bt+c) 
A-4. Additive identity exists, i.e., J a member 0 in S such that 


a+0=a 
A-5. Additive inverse exists, i.e., to each element ae S there exists an element —ae€ S such 
that 
at+(-a)=0 


M-1. Sis closed for multiplication, 
a,beS=>abeS 
M-2. Multiplication is commutative, 
ab = ba 
M-3. Multiplication is associative, 
(ab)c = a(bc) 
M-4. Multiplicative identity exists, ie., J a member | in S such that 
al=a 
M-5. Multiplicative inverse exists, i.2., to each 0 # ae S, 4 anelement a'e S such that 
aa! =1 
A-M. Multiplication is distributive with respect to addition, i.e., 
a(b +c) =ab+ac 
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Thus, a set S has a field structure if it possesses the two compositions of addition and multiplication 
and satisfies the eleven properties listed above. 


2.2 Order Structure 


Ordinarily the order relation does not exist between the members of a general field, but as we are to 
deal with the field of real numbers, we can speak of one number being ‘greater than’ (or less than) the 
other. 

A field S is an ordered field if it satisfies the following properties: 


O-1. Law of Trichotomy: For any two elements a, b € S, one and only one of the following is 
true. 
a>b,a=b,b>a 
0-2. Transitivitv: Va,b,ce S, 
a>bab>c>a>c 
O-3. Compatibility of Order Relation with Addition Composition: 
Va, bce S, 
a>ba>at+c>btec 
0-4. Compatibility of Order Relation with Multiplication Composition: 
Va,b.ce S, 
a>bac>0=>ac>be 
2.3 It may be seen that the set Q of rational numbers and the set R of real numbers are ordered fields 
while the set N of natural numbers and the set I of integers are not fields. 
(i) The Set N of Natural Numbers 


We begin the development of real numbers with the set N of natural numbers: 1, 2, 3, ... we could 
certainly list many properties of natural numbers, however, the following are taken as axioms: 


P,: le N; that is, N is a non-empty set and contains an element we designate as 1. 

P,: For each element né N there is a unique element ny¢ N called the successor of n. 

P; For each ne N, ny #1; that is, 1 is not the successor of any element in N. 

P, For each pair n, me N with n # m, no # mp, that is, distinct elements in N have distinct 
successors. 

Ps If ACN,le Aand pe A implies py€ A, then A=N. 

These five axioms are called Peano s postulate and all known properties of natural numbers can be 
shown to be the consequences of these. 

P, is called the principle of Mathematical Induction. From the principle of Mathematical Induction 
it follows that “Every non-empty subset of natural numbers has a first element”, this is called the we/l- 
ordering principle for N. 

The sum or product of any two members is easily seen to be a member of N, so that the set 


possesses two compositions of addition and multiplication, i.2., the set N possesses an algebraic structure. 
However, it does not satisfy all the properties of a field (it does not possess additive identity, additive 
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inverse and multiplicative inverse) and hence the set of natural numbers is not a field. However, it has an 
order structure compatible with the algebraic structure. 
(ii) The Set I of Integers 

wy 3, —2, —1, 0, 1, 2, 3, 


It may be easily seen that the set possesses an algebraic structure but does not satisfy all the 
properties of a field. (M-5—Multiplicative inverses do not exist.) Hence, the set of integers is not a field. 
However, it has an order structure compatible with the algebraic structure. 


(iii) The Set Q of Rational Numbers 


A rational number is of the form p/qg, where p and g are integers and g 4 0. Evidently, the set Q of 


rational numbers includes the set of integers. 
A real number which is not rational (i.e., cannot be expressed as p/q) is called an irrational number. 
The set R of real numbers consists of rational and irrational numbers. 


The sets Q and R satisfy all the properties (§ 2.1) of a field and are, therefore, called Fields. In 
addition to this, both these fields satisfy the four properties 0-1 to 0-4 (§ 2.2) of order, and hence form 
ordered fields. 


2.4 Upto this stage we have discussed two properties—the field property and the order structure 
property. We have found that both the sets, the set R of real numbers and the set Q of rational numbers 
possess these properties. However, there is a property called the property of completeness which is 
possessed only by the set of real numbers and this distinguishes it from other sets of numbers. Let us, 
now, consider some notions and examples which will facilitate the study of that property. 
2.5 Example 1. Show that there is no rational number whose square is 2. 
a Let, if possible, there exist a rational number p/g, where g # 0 and p, qg are integers prime to each 
other (i.e. having no common factor) whose square is equal to 2. 
ie. (plqy = 2 or p® = 29° sl 
Now q is an integer and so is 2q?. Thus, p’ is an integer divisible by 2. As such p must be divisible 
by 2, for otherwise p? would not be divisible by 2. 
Let p = 2m, where m is an integer. Then, from (1), 
2m? = val) 
Thus, it follows that g is also divisible by 2. Hence, p and g are both divisible by 2 which contradicts 


the hypothesis that p and g have no common factor. Thus, there exists no rational number whose square 
is 2. 


Example 2. Show that Jg is not a rational number. 


a Let, if possible, J/g be the rational number p/q, where q # 0 and p, q are positive integers prime to 
each other, so that V8 = p/q. 


But 2< V8 <3 


2< plg<3=> 2q< p<3q or 0< p-—2q<q 
Thus, p — 2q is a positive integer less than q, so that 


V8 (p — 2q) or p/g (p — 2q) is not an integer. 
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2 
But V8 (p - 29) = plq(p - oe 2p 
, 


> Pq — 2p =8q —2p, which is an integer. 
q 


= VB(p - 29) isan integer. 
Thus, we arrive at a contradiction. 
Hence, J§ is not a rational number. 


Remark: We have considered /n (n—not a perfect square). first when 7 was a prime and then n as a composite 
number. The procedures shown are typical and may be adopted under similar situations. 


Ex. Show that there is no rational number whose square is 
(i) 3, (ii) 5, (iii) 6. 
2.6 Intervals — Open and Closed 


A subset 4 of R is called an interval if A contains (/) at least two distinct elements and (i/) every element lies 
between any two members of A. 


Open Interval. Ifaand bare two real numbers such that a <b, then the set 
{x:a<x<b} 
consisting of all real numbers between a and b (excluding a and 4) is called an open interval and is denoted 
by Ja, d[ or (a, 5). 
Closed Interval. The set 
{x:aSx<b} 


consisting of a, b and all real numbers lying between a and 4 is called a closed interval and is denoted 
by [a, 5]. 


Semi-closed or Semi-open Intervals. 
Ja, b)={x:a<x<b} 
[a, bl ={x:a<sx<b} 


The intervals are semi-closed or semi-open. The former is open at a and closed at b while the latter is 
closed at a and open at b. 


3. BOUNDED AND UNBOUNDED SETS: SUPREMUM, INFIMUM 


A subset S of real numbers is said to be bounded above if 5 a real number K such that every member 
of S is less than or equal to K, i.e., 


x<K, VxeS 


The number K is called an upper bound of S. If no such number K exists, the set is said to be 
unbounded above or not bounded above. 
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The set S is said to be bounded below if 3 areal number & such that every member of S is greater 
than or equal to k, i.e., 
k<x, VxeS 
The number & is called a lower bound of S. If no such number & exists, the set is said to be 
unbounded below or not bounded below. 
A set is said to be bounded if it is bounded above as well as below. 


It may be seen that if a set has one upper bound, it has an infinite number of upper bounds. For if 
Kis an upper bound of a set S then every number greater than K is also an upper bound of S. Thus every 
set S bounded above determines an infinite set—the set of its upper bounds. This set of upper bounds is 
bounded below in as much as every member of S is a lower bound thereof. Similarly, a set S bounded 
below determines an infinite set of its lower bounds, which is bounded above by the members of S. 

A member G of a set Sis called the greatest member of S if every member of S is less than or equal 
tO:G; i.e:; 

(i) GeS 
(ii) x<G, VxeS 

Similarly, a member g of the set is its smallest (or the least) member if every member of the set is 
greater than or equal to g. 

Clearly, a set may or may not have the greatest or the least member but an upper (lower) bound of 
the set, if it is a member of the set, is its greatest (least) member. A finite set always has the greatest as 
well as the smallest member. 


If the set of all upper bounds of a set S has the smallest member, say M, then Mis called the least 
upper bound (I.u.b.) or the supremum of S. 


Clearly, the supremum of a set S may or may not exist and in case it exists, it may or may not belong 
to S. The fact that supremum M is the smallest of all the upper bounds of S may be described by the 
following two properties: 

(4) Mis the upper bound of S, i.e. 
xsM, VxeS 
(ii) No number less than can be an upper bound of S, i.e., for any positive number &, 
however small, 3 a number ye S such that 
y>M-e 

Again it may be seen that a set cannot have more than one supremum. For, let if possible Mand M’ 
be two suprema of a set S, so that Mand M” are both upper bounds of S. 

Also M is the l.u.b. and M’ is an upper bound of S. 

o M<M’ esi 19 

Again M’ is the l.u.b. and Mis an upper bound of S. 

% M’<M (2) 

From (1) and (2), it follows that M = M’. 


If the set of all lower bounds of a set S has the greatest member, say m, then m is called the greatest 
lower bound (g.l.b.) or the infimum of S. 
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Like the supremum, the infimum of a set may or may not exist and it may or may not belong to S. 
It can be easily shown that a set cannot have more than one infimum. 
The infimum m of a set S has the following two properties: 


(/) m is the lower bound of S, i.e., 
mex, VxeS 


(ji) No number greater than m can be a lower bound of S, i.e., for any positive number ¢, 
however small, 3 anumber z€ S such that 


Z<SMt+E 


ILLUSTRATIONS 


The set N of natural numbers is bounded below but not bounded above. | is a lower bound. 
The sets I, Q and R are not bounded. 
Every finite set of numbers is bounded. 


Fwy 


The set S, of all positive real numbers S, = {x: x > 0, x € R} is not bounded above, but is 
bounded below. The infimum zero is not a member of the set S,. 

The infinite set S,= {x: 0 <.x<1,.x€R} is bounded with supremum | and infimum zero, 
both of which do not belong to S,. 


Ww 


6. The infinite set S;= (x: 0 < x <1, x € Q} is bounded, with supremum 1 and infimum 0 both of 
which are members of S,. 


7. Theset S,= {h ne x} is bounded. The supremum | belongs to S, while infimum 0 does not. 
a 


8. Each of the following intervals is bounded: 
[a,b], Ja, 5), [a, BL. Ja, bf. 

Example 3. Prove that the greatest member ofa set, if it exists, is the supremum (.u.b.) of the set. 
a Let Gbe the greatest member of the set S. 

Clearly, 

x='G, VxES 

so that G is an upper bound of S. 

Again no number less than G can be an upper bound of S, for if y be any number less than G, there 
exists at least one member g of S which is greater than y. 

Thus, G is the least of all the upper bounds of S, i.e., G is the supremum of S. 


EXERCISE 


|. Give examples of sets which are: 
(’) Bounded, 
(ii) Not bounded, 
(iif) Bounded below but not bounded above. 
(iv) Bounded above but not bounded below. 
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2. Find the infimum and the supremum of the following sets. Which of these belongs to the set? 


1 1 1 
() (1,3, 5,7, 9] (ii) [u-$-4-1.| 
I _yy 
(iii) {fine | (iv) [Prine x 
n n 
RL ee n+l (-1)" 
52S Ses — aes Y : 
(vy) { 2°73" 4 : } (vi) {i+ 5 nen} 
(vii) Ja, bf (viii) [a, bf. 


3. Which of the sets in question 2 are bounded? 

4. Find the smallest and the greatest members (if they exist) for sets in question 2. 
Show that the greatest (or the smallest) member of a set, in case it exists, is unique. 
6. Show that the smallest member of a set. if it exists. is the infimum of the set. 

7. Is the converse of the solved example 3, true? 


8. If SCT CR, where S$ #@, then show that 


uw 


(/) If Tis bounded above, then sup S < sup T: 
(ii) If Tis bounded below, then inf T < inf S. 


2. (i) 1,9; both (i) —1. 0: infimum 


1 
(ii) 0, 1: supremum (iv) —1, 5; both 


(vy) -2,-1: infimum (vi) 0, 


(vii) a, b: none (viii) a, 


3. Allsets are bounded. 


4. (i) 1,9 (i) —1, does not exist 
(ii) does not exist, 1 (iv) -1,4 
(v) —2, does not exist (vi) oe 
(vii) donotexist (viii) a, does not exist 


4. COMPLETENESS IN THE SET OF REAL NUMBERS 


We have seen that all the properties—the properties of an ordered field, described so far, are possessed by 
the two sets, the set of real numbers R and the set of rational numbers Q. We shall now state a 
property, the property of completeness (or order-completeness) which is possessed by R and not by Q. 
This property not only distinguishes R from Q, but together with the ordered field property, it 
characterises R, i.e., the set of real numbers is the only set which is a Complete Ordered Field. 


4.1__Order-Completeness in R 


(O-C) Every non-empty set of real numbers which is bounded above has the supremum (or the least 
upper bound) in R. 
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In other words, the set of upper bounds of a non-empty set of real numbers bounded above has the 
smallest member. 

If S is a set of real numbers which is bounded above, then by considering the set T = {x:-— xe S} 
we may state the completeness property in the alternative form as: 

Every non-empty set of real numbers which is bounded below has the infimum (or g.1.b.) in R. Or, 
equivalently the set of lower bounds of a non-empty set of real numbers bounded below has the greatest 
member. 

We have thus completed the description of the set of real numbers as a Complete Ordered Field. 
We shall, however, show that the property of completeness does not hold good for the ordered field of 
rational numbers, i.e., the ordered field Q of rationals is not order complete. 


Theorem 1. The set of rational numbers is not order-complete. 


To show that the set of rational numbers does not possess the property of completeness, it is 
suffice to show that there exists a non-empty set S of rationals (a subset of Q) which is bounded above 
but does not have a supremum in Q, i.e., no rational number exists which can be the supremum of S. 


Let S be the set (a subset of Q) of all those positive rational numbers whose square is less than 2. 
ie, S={xixeQx>0ax°<2} 


Since le S, the set S is non-empty. 


Clearly 2 is an upper bound of S, therefore, S is bounded above. 

Thus, S is a non-empty set of rational numbers, bounded above. Let, if possible, the rational number 
K be its least upper bound. Clearly K is positive. Also by the law of trichotomy (0-1) which holds good 
in Q, one and only one of (i) K* <2, (ii) K° = 2, (iii) K* > 2 holds. 


(i) K? <2. Let us consider the positive rational number 


_44+3K 
34+2K 
Then, 
2(K?-2 
K-y=K 433K _ ( I a 
- 3+2K 3+2K 
> y>kK (1) 
Also, 
A 2— K* 
ery a fla) K 
3+2K) (342K) 
a y<2>yeS C2} 


Thus, the member y of S is greater than K, so that K cannot be an upper bound of S and 
hence, there is a contradiction. 


(ii) K? = 2. We have already shown that there exists no rational number whose square is equal 
to 2. Thus, this case is not possible. 
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(iii) K? > 2. Considering the positive rational number y as defined in case (i), we may easily 
deduce from (1) and (2) respectively that 
y<Kandy>2 
Hence, there exists an upper bound y of S smaller than the least upper bound K, which is a 
contradiction. 
Thus, none of the three possible cases holds. Hence, our supposition that a rational number K is the least 
upper bound of S$ is wrong. Thus, no rational number exists which can be the least upper bound of S. 


Note: If we admit K in R and regard S as a set of real numbers then by the order completeness property, the 
supremum K of S exists in R. Clearly K > 0 and 

KR<25 y<2ay>K>K#SupS 

K*>2> y>2ay<K3K#SupS 


Thus by property 0-1, it follows that K* = 2, i.e., the least upper bound K exists whose square is equal to 2. Further, 
since K ¢ Q, it follows that K is an irrational number. Similarly, it may be seen that there exist real numbers other than 
rational numbers whose squares are 2, 5, 7, ... etc. This establishes the existence of irrational numbers. 


Ex. Show that the set of natural numbers is order-complete. 


4.2__Archimedean Property of Real Numbers 


The order-completeness property has important consequences, one of which is the Archimedean property 
of real numbers which we now proceed to prove. 


Theorem 2. The real number field is Archimedean, i.e., ifa and b are any two positive real numbers 
then there exists a positive integer n such that na > b. 


Let a, b be any two positive real numbers and suppose, if possible, that for all positive integers 


n(el*),nasb. 


Thus, the set S = {na: n €I*} is bounded above, b being an upper bound. By the completeness 
papery of the ordered-field of real numbers, set S must have the supremum M. 

a nasM, Vnet 

= (n+l)asM, Vnel 

> na<sM—-a, Vnel* 
i.e., M—a is an upper bound of S. 


Thus, a number M — a less than the supremum ™ (l.u.b.) is an upper bound of S, which is a 
contradiction and hence our supposition is wrong. 


Hence, the theorem. 


Corollary 1. Ifa bea positive real number and db, any real number then there exists a positive integer 
n such that na > b. 


Corollary 2. For any positive real number a there exists a positive integer 1 such that n > a. 
The result follows by considering the two positive real numbers | and a. 
Corollary 3. For any € > 0 there exists a positive integer ” such that I/n < €. 


The result follows by taking a = I/e in Corollary 2. 
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Corollary 4. Ifa be any real number then there exists a positive integer n such that n> a. 
For a <0, any positive integer 7 > a, and for a > 0, result follows by Corollary 2. 
Theorem 3. Every open interval | a, b [ contains a rational number. 
Case I. 1f0<a<b, by Corollary 3 there isa me N such that I/m<(b—a). Let A= {n EN: > a. 
m 
By Archimedean property A # 9. Now by the well ordering principle for N, A has a first element say 1 
and so my—1¢ A. 
ny —1 


m 
Ng 1 
— + <at+—<a+(b-a) 
m m 
No 


ny 
=> Seb. But meA, +. >a 
m m 


Hence, there exists a rational number ny/m in the open interval Ja, Df. 
Case Il, If a<0<b. Again by Corollary 3 there isa neé N with I/n<b 


Clearly I/n€ J a, b[. 


Case Ill, a<bs<0, then 0S—b<-—a. By the previous cases there is a rational number 
q€|—b,-—a{ and so the rational number —q € J a, b [. 


Corollary 5. Every open interval ] a, 6 [ contains infinitely many rational numbers. 


4.3 Dedekind’s Form of Completeness Property 


We now state the completeness property of real numbers in another form, due to Dedekind, which states: 


If all the real numbers be divided into two non-empty classes Z and U such that every member of L 
is less than every member of U, then there exists a unique real number, say @ such that every real 
number less than @ belongs to L and every real number greater than @ belongs to U. 


Clearly, the two classes L and U so defined are disjoint and the number @ itself belongs either to L 
or U. The property of real numbers referred to above is known as Dedekind ’s property. We may restate 
Dedekind’s Property. 

If L and U are two subsets of R such that 

() L#6,U #@ (each class has at least one member), 
(ii) LUU =R (every real number has a class) 
(iii) Every member of L is less than every member of U, ie., 
xeLayeU>x<y, 
then either Z has the greatest member or U has the smallest member. 
4.4 Let us now prove the equivalence of the two forms of completeness. 


(a) First we show that the order completeness property of real numbers implies Dedekind’s 
property. The set R has the order completeness property, i.e., every non-empty subset of R 
which is bounded above (below) has the Supremum (Infimum). 


Real Numbers 


Let L, U be two subsets of R such that 
(i) L#9,U #9, 
(ii) LUU =R, and 
(///) Every member of L is less than every member of U. 
We have to show that either Z has the greatest member or U has the smallest. 
By (iii) the non-empty set L is bounded above. If Z has the greatest member, it establishes 
the result. If Z has no greatest member, then by the order completeness property, the set of 
its upper bounds, which coincides with U, has the smallest member. Thus either Z has the 
greatest member or U has the smallest member. 
Let, now, R satisfy the Dedekind’s property. We shall show that R also satisfies the order 
completeness property. 
Let S be a non-empty set of real numbers bounded above, then we have to prove that S has 
the supremum. 
Let L and U be two sets of real numbers defined by 
L = {x: x is not an upper bound of S}, 
U= {x: x is an upper bound of S}. 
It may be easily seen that 


() L#9,U #4, 
(i) LUU=R, and 
(ii) xeELAyYEUS>x<y. 


— 
oc 
a) 
Ee 
o 
<x 
<= 
(2) 


(b 


Then by Dedekind property, either Z has the greatest member or U has the smallest member. 
We shall show that Z cannot have the greatest member. 


Let, if possible, Z has the greatest member, say ¢. Then 


§¢ L= 6 isnot an upper bound of S 


> dan aeS such that € <a. 
+a 
Now the real number 2 is such that 
Ee btbcg 
2 
. ta . 
Since 7 1s greater than the greatest member & of L, 
E+a ev 
2 
> ga is an upper bound of S. nfl} 
Again, since a ; © ‘is less than the member a of S, 


Mathematical Analysis 


Eta 
2, 
Eta 
2 


eL 


> is not an upper bound of S. (2) 


Thus, we arrive at contradictory conclusions, and as such LZ has no greatest member. Thus, it 
follows that U, the set of upper bounds of S, has the smallest member, i.e., the set S has the supremum. 


We have thus proved the equivalence of Dedekind’s and the order completeness property of R. 


4.5 Explicit Statement of the Properties of the Set of Real Numbers 
as a Complete-Ordered Field 


The set R of real numbers is a complete-ordered field because for arbitrary members, a, b, c of R, it 
satisfies the following conditions: 
A-l. abe RSat+beR 
A-2. atb=bta 
A-3. (a+ b)+c=at(b+c) 
A-4. 3 amember 0 in R such that 
at+0Q=a 
A-5. To each ae€ R,J an element —aeé R such that 
a+(-a)=0 


M-l. a,be R= abeR 

M-2. ab=ba 

M-3. (ab)c = a(be) 

M-4. 3 a member | in R such that 


al=a 
M-5. To each a #0€ R, 3 anelement ae R such that 
-1 
aa” =1. 


A-M. a(b +c) = ab + ac. 

O-1. For any two elements a, b of R, one and only one of the following is true: 
a>b, a=b, b>a 

0-2. a>bab>c>a>c 

0-3. a>b>at+c>bte 

O-4. a>bac>0=> ac >be 

OC. Every non-empty subset of R which is bounded above (below) has the supremum (infimum) 
inR. 

4.6 Representation of Real Numbers as Points on a Straight Line 


Points ona line can be used to represent real numbers. This geometrical representation of real numbers 
is sometimes very useful and suggestive especially to the beginner. But this should not stop us from 
giving the proper proof of a theorem which may otherwise seem to be obvious. 


Real Numbers 


Let X’X be a straight line. Mark two points O and 4 on it such that 4 is to the right of O. 


eae 
* OrAr Grrl © 


The point O divides the line XX’ into two parts; the part to the right of O containing 4, may be 
called positive and that to the left of O as negative. Such a line for which positive and negative sides are 
fixed is called a directed line. 

Let us consider the points O and A to represent rational numbers zero and | respectively, so that the 
distance Od is unity on a certain scale. To represent a rational number m/n (n> 0), take a point P on the 
right of O if m is positive and to the left of O if m is negative, such that OP in m times the nth part of the 
unit length OA. Of course, the point P coincides with O if m is zero. The point P thus represents the 
rational number mm/n. We may say that the rational number m/n corresponds to the point P or the point P 
corresponds to the rational number m/n. This way any rational number can be made to correspond to a 
point on the line. If points on the line corresponding to rational numbers be termed as rational points. 
We see that infinite number of rational points lie between any two different rational points, i.e., between 
any two rationals, there lie infinitely many rationals. 

Even though the rational points seem to cover a straight line very closely, there remain points on the 
line which are not rational. For example, the point Q on the line such that OQ is equal to the diagonal of 
the square with side OA does not correspond to any rational number. Also a point R such that OR which 
is a rational multiple of OQ, is also such a point. In fact there are infinitely many such points on the line. 
Hence, the set Q of rational numbers is insufficient to provide a complete picture of the straight line. 

Such points on the line which are not rational, and which may be supposed to fill up the gaps 
between rational points are called irrational points and these correspond to irrational numbers. In fact, 
there is at least one irrational between two rationals. Thus like rationals, there are infinitely many 
irrationals. Hence, every real number can be represented on the directed line and there seem to be as 
many points on the directed line as the real numbers. The same fact is expressed by Dedekind-Cantor 
Axiom which states: 

To every real number there corresponds a unique point on a directed line and to every point on a 
directed line there corresponds a unique real number. 

In view of the order completeness property, the set of real numbers R does not have gaps of the kind 
Q has, and thus forms a continuous system. On account of this characteristic, the set R is called the 
Arithmetical Continuum and the set of points on a line as the Geometrical Continuum. In view of the 
above axiom, we see that there is a one-one correspondence between the two continuum and accordingly 
we may use the word point for real number, and the real line for the directed line. It is evident that 
between any two real numbers, there exist infinitely many real numbers both rational and irrational. 
This is the property of denseness of the real number system. 


5. ABSOLUTE VALUE OF A REAL NUMBER 


The absolute value, the numerical value or the modulus of a real number x, denoted by | x |, is defined 


as 
Ee x, if x20 
~ |=x, if x<0 


_ 
o 
uu 
= 
o 
zx 
<= 
2) 
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Thus we always have 
| x| 20 
Also by definition 
|-*]=>1 
Some theorems which are immediate consequences of the definition will now follow: 
Theorem 4. |x|=max (x, —x) 
Now |x|=x2-4, if x>0 
Also |x|=-x>x, if x<0 
Thus in either case | x | is greater of the two numbers, x, =x, i.e., 


| x| = max (x, -x). 
Corollary 1. |-x|= max (-x, -(-x)) 


= max (—x, x) =|x| 


-x|=|x|. 
Corollary 2, |x| =max (x, -x)2x 
x} 2x. 
Theorem 5. -|x|= min (x, — x) 
Now 
-|xj=-x<x, if x>0 
Also 
-|x|=-(-x)=x<-x, if x<0 


Thus in either case —| x | is smaller of the two numbers x and -x, i.¢., 
—|.x|=min (x, -x) 
Corollary. —|x|=min (x,-x) <x. 
-|x|<x 
Theorem 6. If x, ye R, then 
(i) [xP=2=[-x/ 
(i |ay|=[>]-]9 


|x| 


(iii) E|-E provided y #0 
5 


ly 
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(i) For x20, 
|x| =xi> |xP=2? 
For x < 0, 


|x|=-x=>|x[=(-xf=2 


= 
ce 
wi 
| 
o. 
< 
a 
oO 


Thus in either case |x|? = x? 
Similarly, |—x|? = (-x) =? 
Henee, |= s?=|-s[ 
i) oP = eo 2y?=| xf LyP= (allo 
Lol= 411-19] 


But since Ixyl and |xl-lyl are both non-negative, we take only the positive sign. 
lxy]=l2]-[y| 


2 2 2 2 
ap ofa) a? _ lal _ (2 
yl ty} y? [yP Ut 
% x : ‘ Pe 
—| and — are both non-negative, therefore taking positive square root of both 
y 


But since 


sides, we have 


isl, when y #0. 


ly| 


Theorem 7. Triangle inequalities. For all real numbers x, y show that 


x 


» 


(i) |x+y|S|x]+|y|, and 
ci) |x- y|2|[*|-[y]]- 
(i) First Method: 
JxtyfP=(x+ yf aax?+ y?4 Qxy 
<|xf+|yP+2]x]-|y| [e xy $|xy|=|2]-]y]] 


=(x1+/ yl) 


Since | x + y| and |x| +| | are both non-negative, therefore taking positive square roots on 
both sides, we have 


|x+y]s]2]+]9| 
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Second Method: When x + y 20. 
|Jxt+yl=xty 
<|x|+]>| [ee x<|x| and yslyl] 
When x + y <0, 
|x+y|=-(e+ y)=(Cx)+ (9) 
s|-s|+|-y| [+ -*s|-x]and-ys|-yl] 
But |-x|=|x|, |-y|=[y] 
Thus in either case, 
Jxt+y|<|x]+] >I. 
(ii) First Method: 
|x-yP == year+ y?= Qay 
-2Jx]-[y| 


2+ y 


[> -@y)2-|ay]=-[4]-191] 


= (x|-L yl) =[Is1-L9I/ 
Since |x — yl and [axl -| yl| are both non-negative, therefore taking the positive square 
root of both sides, we have 
|x-y|2[+]-Ly- 
Second Method: Now 
|x|=|@-y») + y|s|x-y]+])| [by part (i) 
|x-y]2|x|-|y| ar 


Again, 
Iy|=]@-2+2]s|y-x]+]2| 
ly-*|2]y]-|2]=-(+]-|yI) 
But |y-x]=|x-y| 


. ey Beha ale) 
From (1) and (2), 

|x- y|> max {.x|-|y|,-(/x|-|y)} 
=||=|-Lyl| 


2|-I-l9| 


Hence, |x- 


. 
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Example 4. For real numbers x, a, € > 0 show that 
(i) |x]/<e@-e<x<e, 
(ii) |x-a|<ee@a-e<x<ate. 


. (’) |x| = max (x, -x)<e 


= 
o 
Ww 
= 
Oo 
<x 
eS 
oO 


& XxX<EA-xX<E 
& xX<EA-E<X 
@ -&<x<e 
(ii) |x-a|=max {(x-a),-(x-a)}<e 
2 (x-a)<€a-(x-a)<eé 
S&S xX<atEana-E<x 
& a-&<x<ate 
Example 5. Show that a set S of real numbers is bounded if there exists a real number G > 0 such that 
|x|<$G, VxreS. 


a Suppose that S is bounded, therefore it is bounded both above and below. Let K be an upper bound 
and k, a lower bound for S. 


On taking a real number G = max (| K |, || + 1), we have 
K $|K|<G and 
-ks|k|<|k|+1<SG ie, k>-G 
This implies 
-G<ksxsK<G, Vxes 
Hence, |x|SG@ Vxes. 
The converse is trivial. 
Ex. Ifa and b are real numbers, then show that 


max (a, b) Ease 


; a+b-|a-b| 
and BC —— 


Example 6. If a,be€R such that a<b+e for each €>0, then a<b. 


a Suppose a> b. Then a—b > 0, so that 
a<b+(a—b) (by taking e =a-b) 
and soa<a 
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This is a contradiction. Hence our assumption a > b must be false. Therefore a < b. 


Example 7. Let a, be R. Show that if a<b+ 4 for all ne N, then a <b. 
n 


a Assume sepa, forall ne N anda>b 
n 


Then a — b > 0 and by the Archimedean property, we have 


n(a—)> 1, for some noe N 


1 A 
Then a >b+—-> contrary to our assumption. 
Ny 


Example 8. If for any €>0,|b-al<e, then b=a 

m We have, for any €>0,b<a+e and a—é<b. Since b<a+é for any € > 0, it follows that 
ba. Since a<b+e for any €>0 this implies a < b. Hence, b= a. 

Example 9. If a,be R anda<c for each c > b, then a<b. 


= Assume that a and b satisfy the hypothesis but not the conclusion. Then a > h, and so there is a 
cé R such thata>c>b. Now c>b=> a <c in contradiction to a> c. 


EXERCISE 


Prove the following (Qs.1-3): 
1. |x-y|s|x]+]y]- 


i) 


|x+yl2[le1-lyl].- 
3.) fx? 4 y? <|x|+|y], 
(id vizty <ix]+ Jp. 


+. If-x,, X2,.X3, «.-. 3, are real numbers, then show that 
() [yt t..44,[S|4]+]o [+--+] 


i) | Xn |= aif [ae | Lae 


ow 


Ifx and y are real numbers, then show that 


jel | 


eles ela 
l+|x+y| 1+ 


1+|y| 


6. Prove that 
|xt+y|=|x|+]y| iff xy 20 


and [x+y|<|x]+|y| iff xy <0. 


Open Sets, Closed Sets 
and Countable Sets 


1. INTRODUCTION 


In this chapter, we shall study the concept of neighbourhood of a point, open and closed sets, and limit 
points of aset of real numbers and the Bolzano-Weierstrass theorem, which is one of the most fundamental 
theorems of Real Analysis and lays down a sufficient condition for the existence of limit points of a set. 
We shall be dealing only with real numbers and sets of real numbers unless otherwise stated. 
1.1 Neighbourhood of a Point 
A set N © Ris called the neighbourhood of a point a, if there exists an open interval / containing a and 
contained in N, i.e., 

aelcNn 


It follows from the definition that an open interval is a neighbourhood of each of its points. Though 
open intervals containing the point are not the only neighbourhoods of the point but they prove quite 
adequate for a discussion like ours and are more expressive of the idea of neighbourhoods as understood 
in ordinary language. We shall, therefore, whenever convenient, take the open interval Ja - 6, a + 6| 
where 6 > 0 is a neighbourhood of the point a. 

Deleted Neighbourhoods 


The set {x:0 <lx — al < 5}, i.e., an open interval Ja — 6, a + 6[ from which the number a itself has 
been excluded or deleted is called a deleted neighbourhood of a. 


Note: For the sake of brevity, we shall write neighbourhood as ‘nbd’. 


ILLUSTRATIONS 


The set R of real numbers is the neighbourhood of each of its points. 
The set Q of rationals is not the nbd of any of its points. 
The open interval Ja, b[ is nbd of each of its points. 


The closed interval [a, b] is the nbd of each point of Ja, b[ but is not a nbd of the end points 
aand b. 


wn — 
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5. The null set @ is a nbd of each of its points in the sense that there is no point in @ of which 
it is not a nbd. 


Example 1. A non-empty finite set is not a hd of any point. 


A set can be a nbd of a point if it contains an open interval containing the point. Since an 
interval necessarily contains an infinite number of points, therefore, in order that a set be 
a nbd of a point it must necessarily contain an infinity of points. Thus a finite set cannot 
be a nbd of any point. 


Example 2. Superset of a nbd of a point x is also a nbd of x. i.e., if Nis anbd of a pointx and M > N 
then Mis also a nbd of x. 


Example 3. Union (finite or arbitrary) of nbds of a point x is again a nbd of x. 
Example 4. If Mand N are nbds of a point x, then show that M 1 N is also a nbd of x. 
a Since M, N are nbds of x, 3 open intervals enclosing the points x such that 
xe |x-6,x+6,[CM and xe ]x-5,,x+6,[CN 
Let 5 = min (6,, 6, ). Then 
]x-6,x+6[c]x-5,x+5 [CM 


and 

]x-6,x+65[c]x-6,,x+65,[CN 
=> ]Jx-6,x+5[CMAN 
> MN isanbd of x 


1.2 Interior Points of a Set 


A point x is an interior point of a set S if S is a nbd of x. In other words, x is an interior point of S if 3 
an open interval Ja, b[ containing x and contained in S, i.e, xe Ja, b[ CS. 
Thus a set is a neighbourhood of each of its interior points. 


Interior ofa Set. The set of all interior points of a set is called the interior of the set. The interior of 
a set S is generally denoted by S' or int S. 


Ex. 1. Show that the interior of the set N or I or Q is the null set, but interior of R is R. 
Ex.2. Show that the interior ofa set S is a subset of S, i.e., S' cS. 


1.3 Open Set 


A set Sis said to be open if it is a nbd of each of its points, i.e., foreach x € S, there exists an open interval 
7, such that 
mel, ¢ S. 
Thus every point of an open set is an interior point, so that for an open set S, S'= S. 
Evidently, S is open <> § = S' 


Of course the set is not open if it is not a nbd of at least one of its points or that there is at least one 
point of the set which is not an interior point. 
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ILLUSTRATIONS 


|. The set R of real numbers is an open set. 

2. The set Q of rationals is not an open set. 

3. The closed interval [a, 5] is not open, for it is not a neighbourhood of the end points a and b. 
4. The null set @ is open, for there is no point in @ of which it is not a neighbourhood. 

5. A non-empty finite set is not open. 


1 " 
6. The set 4—: n € Nf is not open. 
n 


Ex. Give an example of an open set which is not an interval. 

Example 5. Show that every open interval is an open set. Or, every open interval is a nbd of each of 
its points. 

a Let x be any point of the given open interval Ja, b[ so that we have a <x < b. 


c d 
| Mad on dl 


a x x b 
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Let c, d be two numbers such that 
a<c<x,andx<d<b 
so that we have 
a<c<x<d<baxe |c,d[c]a, df. 


Thus the given interval Ja, b[ contains an open interval containing the point x, and is, therefore, 
a nbd of x. 


Hence, the open interval is a nbd of each of its points and is therefore an open set. 
Ex. Show that every point ofan open interval is its interior point. 
Example 6. Show that every open set is a union of open intervals. 
a LetSbeanopensetand x, a point ofS. 

Since S is open, therefore 3 an open interval /,, for each of its points x, such that 

mel, SS VxueS 
Again the set S can be thought of as the union of singleton sets like {x,}, ie., 
S= U {x, i where A is the index set 
le N 


Sa Ui pete Wi hes 
den acd * 


> Ss U) Te 


hed 


Theorem 1. The interior of a set is an open set. 
Let S be a given set, and S' its interior. 


If S' =@ then S' is open. 
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When 5S! # @, and let x be any point of S'. 
As x is an interior point of S, 3 an open interval /, such that xe /, CS. 
But /,, being an open interval, is a hd of each of its points. 
= every point of /, is an interior point of /,, and J, © S 
= every point of /, is an interior point of S 
ies 
> xe 1, © S' = any point x of S' is interior point of si 
= _ gi is an open set. 


Corollary. The interior of a set S is an open subset of S. 


Theorem 2. The interior of a set S is the largest open subset of S. 
Or 
The interior of a set S contains every open subset of S. 
We know that the interior S’ of a set S is an open subset of S. Let us now proceed to show that any 
open subset S, of S is contained in S'. 
Let x be any point of S,. 


Since an open set is a nhd of each of its points, therefore S, is a nbd of x. But S is a superset of S. 
S is also a nbd of x 


> x is an interior point of S 
= Hers! 
Thus, xe S$; > xe S! 

spes' 


Hence, every open subset of S is contained in its interior S’. 


= S', the interior of S, is the largest open subset of S. 


Corollary. Interior of a set S is the union of all open subsets of S. 
Theorem 3. The union of an arbitrary family of open sets is open. 


Let F be the union of an arbitrary family F = {S,: 4 € A} of open sets, A being an index set. To 
prove that F is open, we shall show that for any point x € F,, it contains an open interval containing x. 


Let x be any point of F Since F is the union of the members of F, 4 at least one member, say S, 
of F which contains x. Again, S, being an open set, 3 an open interval 7, such that xe 7, CS, CF. 


Thus the set F contains an open interval containing any point x of F => F is an open set. 


Theorem 4. The intersection of any finite number of open sets is open. 
Let us consider two open sets S and 7. 


If S AT = @, it is an open set. 


If SOT #4, let x be any point of S AT. 
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Now xeSATS>xeESAxeT 
> S,T are nbds of x [ST are open] 
> SOT is anbd of x 


But since x is any point of S OT, therefore S OT is anhd of each of its points. Hence, S AT is 
open. 
The proof may, of course, be extended to a finite number of sets. 


Note: The above theorem does not hold for the intersection of arbitrary family of open sets. 
Consider, for example, the open sets 


= |-+4.nen 
non 


Their intersection is the set {0} consisting of the single point 0, and this set is not open. 
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2. LIMIT POINTS OF A SET 


Definition |. Arealnumber € is a limit point ofa set S (Cc R) ifevery nbd of € contains an infinite 
number of members of S. 


Thus & is a limit point of a set S if for any nbd Nof €, N OS isan infinite set. 

A limit point is also called a cluster point, a condensation point or an accumulation point. 

A limit point of a set may or may not be a member of the set. Further, it is clear from the definition 
that a finite set cannot have a limit point. Also it is not necessary that an infinite set must possess a limit 
point. In fact a set may have no limit point, a unique limit point, a finite or an infinite number of limit 
points. A sufficient condition for the existence of a limit point is provided by Bolzano-Weierstrass 
theorem which is discussed in the next section. The following is another definition of a limit point. 


Definition 2. A real number € is a limit point of a set S (Cc R) if every nbd of € contains at least 
one member of S other than &. 

The essential idea here is that the points of S different from € get ‘arbitrarily close’ to € or ‘pile up’ 
at €. 

Evidently definition | implies definition 2. Let us now prove that definition 2 implies definition 1. 

| | = s 

€-3, € Xo x, §+8, 

Let € bea limit point of the set S (C R) such that every nbd of € contains at least one point of 
S other than €. Let ]€ - 6,,€ + 6[ be one such nbd of € which contains at least one point, say, 
x #¢ of S. 

Let Ix, — €1= 6, < 6,. Now consider the nbd ]€ - 6,,€ + 6,{ of & which by def. 2 of a limit 
point, must have one point, say, x, of S other than €. 

By repeating the argument with the nbd ]€ — 6, € + 6;[ of € where 6, =|x, — &1 and so on, it 
follows that the nbd ]€ — 6,, € + 6,{ of € contains an infinity of members of S. 
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Hence, Def. 2 = Def. 1. 


It is instructive to note that a point € is not a limit point of a set S if 3 even one nbd of € not 
containing any point of S other than ¢. 


Ex. Give abounded set having (/) no limit point, (7/) infinite numbers of limit points. 
Derived Sets, The set of all limit points of a set S is called the derived set of S and is denoted by S". 


ILLUSTRATIONS 


i) 


5 1 1 5 . . 
The set I has no limit point, for a nbd |» ries tt: 3 of me I, contains no point of I 


other than m. Thus the derived set of I is the null set @. 


Every point of R is a limit point, for every nbd of any of its points contains an infinite 
members of R. Therefore R’ = R. 


. Every point of the set Q of rationals is a limit point, for, between any two rationals there exist 


infinite rationals. Further every irrational number is also a limit point of Q for between any two 
irrationals there are infinitely many rationals. Thus every real number is a limit point of Q, so 


that Q’=R. 


1 NET, ce er , 
. The set {h ne N> has only one limit point, zero, which is not a member of the set. 


n 


. Every point of the closed interval [a, 5] is its limit point, and a point not belonging to the 


interval is not a limit point. Thus the derived set [a, b]’ =[a, b]. 


Every point of the open interval Ja, d[ is its limit point. The end points a, b which are not 
members of Ja, bf are also its limit points. Thus 


Ja. b ii = [a. b| 


Ex. Obtain the derived sets: 


i) 


we 


a 


n 


{x: O<sx< I}, 
{x: O<x<l, xeQ}, 


: {eecme N,ne nt. 


m n 


2.1 A finite set has no limit point. Also we have seen that an infinite set may or may not have limit points. 
We shall now discuss a theorem which sets out sufficient conditions for a set to have limit points. 


Bolzano-Weierstrass Theorem (for sets). Every infinite bounded set has a limit point. 


Let S be any infinite bounded set and m, its infimum and supremum respectively. Let P be a set 
of real numbers is defined as follows: 
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xe P iff it exceeds at the most a finite number of members of S. 


The set P is non-empty, for me P. Also M is an upper bound of P, for no number greater than or 
equal to M can belong to P. Thus the set P is non-empty and is bounded above. Therefore, by the order- 
completeness property, P has the supremum, say €. We shall now show that € is a limit point of S. 

Consider any nbd. ]€ - €,¢ + e[ of &, where € > 0. 

Since, is the supremum of P. J at least one member say 77 of P such that 7 > & — €. Now 77 
belongs to P, therefore it exceeds at the most a finite number of members of S, and consequently 
&€ - € (<7) can exceed at the most a finite number of members of S. 

Againas & is the supremum of P, € + € cannot belong to P, and consequently & + € must exceed 
an infinite number of members of S. 

Now, § -€ exceeds at the most a finite number of members of S and & + € exceeds infinitely 
many members of S. 

=> ]€-e,6& + e[ contains an infinite number of members of S 

Consequently € is a limit point of S. 
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Note: Boundedness is not necessary in order for an infinite set S to have a limit point. The set 


| 1 1 1 
y= {. 2, 7 oF aa 4, a 3} | is unbounded and infinite and has the limit point 0. The unbounded interval 


Ja, c°[ has infinitely many limit points. 


2.2 Example 7. If S and 7 are subsets of real numbers, then show that 
(i) SCT=>S’ CT’, and 
(ii) (SUTY =8’UT" 
= (/) If S’=4@, then evidently S’ CT’. 
When S’ # @, let &€ S’ and N be any nbd of €. 
> N contains an infinite number of members of S. 
But bywer/ a 
N contains infinitely many members of T 
=  € is limit point of Tie, EET’. 
Thus, €€S’=€eT’. Hence, S’CT’. 
(ii) Now, SCSUT = S’e(SUT) 
and TOSUT = T’c(SuTY 
Consequently, $’ UT’ ¢(S UT) 1) 
Now we proceed to show that (§ UT)’ ¢ S’UT’. 
If(S UT) = @, then evidently (S UT)’ CS’ UT’. 
When (§ UTY #4@, let Ge (SUTY. 
Now € isa limit point of (S UT), therefore, every nbd of & contains an infinite number of points of 
(S UT) = every nbd of € contains infinitely many points of S or T or both. 
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> & isa limit point of S or a limit point of T 

> EeS’vEeT’ = €Ee€S’uUT"’. 

Thus, Ee(SUT) = EeS’UT’ 

Consequently, (S U Ty esuTr om 9) 


From (1) and (2), it follows that 
(SUT) =S’UT’ 

Thus the derived set of the union = the union of the derived sets. 

Aliter. To show that (S UT)’ cS’UT’ 

We may show that €¢ S’UT’ => €¢ (S UTY’. 

Now &¢S’ UT’ implies that € does not belong to either. 

=> & is nota limit point of S or of T 
2. nbds N,,N> of & such that N, contains no point of S other than and N, contains no 

point of 7 other than possibly €. 


Again, since N, AN, CN,,N, AN, CN, therefore 3 anbd N, ON, of & which contains no 
point other than € of S or of T and thus of S UT 


= & is nota limit point SUT 
= Ee(SU T) 

Thus, E¢S’UT’ > Ee(SUT) 
so that (SUT) cS’UT’ 


Example 8. (/) If S, T are subsets of R, then show that 
(SAT) cS'AT’ 
(ii) Give an example to show that (S AT)’ and S’ AT’ may not be equal. 
s (i) Nw SATCS (SAT) CS’ and 
SAT SCT =3(SAT) CT’ 
Consequently, (S 0 T) CS Ar’ 
(fj) Let S= 1, 2[ and T= ]2, 3[, so that 


SAT=93(SOT) =6'=6. 


i] 


Also S=([1,2),.7"=[2, 3] 
S’ aT’ ={2}. 


Thus, (SAT) #S’AT’. 
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3. CLOSED SETS: CLOSURE OF A SET 


3.1 A real number & is said to be an adherent point of a set S (CR) if every nbd of € contains 
at least one point of S. 


Evidently an adherent point may or may not belong to the set and it may or may not be a limit point 
of the set. 


It follows from the definition that anumber € € S is automatically an adherent point of the set, for 
every nbd of a member of the set contains atleast one member of the set, namely the member itself. 
Further a number & ¢ S is an adherent point of S only if € is a limit point of S, for every nbd of ¢ , 
there contains atleast one point of S which is other than ¢. 

Thus the set of adherent points of S consists of S and the derived set S’. 

The set of all adherent point of S, called the closure of S is denoted by S, and is such that 

S=SuSs’. 
ILLUSTRATIONS 
T=IUl=IU@el. 
Q=QUY=QURER. 
R=RUR’=RURER 
$=9U9'=GUO=6. 
3.2 Closed Sets 
A set is said to be closed if each of its limit points is a member of the set. 

In other words a set S is closed if no limit point of S exists which is not contained in S. In rough 
terms, a set is closed if its points do not get arbitrarily close to any point outside it. 

Thus a set S is closed iff 


Swen 


S'S oF SHS, 

Consequently, a closed set is also defined as a set S for which 

Si=S: 

It should be clearly understood that the concept of closed and open sets are neither mutually 
exclusive nor exhaustive. The word not closed should not be considered equivalent to open. Sets exist 
which are both open and closed, or which are neither open nor closed. The set consisting of points of 
Ja, b] is neither open nor closed. 


ILLUSTRATIONS 


|. [a, 5] is a set which is closed but not open. 


2. The set [0, 1] U [2, 3], which is not an interval, is closed. 


3. The null set @ is closed for there exists no limit point of @ which is not contained in @. 
As shown earlier, @ is also open. 


4. The set R of real numbers is open as well as closed. 


5. The set Q is not closed, for Q’ = R ¢ Q. Also it is not open. 
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6. \* ne n is not closed, for it has one limit point 0, which is not a member of the set. Also 
n 


it is not open. 
7. Every finite set A is a closed set, for its derived set A’ = @ CA. 
8. A set A which has no limit point coincides with its closure, for A’ = @ and A=AUA’=A, 


3.3 Typical Examples 


Example 9. Show that the set S = {x: 0< x <1, xR} is open but not closed. 
a The set S is the open interval ]0, 1[. 
It contains a nbd of each of its points. Hence it is an open set. 


Again every point of S is a limit point. The end points 0 and | which are not members of the set are 
also limit points. Thus S is not closed. 


Safin Spt dad 
oe 23 2 
is neither open nor closed. 


a The members of S heap or cluster near zero on both sides of it and every nbd of zero contains an 
infinite number of points of S. Thus 0¢ S is a limit point = S is not closed. 


Example 10. Show that the set 


Again S is not open for it does not contain any nbd of any of its points. For example, a nbd 


] 4 - i 4 + tol of $ is not contained in the set. Hence the set is not open. 


Example 11. Show that the set 


is closed but not open. 


a | and-—l are the only limit points of the set and are in the set. Therefore, the set is closed. 

Again all members of the set (except 1, —1) are not the interior points of the set. Thus the set is not 
open. 

Hence, the set is closed but not open. 


The relationship between closed and open sets is brought out by Theorem 5 that follows and is 
sometimes taken as the definition of a closed set. 


3.4 Dense Sets 


A subset A of the set of reals R is said to be dense (or dense in R or everywhere dense) if every point of 
R is a point of 4 or a limit point of A or equivalently if the closure of 4 is R. 


A set A is said to be dense in itself if every point of A is a limit point of A, ie., if AC A’. A set 
which is dense in itself has no isolated points. 

A set 4 is said to be nowhere dense (nondense) relative to R if no neighbourhood in R is contained 
in the closure of A. In other words, the complement of the closure of A is dense in R. 


Open Sets, Closed Sets and Countable Sets 37 


It is clear that if 4 is an interval or contains an interval then A is not nowhere dense. Because there 
exists an interval / C R such that / 7 A¥ . But there are sets which contain no interval and which 
fail to be nowhere dense; for example, the set of rationals Q and the set of irrationals R- Q. 


A set is said to be perfect if it is identical with its derived set or equivalently a set which is closed and 
dense in itself. 


ILLUSTRATIONS 


I aefh 


. The set Q of rationals is dense in itself but not closed. 
. A finite set is closed but not dense in itself. 
. The set R of real numbers is dense in itself and closed. 


pres cn _ A’ = {0}. The set is neither closed nor dense in itself. 


rj— 


wn 


5. The set {x: a <x <b} is a perfect set. 
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6. The set R of real numbers is a perfect set. 
7. The set A= fo. Nf > | is nowhere dense in R since 0 is the only limit point of A and no 


neighbourhood of 0 in R is contained in the closure of A. 
8. The set Q of rational numbers and the set of irrationals are dense in R. 
9. The empty set is perfect. 
3.5 Some Important Theorems 
Theorem 5. A set is closed iff its complement is open. 


Necessary. Let S be a closed set. We shall show that its complement R — S = T is open. Let x be any 
point of 7. 


xEeTox€S. 
Also, since S is closed, x cannot be a limit point of S. Thus 3 a nbd N of x such that 
NOS=¢. 
> N GT = every point of 7 is an interior point. 


Thus 7 is an open set. 


Sufficient. Let S be a set whose complement R — S = T is open. 
To show that S is closed, we shall show that every limit point of S is in S. 
Let, if possible, a limit point € of S be not in S so that € is in 7. As Tis open, 3 a nbd of € 
contained in 7 and thus containing no point of S. 
J anbd N of & which contains no point of S. 
> & is nota limit point of S, which is a contradiction. 


Hence no limit point of S exists which is not in S. 
S is closed. 
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Theorem 6. The intersection of an arbitrary family of closed sets is closed. 
Let F be the intersection set of an arbitrary family F= {S, : A € A} of closed sets, A being an 
index set. 


If the derived set F’ of Fis @, i.e., when F isa finite set or an infinite set without limit points, then 
evidently it is closed. 


When F’ # @, let €€ F’, ie. € bea limit point of F, so that every nbd of & contains infinitely 
many members of F and as such of each member S, of the family F of closed sets. 
=> & is limit point of each closed set S, 
= € belongs to each S,> Ee A S,=F. 
AEN 
Thus the set F is closed. 


‘ote: We have given an independent proof but on taking complements, this theorem follows from theorem 3. 


Theorem 7. The union of two closed sets is a closed set. 
Let S and T be the two given closed sets and € a limit point of F, where F = S UT. 
We have to show that €€ F,, for then, the set F will be closed. 


Let if possible ¢ F, thus €¢ S A€¢T. Also as S and 7 are closed sets, the point € which 
does not belong to them, cannot be a limit point of either. 


A nbds N, and N, of § such that 
NAS =OAN, AT =9. (1) 
Let N, N,=N, where Ge N. 
. From (1), it follows that 
NA(SUT)=¢>NOF=6. 
Thus, 3 anbd Nof € which contains no point of F. 
> € is nota limit point of F, which is a contradiction. 
Hence, no point not belonging to F can be its limit point, and consequently F = S UT isaclosed set. 


Remarks: 

i. The theorem can be extended to the union of a finite number of sets. So we may restate the theorem as: 
The union of a finite number of closed sets is closed. 

2. We have given an independent proof but the theorem follows from theorem 4 on taking complements. 

The union of an arbitrary family of closed sets may not always be a closed set. For example, 


let s,-[a+ 4 a+2] fornen nae R. 
n 


Then, UY Sn = Ja, a+2], which is nota closed set. 
ne 


Theorem 8. The derived set of a set is closed. 
Let §’ be the derived set of a set S. 
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We have to show that the derived set S” of S’ is contained in S’. 


Now if S” =@, i.e., when S” is either a finite set or an infinite set without limit points, then 
S”=@CS’ and therefore S’ is closed. 


When S” # @, let EES”, i.e, € bea limit point of S’. 

«. Every nbd N of € contains at least one point n # € of S’. 

Again, 

ne S’ => 7 isa limit point of § 

=> every nbd of 17, N being such a nbd, contains infinitely many points of S. 

Thus every nbd N (of €) contains an infinitely many points of S. 

=>  & isa limit point of S,i.e., Ee S’. 

Consequently €e S$” > €€ S’ 

S” cS’, i.e., S’ is a closed set. 

Corollary 1. §” is closed, and therefore the closure of S’ is S’, ie. § = 5S’. 
Corollary 2. For every set S the closure § is closed. 


We have simply to show that (S$) c §. Now, 
(8) =(SUS'y =8’US"=8'CS. (Ref. § 2.2 and Theorem 8) 


Theorem 9. A closed set either contains an interval or else is nowhere dense. 

Let A be any closed set and 4 is not nowhere dense in R. Then there is some interval / such that for 
each interval 7, 7, we have 1; A #@. We shall show that J c A. 

Let xe /. Then every neighbourhood of x contains within it at least one point of A. This implies 


that either xe A or else x is a limit point of A. Since 4 is closed it contains all its limit points and so 
xe A, 


Theorem 10. The supremum (infimum) of a bounded non-empty set S (Cc R), when not a member of 


S, is a limit point of S. 

Let M be the supremum of the bounded set S (C R), which must exist by the order completeness 
property of R. If M ¢ S, then for any number € > 0, however small, 3 at least one member x of S 
such that 

M-é<x<M. 

Thus every nbd of M contains atleast one member x of the set S other than M. Hence M is a limit 
point of S. 

Corollary. The supremum (infimum) © of a bounded set S is always a member of the closure S of S. 

When Me S, 

MeS>MeSUS'=S MeS>MeSUS'=S5 

When M€S, 

MeS>MeS'S>MESUS'=S 

Consequently M € S. 
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Theorem 11. The derived set of a bounded set is bounded. 


Let m, M be the bounds of a set S. 
It will now be shown that no limit point of S can be outside the interval [77, MJ. 


Let, if possible, € > M_ be a limit point of S, and € be a positive number such that € <€- M. 
g-€ éte 
| 


-m M 


wre 


Then since M is an upper bound of S, no member of S can lie in the interval ]€ —€,€ + €[, 
therefore 3 a nbd of € which contains no point of S so that € cannot be a limit point of S. 


Hence, S has no limit point greater than M. 
Similarly, it can be shown that no limit point of S is less than m. 


Hence, S’ c[m, M]. 
Corollary. If S is bounded then so is its closure Se 
Sc[m,M]=>S’c[m,M]>S=SUS'c[m, M]. 
Remark: Ifsupremum M (infimum m) of Sis not a member of S, then it is a limit point of S and in view of the above 
theorem, it is the greatest (least) member of S”. 
However, if it is a member of S, then it is not necessarily a limit point of S. so that M/ (or m) may not be a member 
of §’ © [m, M]. Thus M, m may not always be supremum and infimum of S’ but they are always so for S=SUS'. 


For example, for the set § = 4-1, 1, ee ue. - Te ie 4 
D2, 33" 3 


1 Lee: 
m=—-l5, M=15, S = {-1,1} 


inf S’=-—1#m, sup S’=14M 
but 
inf §=m,supS=M. 


Theorem 12. The derived set S’ of a bounded infinite set S (Cc R) has the smallest and the greatest 
members. 

Since the set S is bounded, therefore S’ is also bounded. Also S’ is non-empty, by Bolzano- 
Weierstrass theorem S has at least one limit point. 

Now S’ may be finite or infinite. 

When S’(# @) is finite, evidently it has the greatest and the least members. 

When S” is infinite, being bounded set of real numbers, by order-completeness property of R, it 
has the supremum G and the infimum g. 

It will now be shown that G, g are limit points of S, i.e., 

GES, ges’ 

Let us first consider G. 

Let |JG—e€,G+el,e>0 be any nbd of G. 

Now G being the supremum of S’, 4 at least one member & of S’ such that G-e<&<G. 
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Thus ]JG—e€,G+el is anhd of €. 

But € is a limit point of S, so that |G — €, G + €[ contains an infinite members of S. 

> any nbd |G —€,G + e[ of G contains an infinite number of members of S. 

=>  Gisa limit point of S > Ge S’ 

Similarly, it can be shown that g € S’. 

Thus, GeS’ and g € S’, being supremum and infimum of S$’, are the greatest and the smallest 
members of S’. 

The theorem may be restated as: 

Every bounded infinite set has the smallest and the greatest limit points. 


The smallest and greatest limit points of a set are called the lower and upper limits of 
indetermination or simply the lower and upper limits respectively of the set. 


4. COUNTABLE AND UNCOUNTABLE SETS 


An infinite set A is said to be Countably infinite (or denumerable or enumerable) if it is equivalent to the 
set N of natural numbers. 


Aset which is either empty, finite or countably infinite is called countable otherwise it is wcountable. 
ILLUSTRATIONS 


The set of all integers is countable. 
The set {1, 4, 9, 16, ...} is countable. 
The set P,, of all polynomial functions with integer coefficients is countable. 
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The set of all ordered pairs of integers is countable. 
5. The set of all real numbers is uncountable. 


Example 12. The set of real numbers in [0, 1] is uncountable. 


a Let the set of all real numbers in [0, 1] be countable, i.e., {x:0Sx< 1} = {x,, x), ... 
X,,. -.}. Each real number x, in [0, 1] has a decimal expansion 0, a. a, ... d@,, ...where a, i €N, 
are any of the digits 0, 1, 2, ..., 9. We assume that the numbers whose decimal expansion terminate 
such as .0573 are written as .0573000 ... which is the same as .0572999.... Since all real numbers 
in [0, 1] are countable, therefore, we can establish a 1-1 correspondence of the members of [0, 1] 
with the set of positive integers in the following manner: 

16 0.4) ,4)24)3... 
2 € 0.€3)43433... 


3. 0.45)439033-.. 
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(any two digits can be used instead of 4 and 5). Then the number 0.4,4,5,... lies between 0 and 1 and 
is different from the numbers in the above list and therefore cannot be in the list, contradicting the 
assumption that the set of all real numbers in [0, 1] is countable. 

Example 13. The set of rational numbers in [0, 1] is countable. 

a In order to show that the set of rational numbers in [0, 1] is countable, we must show that there 
exists a 1-1 correspondence between the set of rationals of [0, 1] and the set of positive integers. 
Arrange the set of rationals according to increasing denominators as 

PrIiS2tisi2saadt s 

; Bs gis? 


..,etc. Then the 1-1 correspondence can be indicated as: 


2°3°3'4'4" 66 
2 
100 Da 9oO= 
261 6o2 ldo = 
454 yess ees 
2 4 
1 1 
a5 Et o> Scr Ter 
3 5 


Pheorem 13. If #* f: A — B is one-to-one one B is countable then A is countable. 


If A is finite, then there is nothing to prove. Suppose 4 is infinite. Now A is equivalent to f(A) where 
F(A) is the range of f, so f(A) is infinite. Also f (A) C B. Therefore B is infinite. By hypothesis B is 
countable so B is countably infinite. Define a mapping ¢: N > B by ¢(n)=4, for each n EN. Then 
B= {b,, by, ...}. Let m, be the first natural number such that b, € f(A). Let n, be the first natural 
number greater than 7, such that b, € f (A). Again 7, be the first natural number greater than 7, such 
that b, € f(A) and so on. . 

Thus f (A) = {,,. Op, +2n,> +++ On, ++}. We now define a mapping g: f (A) > N by 

g(b,, =k, fork = 1, 2, 3, ... 

The mapping ‘g’ is one-to-one and onto for k # j,n,#n;. Also f: A— B and g: f(A) 9N 
implies the composition mapping gof: A > N is one-one and onto. Thus A is equivalent to N and hence 
countable. 

syollayy. Every subset of a countable set is countable. 


bhcorem (4. The cartesian product of two countable sets is countable. 


Let A and B be any two countable sets. Then A x B= {(a,b):a € A, be B} is their cartesian 
product. Now if any of the two sets is empty then A x B= @ and there is nothing to prove. If one of 
the sets is finite, say A is finite with m elements then the product of 

A= {a,, a, ..., a,,} and B= {b,, by, .... By ..-} 
is A x B= {(a,, 5), (aj, 55), «5 (Gs 5), + 
(@, B)), (ay, Ba), +5 (4g, B,,), «05 


(yy By)s (yy y)s 20s (gy By) 203 
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which can be seen to be equivalent to N by listing the elements as 
(ay, By)y (ay, By) ++ (Aye Dy)s (Qys Bg)s (Ags By) oes (Gyyp Ba)3 223 (Gqs By) (Gay By) oe (Qiny Py) oe 
Let A and B be both countably infinite 
A= {a, a, ...} 
B= {b,, by, ...}, 
then 4 x B is equivalent to N which can be exhibited as 
(ay, by) (do, By), (Gy, b3)3 (3. by). (G53), (Gy, B5)3 (Ay, by), (a3. 53). (Gg, D3)3 (ys 4), - 
The function f: A x BN is defined as 
F(a, 6) = 1. f(a, 5,) = 2. f(a), 52) = 3 and so on, 
fis one-to-one and onto. Therefore A  B is countably infinite. 


Theorem 15. A countable union of countable sets is countable. 


Consider the sets A, = {aj,, a>, a3, ...}, i= 1, 2, 3, ... Each A, i = 1, 2, 3, ... is countable. 
The & th element of A, is a,,. The elements of the countable union U A, of the sets 4,’s can be listed as 
Ay}s G25 yy, Ay3y A275 As}. Ay4s 43 A539, Gy), --. (the order has been tikes according to the sum i + j =k, 
k = 2, 3, ... i,j being the suffices of the element a, ¢ A;). The one-one correspondence between the 


elements of U A, and the set of positive integers is given by 


i=l 


Hence, the set U A, is countable. 


i=l 


Corollary. The set of all rational numbers is countable. 


The set of all rational numbers is the union U 4,, where A, is the set of rationals which can be 


i=l 


: ‘ 0 ‘ : 
written with denominator 7. That is A; = {°. SS a? Each A, is equivalent to the set of all 


positive integers and hence countable. 


Example 14. The set R of real numbers is uncountable. 


= Suppose the set R is countable. Then R = {x,, x, X3, -..}. Enclose each member x, of R in an open 


‘ 1 1 
interval J, = | Xie per Pee [ of length a n=1,2,3,.... The sum of the lengths of J,’s 


at +1 

ron ae But x,¢€R and R= U {x,} c U/J,. This implies that the whole real line 
p n=l n=l 

(whose length is infinite) is contained in the union of intervals whose lengths add up to 1. This is a 

contradiction. Hence the set R is uncountable. 
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Real Sequences 


In this chapter we shall study a special class of functions whose domain is the set N of natural numbers and 
range a set of real numbers—the Real Sequences. 


1. SEQUENCES 


A function whose domain is the set N of natural numbers and range, a set of real numbers is called a real 
sequence. Thus a real sequence is denoted symbolically as S: NR. 

Since we shall be dealing with real sequences only, we shall use the term sequence to denote a Real 
sequence. 
Notation: — Since the domain for a sequence is always N, a sequence is specified by the values S,,, n € N. 
Thus a sequence may be denoted as 


{St MEN or (Sj, Soy Sop 2e25ps. <0} 


The values S,, S,, S;, ... are called the first, second, third ... terms of the sequence. The mth and nth 
terms S,, and S, for m # n are treated as distinct terms even if S,, = S,,. Thus the terms of a sequence 
are arranged in a definite order as first, second, third, ... terms and the terms occurring at different 
positions are treated as distinct terms even if they have the same value. The number of terms in a 
sequence is always infinite. 

In other words, we define a sequence as an ordered set of real numbers whose members can be put 
in an one-one correspondence with the set of natural numbers. However, a sequence may have only a 
finite number of distinct elements. 

For example: 


1. {s,}={(-1)"}.nen. 


Here S, =—1 , S, = 1, S;=—1, S, = 1, ... so that there are only two, 1,—1 distinct elements. 


2 AS b= {7} nen. 


Here S, = 1, S, ==,S; ==,... 


i 
= 


All the elements are distinct. 
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ILLUSTRATIONS 


. {S,}, where S,,= ( + 4) sneN. 
n 


2. {8}, where S,=1+(-l)".nEN. 
3. {S,}, where S,=1,VneN. 


4. [ee neN. 


1.1 The Range 


The Range or the Range Set is the set consisting of all distinct elements of a sequence, without repetition 
and without regard to the position of a term. Thus the range may be a finite or an infinite set, without 
ever being the null set. 


1.2 Bounds of a Sequence 


Bounded above sequences 
A sequence {S,,} is said to be bounded above if there exists a real number K such that 


S,<K Vnen 


Bounded below sequences 
A sequence {S,} is said to be bounded below if there exists a real number & such that 


§,2k VneNn. 


Bounded sequences 

A sequence is said to be bounded when it is bounded both above and below. K and k are respectively 
the upper and the lower bounds of the sequence. 

Evidently a sequence is bounded iff its range is bounded. Also the bounds of the range are the 
bounds of the sequence. 


1.3 Convergence of Sequences 


Definition \. A sequence {S,} is said to converge to a real number I (or to have the real number | as 
its limit) if for each € > 0, there exists a positive integer m (depending on € ) such that | Sool | <€, for 
all n>™m. 

The fact is expressed by saying that the terms approach the value / or tend to / as n becomes larger 
and larger. The same thing expressed in symbols is 


S,7 lasn— © or lim S,=1. 
nye 


The definition ensures that 
(/) From some stage onwards the difference between S, and / can be made less than any 
preassigned positive number €, however small, i.e., given any positive real number €, no matter 
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however small, 3 a positive integer m (finite) such that mth term onwards, S,, becomes and 
remains arbitrarily close to /, i.e., / is a limit point of the sequence. 
(//) For any € >0, at the most a finite number of terms (depending on the choice of € ) of the 
sequence can lie outside ]/ — €, 1 + €[, i.¢., there is at the mosta finite number of n’s for which 
S,<1-eé,and §,21+ €. 
(ii) Since l—é< S,<1 + € forall n 2m, therefore S,</ + €, for infinite number of terms, i.e., 
infinite number of terms lie to the left of / + €, or to the right of / — €. 


It may, therefore, be observed that if we can find even one € > 0 for which infinitely many terms 
of the sequence lie outside |/ — €, / + €[, then the sequence cannot converge to /. 

1.4 Some Theorems 

Theorem 1. Every convergent sequence is bounded. 


Let a sequence {S,,} converge to the limit /. 
Let € > 0 bea given number, so that 3 a positive integer m such that 


IS,-Ike Vn2m 
eS 1-é€<S,<l+eé Vn2m. 
Let g=min {I - €, 5), 82.4 5,—y}. 
G = max {i + €,8),, Sy, 005 Saat. 
Thus, we have 


gs5S,<G Vn. 


ni 


Hence, {S,,} isa bounded sequence. 


Remark: The converse of the above theorem may not be true. For example the sequence {S,,}, where S, = (-1)", 
neéN, is bounded but it is not convergent. For, if possible, lim S,,=/ then for € = 1,3meN_ such that 
neo 


|S,-I|<1, Vn2m, 


ie, |(-1)"=1| < tana |(-1)°"*"= 1] <1 
or |l=1|<land|1+0|<1 
= 2=|1-1414+1|<1+1=2 


which is absurd. 
Theorem 2. A sequence cannot converge to more than one limit. 


Let, if possible, a sequence {S,} converges to two real numbers / and /’(/ #/’). Let us select 
€= Z W-1'1>0 
3 


Since the sequence {S,,} converges to / and /’; therefore, there exist positive integers m, and m, 
such that 


|S,-I|<e, Vnzm (1) 
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and |s,-1 


i-U\|<e, Vn2m, snip 


Now from (1) and (2), for n> max (m,, m,) 


|i-l’|=|1-S,+58,- 


<|l-s,|+]|5,-U|<2e 
ie, I-l< ; 11-1'|, which is not possible. 


Hence, the sequence cannot converge to two limits. 


It may be seen from the definition that the number to which a sequence converges is a limit 
point of the sequence. Consequently, the unique limit to which the sequence converges is called the 
limit point or the limit of the sequence. Symbolically, we write 


lim S,=/ or S,—>lasn— 0, 


ne 
or simply 
lim S, = 1. 
Thus, Theorems | and 2 may be stated in a combined form as: 


Theorem 3. Every convergent sequence is bounded and has a unique limit. 


2. LIMIT POINTS OF A SEQUENCE 


A real number € is said to be a limit point of a sequence {S,}, if every neighbourhood of ¢ contains 
an infinite number of members of the sequence. 
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Thus & is a limit point of a sequence if given any positive numberé, however small, 
S, €1§-e€,§+e[ for an infinite number of values of 7, i.e., 


|S, - |< €, for infinitely many values of n. 


Intuitively, it means that S,, is arbitrarily close to € for an infinite number of values of 7 or that 
infinitely many terms of the sequence occur very close to €. 


As ina set, a limit point is also called a cluster point or a point of condensation. 


Thus a number € is not a limit point of the sequence {S,} if J a number €>0 such that 
S,,€]€ -— €,&+ e[ for at the most a finite number of values of 7. 


A more intuitive but rigorous way of finding a limit point / is to see if the terms get ‘closer and closer’ to 
/. This will provide a ‘guess’ as to the limit point, after which the definition is applied to see if the guess is correct. 
It is clear from the definition that a limit point of the range set of a sequence is also a limit point of the 
sequence. But the converse may not always be true. It may happen that the limit point € of a sequence is such that 
S,,=€ for an infinitely many values of n, so that automatically S,€]¢—,¢ + €[ for an infinity of values of 
n. In such a situation & is just one element in the range set and as such fails to be a limit point thereof. However, 
if S,€]é—e€, &+ ef for an infinite number of values of n and S,,=€ for at the most a finite number of values 
of n, then a limit point € of the sequence is as well a limit point of the range. 
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ILLUSTRATIONS 


|. The constant sequence {S,,}, where S,=1, Vn e€N, has the only limit point 1. The range is 
{1} and has no limit point. 


i) 


. The sequence {S,,}, where S,,=—,n €N, has 0 asa limit point which is as well a limit point 
n 


of the range {uppers} 
2°3'4 


3. 0 and 2 are the only limit points of the sequence {S,,}, where S, = 1 +(-l)", neéN. The 
range set {0, 2} has no limit point. 

4. 1 and —I are the two limit points of the sequence {S,}, where S, = (-1)’, n €N. The range 
set {1, —1} has no limit point. 


5. 1 and —1 are the two limit points of the sequence {S,}, where S,, = (-1)" (: + +), nen, 
n 


which are also the limit points of the range. 


2.1 Existence of Limit Points 


Since members of a sequence form a set (the range), all the theorems relating to bounds and limit points 
of sets also hold for sequences of members with suitable modifications. It is not necessary, therefore, to 
list these again. However, we give a proof of one of the most fundamental theorems for sequences. 


Bolzano-Weierstrass Theorem (for sequences) 
Every bounded sequence has a limit point. 


Let {S,,} be a bounded sequence and S = {S,,:n € N} be its range. Since the sequence is bounded, 
therefore its range set S is also bounded. 
There are two possibilities: 
(/)) Sis finite, (//) S is infinite. 
(/) If Sis finite, then there must exist at least one member € € § such that $= & for an infinite 
number of values of n. This means that every neighbourhood ]é — ¢, & + e[ of &, contains 
S,, (= €) for an infinite number of values of n. 
Thus € is a limit point of the sequence {S,,}. 
(/)) When Sis infinite, since it is bounded, it has by Bolzano-Weierstrass theorem (for sets), at least 
one limit point, say ¢. 
Again, since ¢ isa limit point of S, therefore every neighbourhood ]é — €, € + e[,e > 0 of ¢ 
contains an infinity of members of S, i.e., S,€]¢ —€,¢ + €[ for an infinity of values of n. 
Hence ¢ isa limit point of the sequence. 


ote: The converse of the theorem is not always true, for there do exist unbounded sequences having only one real 
limit point. 
For example {1, 2, 1, 4, 1, 6, ...} has a unique limit point 1, but is not bounded above. 


2.2 We have seen that a bounded sequence has at least one limit point. It may have one limit point, a 
finite or an infinite number of limit points. A number of questions arise. It may be asked, ‘what is the 
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greatest or the least limit point or whether the greatest or the least limit point exists at all?’ In an attempt 
to answer such questions we now proceed to prove that such points do exist for bounded sequences. 


Theorem 4. The set of the limit points of a bounded sequence has the greatest and the least members. 


Let {5,,} be a bounded sequence and S its range set. The set S is bounded and consequently its 
derived set S’ is also bounded (Theorem 11, Ch. 2). 


Let T be the set of limit points of the sequence. 7 is non-empty, for, by Bolzano-Weierstrass 
theorem the sequence has at least one limit point. Again, since 7 consists of the limit points of S (i.e., the 


derived set §’) and those points of S which are not the limit points of S but are limit points of the 
sequence, Therefore, 7 is bounded. 


T may, however, be finite or infinite. 

When 7(# 9) is finite, it evidently has the greatest and the least members. 

When 7 is infinite, being bounded set of real numbers, by the order-completeness property of real 
numbers, it has the Supremum © and the Infimum m, say. 

It will now be shown that M/ and m are the limit points of the sequence, i.e. MeT,meT. 

Let us first consider M. 

Let |M—é€,M+é[, € >0 be any nbd of M. 

Since Mis the supremum of 7, therefore, 3 at least one member & of such that M-e<G< M, 

Thus ]}M —€, M + €{[ is anbd of €. 

But & is a limit point of the sequence, so that | M — €, M + €[ contains an infinite members of the 
sequence, 


> and nbd |M —€, M + €[ of M contains an infinite number of members of the sequence 
=> Misa limit point of the sequence 
=> MeT 


Similarly it may be shown that M eT. 

Thus Me€T,meT and being the supremum and infimum of 7 are the greatest and the least 
members of T respectively. 

Thus a bounded sequence has the greatest and the least limit points (one farthest to the right and 
other farthest to the left). 


2.3 The greatest and the smallest of the limit points of a (bounded) sequence are respectively called the 
upper limit and the lower limit. 


ILLUSTRATIONS 
|. The sequence {S,,}, where S,=(-1)”, n EN, is bounded, for -1< §,<1,VneN. 


ae 
Also—I, | are the only limit points. 
Upper limit = 1, lower limit =—1. 

2. The sequence {S,,}, where S,=1+(-1)", n EN, is bounded, for 0< 5, <2,VneEN. 
0, 2 are the only limit points. 


Upper limit = 2, lower limit = 0. 
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n! 


3. The sequence {S,}, where S,, = snéN, ie, { at .| is bounded, for 


-+ <8, <1,V n; 0 being the only limit point, the upper and the lower limits coincide with 0, 
and so lim S,=0. 
neo 


4. The sequence {S,,}, where S,=n’, is (1, 4,9, 16, 25, ...}. The sequence is bounded below but not 
above. There is no real limit point. 


3. LIMITS — INFERIOR AND SUPERIOR 


From the definition of limit in Section 1.4, it follows that the limiting behaviour of any sequence {a,,} of 
real numbers, depends only on sets of the form {a,: 1 2m}, i... {Gy Qn. 1s Gy +25 + }- In this regard 
we make the following definition. 


Dejinition, Let {a,} be a sequence of real numbers (not necessarily bounded). We define 


lim inf a, = sup inf fags Gy 51s 1 a} 


ee : 
and im sup a, = inf sup {4,5 ay 41+ &y 420} 


as the limit inferior and limit superior respectively of the sequence {a,}. 
We shall denote limit inferior and limit superior of {a,,} by lim a, and lim a, or simply by lim a, and 
nove = 
lim a, respectively. 


We shall use the following notations for the sequence {a,,}, foreach n EN. 
A, = inf {a,, Gy 41s Wy 425 with 
and An= sup {ayy 415 Gn 42+ -+- 


Therefore, we have 


lim a, = sup A, 


: 
and lim a, = inf A, 
é 


NOW {44,4134 29+} S {Gy Gps 1sGy+ 25--} therefore by taking infimum and supremum respectively, 
it follows that 


Age Ay and An+iS An 


This is true for each ne N. 


The above inequalities show that the associated sequences { A,,} and {An} monotonically increase 
and decrease respectively with n. 
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Remark: It should be noted that both limits, inferior and superior, exist uniquely (finite or infinite) for all real 
sequences, 


Theorem 5. /f {a,} is any sequence, then 


inf a, < lima, < lima, < sup a,. 


Let A, = inf a, and Ay = sup a,,k EN. 
n2k 


n2k 
Then, for all k, n € N, we have 


Ay Sei. Sinan S An 


Aken 


A, SA,, forall k,neN 


nm? 


This implies that each A, is a lower bound of the sequence {Aj}, therefore 


A, S inf An=lima,, for each k EN 
n 


This gives lim a, is an upper-bound of the sequence { A, }. Hence, 


lim a, = sup A, $ lima,. 
k 


Other inequalities follow from 
inf a, = A, S$ A, <AnS Ai = sup a, 


and the definition of lima, and lim a, respectively. 
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Corollary. [fa sequence {a,} is bounded then limit inferior and limit superior of {a,,} are both finite. 
In fact 


—oo < lim a, S lima, < +. 


Theorem 6. If {a,} is any sequence, then 
lim (-a,) = -lima,, and lim (-a,) = -lima,. 
Let b, =—a,,n € N, then we have 
B, =n {by Pyro} 
=—sup {a,, (ea a =- A, 
and so, 
lim (-a, )= lim , = sup (B,, By, -..) 
= sup {-A,, — Ay, ...} 
=~ inf {A), A, ...} 


=~ inf A,=-lima,. 
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Also, 


lim a, = lim (-(-a,,))= —lim (-a,). 


ILLUSTRATIONS 


1. If a,=(-l)",neN, then 
A, =—land A,=1, for each neN 
lim a, = sup A, =— Land lim a, = inf A= 1k 
Sf a,=1+(-l)",neEN, then 
A,=inf {1+ (1.14 (-1""',..p=0 
and A, = sup {i+ (-".1+(-)""'..p=2. for each neN 
lim a, = 0 and lima, = 2. 
3. If a,=n,neN, then 
A, =n, and A,=+° 


lim a, = sup {I, 2, 3, ...} = +e, and lim a, = +. 
4. If a, =(-1)" n,n éN, then 
Him a, = sup int {(-1)"»,(-1)""" (r+ 1). } 
= sup {-20, -2, ...} = —00 


and lim a,, = +0. 


n 
S. If gal ,neéN, then 


n 


ine, = spit | EL Jee 


aA if nis odd 


n 
= sup = 


n 


if n is even 


7 


(n+l) 


and lim a, = 0. 
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6. If a,=(-1)" (: + 2), neéN. then 


A, = inf {ar (: +4), (i + ~ i} 
(1 + *) if n is odd 


— 1+ u , if 7 is even 
n+l 


—4 -6 
lim a, = sup A, = sup ;-2, —,—.,...} =-1 
Corer oe 


and lima, = 1. 


7. The sequence 


has limit inferior -1 and limit superior 1. Note that —1 is not lower bound nor 1 is an upper 
‘bound of the sequence. 


8. Ifa,=n (1 +(1)"), then lima, =0 and lima, = ©. 


se] 
oc 
uu 
= 
o. 
= 
ae 
o 


9. If a, = sin ee neéN, then the sequence {a,} is 


es 3 0 B.09..| 


. : 


2 2 2 2 2 


gece 
2 


2, 


and A, = L for each nEN 


3 


lim ge lim a, ==> 
73 2 2 
10. If {7,,} be an enumeration of all the rational numbers between 0 and 1, then 


lim r, =O and lim r, = 1 


1)" 
Example 1. If a,= sin + a ,néN, then show that 
2 n 


lim a,=—1 and lim a, =1 


u The sequence {a,} is bounded, for = <a,<1,Vn, the terms of the sequence are given by 


1 
a, = a for all 7, 
us 
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1 
Qa = l= Ss I i 
4n+t ay or all 7. 


1 
Goes for all 7. 


Oyyyg=—l= 


Therefore, A,=1 for all 7, and so 


lim a,=1 
Also A,, is given by 
1 
A,,=-1- 
a 4n+3 
1 
Ay,.)=—1- 
= 4n+3 
1 
eee 
iste 4n +3 
and Agny3= —-1- ,foreachneN. 


4n+3 
Hence lim a, = —1 
Theorem 7. Jf {a,} is any sequence, then 
lim a, = —ce if and only if {a,} is not bounded below, 


and lim a, = +00 if and only if {a,} is not bounded above. 
Let A, = inf {a,,a,,4,-f. 


and An = sup {ag. dy 41s--fs2 EN 
By definition, we have 


lim a, = —e° & sup {A,, Ao, --+} meet 


Se A,=-2,VnEN@A,=-0-,VneN 
Se inf {a,,a,.1,-}=-2, Vn EN 
eS {a,} is not bounded below. 


The proof for limit superior is similar. 
Corollary. If {a,} is any sequence, then 
(/) -cc < lima, < +e iff {a,} is bounded below. 


and (ii) co <lima,<+e iff {a,} is bounded above. 


For bounded sequences, we have the following useful criteria for limits inferior and superior 
respectively. 
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Theorem 8. Areal number a is the limit inferior of a bounded sequence {a,} iff for each € > 0, the 
following results hold: 


() a,<a+€, for infinitely many values of n, and 
(ii) there exists a positive integer m such that 


a,>a—€&, foralln2m. 


Since {a,,} is bounded, therefore lim a,, is finite. Let € > 0 be given. Then, we have 


A, $4, for all n, 
a=lima,=sup A, 4 JmeN such that 
s A,>a-€ 
inf {a,. ns 1> Ee <a,Vn, 
3meN such that 


eS 
in (Our dgs1s-}>0-€ 
a, <a@+€, for infinitely many values of n, 
dm €N such that 

eS 


a,>a-e,Vn2m. 


Hence the result follows. 


Corollary l. If {a,,} isa bounded sequence and a = (lim a,,,), then 
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()) foreach real number @ < a, J a positive integer m such that 


a,> a, Vn2>m, and 
(i) ifa@eR and JmeN suchthat a,>a, Vn2m, then lima,>a. 


For (i), take € = a — @ and use first part of the above theorem, and 
for (ii), such an @ is then a lower bound of the set {a,,: 2m} 


and so lim a, =sup A, 2 A,,= inf {a,:n 2m} 2a. 
n 


Corollary 2. Let {a,} be a bounded sequence, then 
() ifa@ eR and lima, < a, then a, < @, for infinitely many values of n, and 
(7) if @ €R is such that {n: a, < a} is infinite, then lima, <a. 


The following theorem follows by applying the above theorem to the sequence {—a,,} and using theorem 
(6 of section 3). 


Theorem 9. Areal number is @ the limit superior of a bounded sequence {a,} iff for each € > 0, the 
following results hold: 


()) a,>@ — €, for infinitely many values of n, 
and (ii) 3 a positive integer m such that 


a,<@+é, Vn2m. 
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Corollary 1. If {a,} is a bounded sequence and @ = lim a,, then 
(i) for each real number # >a, 3meN, such that a,< 6, Vn2m, and 


(ii) if BER and JmeN such that a,< fB, Vn2m, then lima, < B. 


Corollary 2. Let {a,} be a bounded sequence and fe R. 


ni 
() if tim a, > B, then {n:a,> /} is infinite, and 

(ii) if {n:a, > } is infinite, then lim a,>= B. 

The following theorem shows that the limits—inferior and superior are the smallest and the greatest 


limit points, respectively, of a bounded sequence and hence the /ower and upper limits of the bounded 
sequence. 


Theorem 10. _ If {a,,} is a bounded sequence, then 


(7) lim a, = smallest limit point of {a,,}. and 
Gi) lim a, = greatest limit point of {a,}. 


We shall prove (i) and leave (ii) as an exercise to the reader. 
Let lim a, =a. Then a is finite. since {a,} is bounded. 
Now by theorem (8), it follows that for each € > 0, 

a-—€&<a,<a-+é, for infinitely many values of n. 

Thus a isa limit point of {a,,}. Moreover, by the second part of the theorem (8), we have, for any 
€>0, there are at the most a finite number of terms of the bounded sequence {a,}, for which 
a, <a — €, and consequently any number smaller than a is nota limit point of {a,,}. Hence, a = lim a, 
is the smallest limit point of the bounded sequence {a,,}. 


4. CONVERGENT SEQUENCES 


A sequence may have no limit point, a unique limit point or a finite or an infinite number of limit points. Our 
interest lies chiefly in a bounded sequence with a unique limit point. Evidently such a sequence can have at 
the most a finite number of terms outside the interval ]/ — €,/ + €[, € > 0, however, small € may be. For 
otherwise, by the Bolzano-Weierstrass Theorem the infinite number of outside terms will have another 
limit point. Further, the condition automatically ensures the existence of an infinite number of terms of the 
sequence within the interval. Such sequences are called convergent sequences. 


Let us proceed to show that the converse of theorem 3 also holds. 
4.1 Theorem 11. Every bounded sequence with a unique limit point is convergent. 


Let / be the only limit point of a bounded sequence {S,,}, which surely exists by Bolzano-Weierstrass 
Theorem. Thus, for € > 0, S,,€ ]/ — €,/ + €[ for an infinite number of values of n € N. 


/ being the only limit point of the sequence there can exist only a finite number of values say m,, 
my, ....m, of n such that the corresponding terms of the sequence do not belong to ]/ — €,/ + €[. 
For otherwise, the infinitely many outside terms will have a limit point other than /. 
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Let (m — 1) be the greatest of such exceptional values of n. Thus, we have 


5,€\l-e,l+e[, Vn2m, 


[Hon IS,-ll<é, Vn2m. 
Thus the sequence {S,,} converges to its unique limit point /. 
Theorems 3 and 11 may be stated in the combined form as: 


Theorem 12. A necessary and sufficient condition for the convergence of a sequence is that it is 
bounded and has a unique limit point. 


4.2 In view of the above discussion, we give below another equivalent definition of a convergent 

sequence. 

Definition 2.__A sequence is said to be convergent if it is bounded and has a unique limit point. 
Starting with the definition 2 for the convergence of a sequence the reader is advised to prove the 

following theorem. 

Theorem 13, A necessary and sufficient condition for a sequence {S,,} to converge to 1 is that to each 


€ >0, there corresponds a positive integer m such that 
IS,-l<é€, Vn2m. 


The following theorem shows that a bounded sequence converges iff its limits inferior and superior 
coincide and the common value is the limit of the sequence. 


Theorem 14, A bounded sequence {a,} converges to a real number a if and only if 
lim a, = lim a, =a. 


The condition is necessary: If the sequence {a,} converges to a, then, by theorem (12), a is 
the unique limit point of {a,,}. Hence the limits inferior and limit superior both are equal to a (using 
Theorem (10)). 


The condition is sufficient: Let {a,} be abounded sequence such that 
lim a, = lim a, =a. 


This shows that a is the unique limit point of the bounded sequence {a,,}. Since limit inferior and 
limit superior are the smallest and greatest limit points. Hence by theorem 12, it follows that {a,} 
converges to a. 


5. _NON-CONVERGENT SEQUENCES (DEFINITIONS) 


(a) Bounded Sequences 
A bounded sequence which does not converge. and has at least two limit points, is said to oscillate 
finitely. 


(b) Unbounded Sequences 
(7) Ifa sequence {S,,} is unbounded on the left (below), then we say that —c° is a limit point of 


the sequence, and to each positive number G, however large, there corresponds a positive integer 
m, such that 


S$,<-G, Vn2m, 
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i.e., the sequence has an infinity of terms below — G. 
Also, then —ee is the least limit point so that 
lim S,, = —°. 
(ii) Ifa sequence {S,} is unbounded on the right (above), then we say that +e is a limit point 


of the sequence, and to each positive number G, however large, there corresponds a positive 
integer m, such that 


S,>G, Vn2m, 
i.e., the sequence has an infinite number of terms above G. Also, then +c is the greatest 
limit point, so that lim S, = +e. 
(iii) If a sequence {S,,} is bounded above (on the right) but not below and besides —»°, has no 


other limit point, then —s is not only its least but also its greatest limit point, and so we 
equate the upper limit also to -°, i.e. 


lim S, = lim S, = lim S, = -<. 
The sequence is then said to diverge to —c. 


(iv) Tf, finally, the sequence is bounded on the left (below) but not on the right (above) and 
besides +00, has 0 other limit point, then +¢° is not only its greatest but also its least limit 
point. So we have 


lim S, = lim S, = lim S,=+2. 
The sequence is, then, said to diverge to +o. 


(v) Anunbounded sequence is said to oscillate infinitely if it diverges neither to + c° nor to —c. 


Thus a bounded sequence either converges or else oscillates finitely, but an unbounded 
sequence either diverges to +e or —ee or oscillates infinitely. 


Note: ce isnot considered here as a real number because we are not dealing with the extended real number system. In 
the latter case, the definitions need lot of modifications. 


ILLUSTRATIONS 


|. {1+(1)"} oscillates finitely. 


oo ( + “I oscillates finitely. 


n 


i) 


es) 


. {7°} diverges to +02. 


- 


. {-2"} diverges to —co. 


n 


. {n(-1)"} oscillates infinitely. 


(y" 


x 


converges to the limit 0. 
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Ws {1 + i converges to the limit I. 
n 


8. |! a2, 3; anf is bounded below but unbounded above, and has a limit point 0 besides +, 
lim S,=0, lim S, = +0. 
The sequence oscillates infinitely. 
OL fT 253:2555257 23352) 2. 13822}, 


2, when n is even, 


lowest prime factor (# 1) of n, when n is odd, 
is bounded on the left but not on the right. It has infinite number of limit points 2, 3, 5, 7, 11, ..., so 
that 


where, S,, = { 


lim S,=2, limS, = +e. 


The sequence oscillates infinitely. 


1 . Sees 5 
10. The sequence {m + i where m, 7 are natural numbers, also oscillates infinitely 1,2, 3, ... being 
n 


its limit points. 


Solved Examples 


ed She 
Example2. Show that lim vn =2 
noe In 
a Let € be any positive number. 
3+2Wn _, < €, if |—= euorns = 
vn An oe 


Let m be a positive integer greater than 9/e”. 


Thus to € > 0,4 a positive m, such that 


34+2Wn _, <é, Vn>m 
vn 
_ 3 +2vn 
lim =2. 
an 


Example3. Show that 


()) lim Wa =1,ifa >and 


neo 
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(ii) lim Vn =1 


n> 


= (i) Ifa>1,let Ya =1 +h,, where h, > 0 


4 n(n-1 
a=(l+h,)"=l+nh, + a, +..thy 
>lt+nh, Vn (2h, > 0) 
mae Vn 
n 
Let ¢ be any positive number, then 
a-1 a-l 


h,|=h,< < €, where n > 
|, | = Fn 


n 


a-l 


Let m be any positive integer > , then 


|va - ]=|h,]<<. Vn2m. 
If a= 1, the result is trivial and if 0 < a <1 the result is obtained by taking reciprocals. 


(ii) Let Yn =1+h,, where h, > 0 


n=(1+h,)' =l+nh, + intr —Dhp +...+h" 


> Sn —1h?, Vn (.h, 20) 


mn? 


2 2 


, forn 22 
nai 


or |h, |< for n2 2. 


Let € be any positive number, then 


|a,|< 2 ; < €, when n > 1+ 2/e”. 
n 


Let m be any positive integer > 1 + 2/e”. 


Thus for € > 0, 4 a positive integer m such that 


Yn -1|=|h,|<e, Vn2m. 


Hence, lim on =1. 
n-9eo 


Example 4. Show that the sequence {r”} converges iff -l<r<1. 
a (i) Whenr> I, letr=1+h,h>0. 
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(ii) 


(iii) 


(iv) 


(vy) 


r'=(1+ h)" 
>l+nh, VneN 


If G > 0 be any number however large, we have 


lenis Ghia 22 


Let m be a positive integer greater than F 
u 


*. for G> 0,4 a positive integer m such that 


r">G, Vn>m. 
Hence, the sequence diverges to 0. 


When r = 1, evidently lim 7” = 1. 
The sequence converges to 1. 


When Ir|< 1, let "|=. where hh > 0. 
u 


r” 


, VneN. 


So a 1 
(1+ h)" l+nh 
Let € be any positive number, then 


L <e, when n>(4-1)/h 
l+nh € 


Let m be a positive integer greater than (3 = 7 a 
€ 


ise] 
oc 
Lu 
= 
[a 
<= 
<= 
(2) 


-. for € > 0,4 a positive integer m such that 
|r" | <é, Vn2m. 

Hence, {7"} converges to 0, i.e., 

lim 7” = 0, when | "| < 1. 
When r =—1, the sequence {(—1)"} is bounded and has two limit points. 
«. the sequence oscillates finitely. 
When r <-1, let 7 =-1 so that f> 1. 
Thus we get the sequence {(—1)"¢"}. which has both positive and negative terms. The 


sequence is unbounded and the numerical values of the terms can be made greater than 
any number however large. Thus, it oscillates infinitely. 


Hence, the sequence {r”} converges only when -1 <r <1. 


Note: The sequence {r"} converges to zero iff |r| <1. 
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Example 5. If a> 0 and p is real, then lim —"_=0. 


n= (14a)! 


a Letr'>p be any positive integer. For n> 2r 


nn—1)..(n-r+1) , (sf 


(I+a)' >"c,a"= 1, a’> 


he n? e 2thn® Ohank 
Hence a 4: a) arn’ ae 


Since p—r <0, therefore given € > 0, 5 a positive integer m such that 


= 1 
|n? "—0|<e, whenever n2m|m>—, 
emp 


5 n? 
Thus lim——— = 0 
neo (1 Ae a) 


Example 4 follows from this if we take p = 0. 


EXERCISE 


Show that: 
im =a 
n+l 
2. The sequence {(—1)"} oscillates finitely. 
(-1)" 
3, The sequence {S,}, where S, = 1 +——— converges. 
n 
DEES Hr. 1 
ines ses ttn + 
rv 2 


14+34+5+4...+(2n=1) _ 


2 


wu 


lim ib; 


n 
6. The sequence {n + (—1)"n} oscillates infinitely. 


6. __CAUCHY’S GENERAL PRINCIPLE OF CONVERGENCE 


Theorem 13 can be used to test the convergence of a sequence to a given limit /, but in cases where limit 
1 is not known, nor can any guess be made of the same, the following theorem which involves only the 
terms of the sequence, is useful for determining whether a sequence converges or not. 


Theorem 15. A necessary and sufficient condition for the convergence of a sequence {S,} is that, for 
each € > 0 there exists a positive integer m such that 
|s 


ep Sn| SE Vn2map2i. 
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\ecessary: Let the sequence be convergent and let / be its limit, so that for a given € > 0, 5 a positive 
integer m, such that 


|s, -l| < se. Vn =m 


If p21, then n+ p>n2m, and so 


ISsep -<se VYn>=ma pl 
> [Spap- 5S, = Syap-+1-S,| 
<|5,.,-"+|!-S,| 


n+p 


1 1 
<r é€+—€=6 Vn2>map2l. 
Qe: 
Sujficient: To establish the convergence of the sequence as a consequence of the given conditions, we 
first show that the sequence is bounded and then, that it converges to a limit. 
Now by the given condition for € = 1, 4 a positive integer my such that 
|s 


tp So[ SI, Vn2map2i 


In particular, for n = my 
Sine pS 


mt pm 


<i, Vipet 
1e., 


Sig Seon Wop ei, 
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Let_g = min {5,, 8,-0.1 Sy,-1+ Sp, — I} 


‘my — 1? Omg 
G = max {5,, 8p 05 Spy 1+ Sp, + I}. 
Then, g < S,<G, Vn 
Hence, the sequence is bounded and therefore by Bolzano-Weierstrass Theorem for sequences, it 
has at least one limit point, say /. We shall now show that the sequence converges to /, i.e., lim S,, = /. 
Now by the given condition, for € > 0, 3 a positive integer m such that 
S, 


n+p 


-5,| <3 Vn2ma p21 
In particular, for n =m 
‘m+ p 


|s ~5,| <3 Vp2l wl) 


As/isa limit point, 3 an integer m,>m such that 
1 

Sn, -I|<ze si(2) 

Also, since m, > m therefore from (1), we have 


KY 


-8,|<56 sa) 


my 
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[Snep—!|=|Sn+p— Sut Sn = 5 


‘m ‘m, 


+5,,-1| 
$|Sp+p—Sm|*|Sn- Su, |+[Sm—2| 


eu te eee 
= es SS 


= |S,-l|<e, Vn2m 


Hence, the sequence {S,} converges to /. 


6.1 Cauchy Sequence 


A sequence {S,} is called a Cauchy sequence or a fundamental sequence if for each € > 0, 4 a positive 
integer m, such that 
|s, 


ip 83 | <6 Vn2map2l 


or 
|5,, hs | <é€, Vnn2m 


Thus in the field of real numbers, a sequence is convergent iff it is a Cauchy sequence. 


Note; A sequence cannot converge if even one € > 0 can be found such that for every positive integer m, 


Sh 8s 


fe, Vn=manp2l 


Ex. 1. If {a,} and {b,} are two Cauchy sequences, then the sequences {a, +b,}, {a,-b,} and 
{a,/b,} (if b, #0 for all n) are also Cauchy sequences. 


Ex.2. Show that every Cauchy sequence is bounded. Is the converse true? 


1 1 
Example 6. Show that the sequence {S,,}, where S, = 1+ 3 an ; +... + — cannot converge. 
n 


= Suppose, if possible, the sequence {S,,} is convergent. 


Let us take € =>. and n = m and p = m in Cauchy’s General Principle of Convergence, so that 


1 
| Som = Sia | ‘S oy 
1 


1 1 
But S),, — S,. = + +i, 
maT 2m 


1 1 1 m 
> + shiaact = = 
2m 2m 2m 2m 2 


1.0, | Som — Sn | >>. which contradicts Cauchy’s general principle of convergence. 


Hence, the sequence cannot converge. 
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Ex. Show that the sequence {S,,}, where 
1 
2n-1 

| 1 


(i) S,=l+—+i4+...4 
7 3n -2 


ie tl 
i) S, =l+=4+=4+...4 
5 3° 3 


cannot converge. 


7. ALGEBRA OF SEQUENCES 


It may not always be easy to prove the convergence of a sequence by direct application of the definition of 
convergence or by Cauchy’s General Principle of Convergence. But it may enable us to evaluate the limit of 
a sequence whose terms can be expressed as a sum, difference. product or quotient of the corresponding 
terms of two convergent sequences. The sequence {S,} whose nth term is a, + b,, 


a,b, or (b, #0) is called the sum, difference, product or quotient of the sequences 


wm nn 


a, 7B 


{a,} and {b,}. We’ shall now discuss the convergence of such sequences. 


Theorem 16. If {a,}, {b,} be two sequences such that lim a,, = a, lim b,, = b, then 
(‘) lim(a,+b,)=lima,+limb,=a+b 
(ii) lim (a,b, ) = (lim a, (lim b,) = ab 
(iif) lim (a, /b,) = (lim a, lim b,), if b#0,b,#0, Vn. 


nn 


(i) Let € > 0 be given. 
Since lim a, = aand lim b,, =, 
-. J positive integers m, and m,, respectively, such that 


a, -al< 56 Vn2m, and 


|b, ~H< e, Vn2m,. 
Thus, for m = max (im,, m), we have 
la, al<+e, lb, —B[<+e, Vn2>m 
2 2 
|(an#8,) ~ (a #5)| =|(a,—a) + (&, - | 
<|a,-a|+|b,-| 
rei dese, Vnem 
a) 
Hence, lim (a, + b,) =a +b - lima, + lim d,. 


(i) The two sequences {a,}, {b,,} being convergent, are bounded so that 3 positive real numbers k, 
Ksuch that 


Ja, |<k.|b,|<K, Vn 
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Now 
a,Py, - ab|=|a,( (b, _— b) + b(a, - a) | 
<|a,|-|b,-6|+|o]-|¢,-4| 
<k|b,-b|+|b|-|a,-a| aai( 1) 
Let € > 0 be given. 


Since lim a, =a, lim b,,= 5, therefore there exist positive integers m, and m, respectively, 
such that 


|a,-a|< ,Vnem 


|b, ~9| <2, Vn2m 


Then, for m = max (7,, m), we have from (1) 


|] -3¢ 


|b|+1 
Hence, lim (4,b,,) = ab = (lim a,) (lim 6,). 


<é, Vn2>m. 


i -abl<tet 
2 


Lemma. To show that if lim b, = b # 0, then 5 a positive number { and a positive integer m, 
such that 
|b, | >A, Vn2m, 


Let us take € = 4 b|, so that there exists a positive integer m, such that 


|b, —b| <5) Vn2>m,, 


1 
Thus, |b|- |b, 2 |b, -< 5/4. 
> \b,|= sl (say), Vn2m,. ae) 
Let us apply the Lemma to prove the main theorem. 
Now 
a, _ a} _| ba, — ab, | _ b(a, — a) — a (b, ~) 
b,  b bb, bb, 


< Lellan= a] +|a]|,-5) 
|b||2, | 


2{a| ’ 
a,-a|+—|b,-b|, Vn2m, [using (2)] 


2 
SU |4n 
Cae hy 
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Let € > 0 be given. 
Since lim a, = a, lim 5, = 5, therefore, 3 positive integers m,, m, such that 


la, - a| < “ple. Vnem 


and |b, - 


a all 1 
———|<-€+—-e=¢e, Vn2=m 
B, “ol 2 2 
aed (ice! a_ lima 
Hence. Lim |S 
3 b, b limb, 


Note: Itmay be noted that while the sum. difference. product and quotient under certain conditions, of two convergent 


sequences is convergent, the converse may not be true, i... ifthe sequence {a, + b,}, {a,b,} or in is convergent, 
Mn 
the component sequences {a,,} and {b,,} may not be convergent, however, it is not difficult to see that both shall behave 


alike. 
For example, consider the sequences {a,,} and {b,,}. 
(1) When a, =n? and 6, =-1°. 


a, 
The sequence {a,, + b,,} converges to zero and the sequence {e+| converges to —1, but the two sequences {a,}. 


n 
{6,,} are divergent. 


(2) Ifa,=b, =(C1)". 
The sequence {a, — b,} converges to zero, {est converges to | and {a,,b,} converges to 1, while both the 


n 
sequences {a,,} and {6,} oscillate finitely. 


(3) Ifa,=(-1)" and 6, =(-1)"*!. 
The sequence {a, + b,} converges to zero, {a,,b,} converges to—I and {=} converges to —1, but {a,,} and {b,} 


n 
are not convergent. 


There are many inequalities relating the inferior and superior limits to the arithmetic operations of sequences. We 
shall now prove some of them, as a sample of the technique involved, for bounded sequences only. The results are, 
however, true for unbounded sequences as well with well-defined arithmetic operations. 
Theorem 17. /f {a,} and {b,} are bounded sequences, then 
() lima, + limb, < lim (a, + b,), 


(ii) lim (a, +,) < lim a, + lim b,, 
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(iii) lima, + lim b, < lim (a, + b,), 
(iv) lim (a, +b,) $ lim a,+ lim b,. 
We shall prove only (i) and (iii). The other inequalities follow from (i) and (ii’) applying to the 
sequences {—a,} and {—,} respectively and using theorem (6 of section 3). 
(i) Let 
lim a, = @ and limb, = b, 
then both a and b are real numbers, since {a,} and {b,} are bounded sequences. Let 
€ > 0 be given. Then by theorem (8 (i) of section 3) there exist positive integers m, and 
my, respectively, such that 
a,>a-—€él2, Vn=m ef) 
and b,>b-é2, Vn2m, me 
Put m = max (m,, my) then from (1) and (2), we have 
a,+b,>a+b-é, Ynzm 
This implies that 
a+b-—e< inf (a,+b,)<sup inf (a,+5,) = lim (a, + b,) 


n>m m nzm 
But € >0 was chosen arbitrarily, hence 

lim a, + lim b, = a +b < lim (a, + b,) 

(iii) Let 
lim a, = a and limb, =b, 
then a, beER. Let €>0 be given. Then by theorem (3.8 (i) of section 3), there exists a 
positive integer m such that 
a,>a-él2, Vn2m 
Also by Theorem (9 (7) of Section 3), we have 
b,>b-el2, 
for infinitely many values of n. Thus 
a,+b,>a+b-—e, 

for infinitely many values of n. 


Therefore, for given k €N,d ny k such that 


This implies that 


for each k EN. 
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Hence, a +b — €< inf sup (a, + b,) = lim (a, +B, ). 


kK onzk 
The inequality (77) follows, since € > 0 was arbitrary. 
Corollary. If {a,} and {6,,} are bounded sequences, then 
lim a,,~ lim | 


lim a, ~ fim b, < lim (a,-b,) <4" 
= ar lim a,, — lim b, 


< lim (a, ~ b,) < lim a, ~ lim b, 


This follows immediately by the above theorem and using theorem (6 of section 3). 


Remark: Strict inequalities may hold in the above theorem as can be seen by the following example. 
Take — {a,)= (1,0, 1,-1.0, 1,...} 
and Nop tet Ose ls OSs} 
Then, 
2 =lima, + limb, <—1= lim (a, + b,) <0 


= lim a,+ limb, <1= lim (a, + b,) <2 = lima, + lim ,. 


Theorem 18. Jf {a,} and {b,} are two bounded sequences of non-negative real numbers, then 


(i) (lima, )(limd, ) < lim(a, 5, ) 
(ii) lim(a,b,)< (lima, )(lims, ) 


iii) (lima, )(limb, ) < lim (a, b, ) 


o 
om 
uu 
= 
a 
< 
SS 
oO 


(iv) lim(a, b,)< (lima, )(limé, ). 
We shall prove (i) and (iii) only, and leave the proof of (ii) and (iv) to the reader. 
(i) We note that if lima, = 0 or lim 4, = 0, then the inequality (/) follows immediately. 
Therefore, we assume that 
lima, =a>0 and limb, =b>0, 
Let € >0 be given. Then, by Theorem 8 (ii), there exist positive integers m, and m, 
respectively, such that 


n 


€ 
>a-—, Vn2m 
2b 


and b, >b-— Vn2m. 


2a 
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Therefore, for all n > max (7m,, m), we have 


This implies that, lim (a, b, ) = ab-e€ 
But € > 0 was arbitrary, hence the result follows. 
lim(a, b, ) 2 (lima, )(limd, ) 
(iii) We again suppose that 
lim a, =a>0, and limb, =b>0 


Then, (by Theorems 3.8 (ii) and 3.9 (i) of Section 3), for given € > 0, there exists a 
positive integer m such that 


é 
a, >a@-—=, forall n>m, 


and b, >b- =, for infinitely many values of n. 


Therefore, we have 
a,b, > ab — €, for infinitely many values of n. 


nn 


Thus, using corollary 2 of Theorem 3.9, it follows that 


lim(a, b,)>ab-e 
Hence, 
fim(a,2,) 2 (lima, )(im, ), 


since € > 0 was arbitrary. 


Remark: Strict inequalities may hold here as well. 


Take 

{a,} ={1, 2, 2, 1, 2, 2, ...} 
and 

(6, } = (3, 1, 2,3. 1,2, 5 
oo {a, b,} = {3, 2, 4, 3, 2,4 ...} 
Then, 


1= (lima, )(limb, )< 2 = lima,b, <3 = (lima, ) 


limb, )< 4=lim(a,b,)<6= (ima, )(lims, ). 
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Theorem 19. Uf {a,} is a bounded sequence such that a, > 0 for all ne N, then 


a, lima, 


(i) in 7} re: lima, >0 


and (ii) in( > - ! , if lima, > 0. 
a, ) lima, 
(i) Since a,>0, VneN, therefore 


ee er, Vnen 


n 


By using the inequality (ii7) of the above theorem, we have 


(25 


1 i ae 
j lim— < == ~: lima, >0 
i.e., ae ime ( 4, ) Fe, a: © 
ee : F : : Ve 
Similarly, using the inequality (ii) of the above theorem, we obtain w 
a 
1=1im|+-a, )<| im |(fima, ) < 
a, ay = 
1 1 2 
Tes, lim — = — ai(2) 
a, lima, 
Hence from (1) and (2), we get 
ie . if lima, >0. 
a, lima, 


The proof of (ii) is similar. 


Corollary. If {a,} and {5,} are bounded sequences, a, 20, b, >0 for all ne N, then 


(i) ino ee if limb, >0, 


lb, | limb, 
and (i) Tim| |< HD if timp, >0. 
b, limb, 


Follows directly from the above two theorems. 


EXERCISE 


|. Construct {a,}, {6,} such that a,.3=@,.5,.3=5,» a, #0, b, #0 
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lima, #0, {ay by} and {b,} do not converge but 


lim(a,,b,) = lima, limb, = lima, limb, 


25n 1h 


1 ra | 


[Hint: a3, = 1, a3,,_ 
D3, = 2, Bsn) 


—2, bsy 2 


i) 


Construct {a,,} such that lim a,> lim a,>0 

andeither (a) lim(a, ane ) = lim(a, Gn ) 

oF (6) lim(, Gy 4142) = lim(a, @n +1942): 
Show that such a sequence cannot satisfy both (a) and (4). 
[Hint: (a) Take a, 


(b) Take a3, = 1, ds,_ = 2. 43, = 2, n= 1, 2...] 


Slicer Si 2 to ek 


ue 


The real bounded sequence {a,,} is such that 
\a, | > 1, as n ©, where / is areal number and 
lima, # lima,. Show that / #0 and lima, =—lima, 
[Hint: If |, | 0, then @, > 0 and thus lima, = lima,. 
Hence | #0, show that lima, =|/| and lima, = -|l|] 
4. Let {a,} be any bounded positive sequence and {b,,} is a convergent positive sequence. Show that 
lim(a, 5, )= limb, lima,,. 


and lim (a,b, ) = lim, lima,,. 


wu 


Let {a,,} be areal bounded sequence and {5,} is areal convergent sequence. Show that 
lim(a, + b,)=lima, + limb, and 
lim(a, + b,)= lima, + limb, 
6, Let {b,} be areal bounded sequence such that for any real bounded sequence {a,,}. lim(a, +b, ) = lima, 3" limd,. 
Show that {4,} is convergent. 
7. Let {b,} be a positive real bounded sequence such that for any positive real bounded sequence {a,}. 


lim(a, b,)= (lima, )(ime, ). Show that {4,,} is convergent. 


Let {a,,} be a bounded sequence and Z, @ be any given numbers (a, , z, @ may be complex), show that: 


n 


fim| a, ~2|<|z—o|+1im|a, - 0| 


lim|q, ~ z|2|z-@|-lim|a, - o| 
(3n + 1)(n - 2)_, 


Example 7. Show that lim 
“ n(n +3) 


1 : 
a Weknow that the sequence {4 converges to zero, i.e., fie =0. 
n n 
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341 1 z 
Now sme tke=2) al 4] 


n(n+3) [3] 


lim 342 lim} 1 
n 


im + 4 
n 


EXERCISE 
|. Show that 


, a. St QBin+1 
() lim—————- = 2 


yn+l 


Qn?-5 2 


() lim——— = 
3n>+7n 3 


Be leper ros oll 
ii. ——— 
nn £ 


w) jimi t3 43+ sas) 


n 
() limtJn+1-Vn]=0. 
2. Show that lima, =a> lim| a, | = | a|. 


Perens 1 
Also by considering a, = (-1)" or (-1)" (! + zh 
n 
show that the converse is not always true. 
Is the converse true if a= 0? 


If {a,} converges and {b,,} diverges, show that 


) tim“ 50. 
sn 


(i) {a, + 6,} is divergent. 
4. Given that lim a, = a, lim b, = b, and {S,,} and {7,,} are two sequences, where 
S,, = max (a,, 5,,) 
T,, = min (a,, b,). 


Show that the sequences {S,,} and {7,,} are convergent and that 
lim S, = max (a, b). 
lim 7,,= min (a, 5). 
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[Hint max (ay , by) = 3m +b) J a, — Dy | 


7 1 1 
min (¢y. by) = (2 +B) ~ $l a — al 


5. Use Cauchy’s General Principle of Convergence to show that the following sequences are convergent: 


8. SOME IMPORTANT THEOREMS 


Theorem 20. Jf lima,=aand a, 2 0, forall n, then a= 0. 
Let, if possible, a <0. 
Since lim a,, =a, therefore for a given € > 0, 5 a positive integer m, such that 
Ja, -al<e, Vn2m 


> a-—€&<a,<ate, Vn2m 


Ls é aires 
Let us select € = “7% lim so that corresponding to ¢ = ~5a > 0, J a positive integer m, such that 
2 no 


1 
a+ -a<a,<a- =a, Vn2m 
2 


or a,<=, Vn>m 
2 
Since a < 0, therefore it follows that a, <0, for n = m,. This contradicts the fact that a,, > 0, for all 7. 


Therefore, the supposition is wrong. 


Hence 
at0>a20. 


Theorem 21. Jf {a,}. {b,} are two sequences such that 
(i) a, <b,, Vn and 


(ii) lim a, =a, lim b, = b, then a <b. 
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Let, if possible, a> b. 
Let a — b = 3¢, so that the neighbourhoods |b - €,b + €[. Ja-e€, a + €[ of banda, respectively, 
are disjoint. 
Since {a,}, {b,} converge to a and b, respectively, therefore corresponding to € > 0, 5 positive 
integers m, and m,, respectively, such that 
a-&<a,<a+e, Vn2m 
b-e<b,<b+e, Vn2m. 
Let m= max (m,, my) 
a,€ ja-€,a+e[, Va>m 
b, e|b-e,b+el, Vn>m 
Consequently 
b,<a,, JVn2m 
which contradicts the fact that 
Gab, Vn. 


n? 


Hence, our supposition is wrong and therefore a <b. 


Ex. 1. Deduce theorem 21 from theorem 20 by considering the sequence {c,,}, where c, =}, —a,. 


Ex. 2. If {a,}. {b,} are two sequences, such that a, <b,, Vn, then show that lima, < limb 


n? 
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and lima, < limd,. 
Theorem 22. Sandwich theorem. If {a,}, {b,} and {c,} are three sequences such that 


W a, Sibxec., Vin; oly 


and (ii) lima,=limc,=/ 
then lim },=1. 
Let € > 0 be given. 


Now since {a,}, {c,} both converge to /, therefore 3 positive integers m,, m,, such that 
|a, -l|<e, Vn2m a | 
and |e, -I]<e, Vn2=m, (8) 
Let m= max (1, m). 
then, for n 2 m, we have from (1), (2) and (3) 


i-6<@, Sb se, <L+ € 


> l-e<b,<l+e, Vn2m 
> |b, -I]<e, Vn2m. 
Hence 


lim 6, =. 
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Ex. 


If {a,}, {b,} and {c,} are three sequences such that 
a, <b, Se, Wn 


(i) lima, = lime, =1 implies limb, =/, and 
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Then 
(ii) lima, = lime, =L implies limb, = 1 
Example 8. Show that the sequence {4,}, where 
1 
n = 2 iy + > |* 
(n+l) (n+ 2) (2n)y 
converges to zero. 
a Evidently, 
n 
<b,< 5, Vn 
(2ny ae 
Azh 2s. Vn. 
4n n 
and c, = © are such that 
n 


Now the sequences {a,,}, {c,}, where a, = 
Von, and 


n? 


(i) a, <b, <c 
(ii) lima, = lime, =0 


“limb, =0. 


Ex. 1. Show that the sequence {b,,}, where 
b, = + ! ses 
(r+ 1) (e+ 2) (e+ n) 


converges to 1. 
Show that: 
0, 


Ex. 2. 
- 1 
lim = 
@ »y w+k 


k=l 


J =o 
+k 


ii) lim 
(ii) We Dior; 
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Theorem 23. Cauchy's first theorem on limits. If lim a, =1, then 


no 


fica Ss 


Let b, =a, —1. 
Now, since lim a, = /, therefore 
lim 6, = 0. 
Also a+ a)+...+4, Seg i se ee 
n n 


so that we have to show that 


jim 2+ tn _ 9 when tims, =0. 

n 
Now, since {b,,} is convergent, therefore it is bounded and hence 3 a number K > 0 such that 
b, | IK. Vin: 


Let € >0 be given. Since {b,} converges to zero, therefore 3 a positive m such that 


i ise) 
b, |< de, for n2m o 
Also, fs 
b+ bt...+b, |_| b+ bt+..+b, < Dna rt ioe t Dn = 
n n n 3, 
‘) 
B | + [bo | tt [Bn |. [Bnet] tet [2 | 
< + 
n n 
mK  e(n-m 
ht 2a) Vn>m 
n 25 “0 
mK € 
<—+= 
n 
Sie 2mK 
Let m, be a positive integer greater than > so that 


mk < e where n > m,. 
n 2 
Thus, for n 2 max (m, m,), we have 
b+ by +...+b, 
n 


<é 


= fmt ett by 9 


n 


. atat.uta 
Hence, lim 2 =, 


n 
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Ex. Let {a,} be a bounded sequence. 
Prove that 


lima, < lim((a, + a, +...+ a, Jn) S lim((a, + a) +...+ a, Jn) < lima, . 


[Hint: For €>0 4m such that a, >lima,-e€, Vn>m 
Thus 
at+at..+4, 


> (lima, -) 
n n n 


n—-m  atat..ta 
—— + 2 for n> m 


and 

. (at+at...4, s on =m... 

tim G+ += 40) > (ima, 2) tim = = lima, = €. 
n n 


This is true for all € > 0. Hence the result]. 


Note: The converse of the theorem is not true. 
Let a, =(-1)", so that 


at ht +4 _ 9 ifniseven, 


n 
= = if nis odd. 
n 


srt Golateaceatai 
im— 2 n 


1 =0. 


n 


But {a,} is not convergent. 


Example 9. Show that 


lim : A 1 


1 a 
ner Ve +1 "Yea2 he Ve tn ‘ 


a Let 
ee Ft 
5‘ , i 
lima, = lim =1. 
1 
1 
n 
Thus by Cauchy s first theorem on limits, we have 
lima yt ot Ay L 


n 
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or 


or 


lim ! ss os oe : =1. 
yn +1 n+ 2 nt +n 


Example 10. Show that 


reel 
lim -[1 +2 NB ra =1. 
n= 
= Consider a, = '”. 


Now lim a, = lim n'” = 1 
By Cauchy’s first theorem on limits, 


jim ft 22 tet an 


n 
rom 
> lim—[1+ 27+ B84 + aie) eat 
n 


Ex. Show that: 


se) 
c 
Ww 
= 
a 
<= 
<= 
re) 


1 1 1 
lim] —= + ee =o 
o il Jyntl bic al 


(ii) ee +]-0 
n 2 


(iii) lim ae i 5 tet ! 7 }=0 
n (n + 1y (2n)” 
Theorem 24. Jf a sequence {a,} of positive terms converges to a positive limit 1, then so does the 


sequences {(a,4 ...a,)'"} of its geometric means, i.e., if lim a, =1, then 
neo 


lim (a, a ... a, a =, 


n> 


Let lim a, =I. 
noo 


Since all terms are positive, the sequence {log a,} of logarithms converges to log /, i.e., 


lim loga, =logl. 
neo 
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Hence by Cauchy & first theorem on limits, 


i loga, + loga, +... + loga, 


li = log! 
n 
=> lim log (aa, ...a,)" = log | 
> lim(a, a, ... , Me =: 


Note: The converse, however, is not true. 


ILLUSTRATIONS 
Vin 
1. [12-3.4- u } >lasn— oo 
M23 at=l 


because lim—"— = 1. 
n-1 


12.3 m1 
lim n'/"=1 
neo 
2. We know 
1y 
lim ! + 4 =e 
n> n 
or 


Hence, by theorem 3.24, as n — ce 
Vv 
eer 
1 2 5) n 
n+l 
(n yn 


ay 1 
n+l e 


or 


or 
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Note: (n!)!" + 2 as n 3 0. 


3. Let a sequence of positive monotonic decreasing terms 


Uy U u 
uy, >, 21, ... converge to /, 
Uy Uy u, 
«Unt 
ine lim “=. 
n> 


Hence by theorem 3.24, the sequence 


n+l 
Unt 
a converges to /. 


u, 


Wn+l 
ey (+1) converges to / 
or 
I/n 
lim (u =I 
tim) 
Thus, 
«Uns 1 
lim = 1 => lim(u,)""=1 
no neo 


The converse is not true. 
A result that will be used while comparing the relative strength of the Ratio and the Root test 
for positive term infinite series. Also see Theorem 3.21. 


Theorem 25. Cesaro's theorem. If the sequences {a,} and {b,} converge to finite limits a and b 
respectively, then 
a,b, + ay by) +-.+ a, by 


lim —————————- = a 
neo n 


Let a, =a+a,,, where |, | > 0 as n> . On substituting for a, a>, ..., a, We get 


Abn + aby 1+ Gyr = a(b,+ by +... +b,) Page D, + Ob, +--+ OLD, 


n n n 
e a(b,+ byt thy) B(| 0, |+|a|+...+] |) 
n n 


where B is the upper bound of the numbers |,|, |b,, ... 
Also by Cauchy ’ first theorem on limits 
moat nt+b, 
n 


li =b 


o 
c 
Ww 
= 
a 
< 
ae 
1S) 
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and 


‘im! |+|a,|+...[@, | 
n 
Gb, + ayb, y+ + GP, 


lim ———————_ = a 
n 


=0 


Theorem 26. Cauchy's second theorem on limits. If all the terms of a sequence {u,} are positive and 


3 V ane ‘ “ Vn ye Unt 
exists then so does lim (u,,)", and the two limits are equal, i.e., lim(u,) "= lim——, 
ne u 


pgs ntl 
7 ia — 
n° Uy, 


provided the latter limit exists. 


n 


u_ 7 
Let lim — =/, a finite real number. 


n30 


n 
Hence for any € > 0 there exists a positive integer m, such that 


Une 


l-e< <l+e, Vn2m. 


Uy, 


Putting 7 =m, m+ 1, ..., 2-1 and multiplying, we get 


(I =e) eH <(l+ aaa Vn>m 


m 


or (l-e)"u, <u, < (+e) "uy, Vn2m 


ms 


1—min 1—m/n 
or ey al cull c(t ey all", Wane. 


m m > 


If the first and the last expression in the above inequality are called 4,, and B,, then 


in 
lim A, =/ — € and limB, =! +¢€ 
because w,, is a finite positive quantity. 
It is, therefore, possible to choose a positive integer m, such that for n 2 m,, 
A, >1—2e and B, <1 + 2e€ 
1-2e <ul!" <1+2e, Vn2max(m, m) 


ice., lim ul!" =1 


no 


Uns 


2 Und 
=U and lim — = L, we can modify the inequalities by 
In In 


replacing ]—¢ by L—e and/+e by U + €. Thus 


Corollary. More generally, if lim 


lin 
n 


L-2e <ul" <U + 2€, Vn2max(m, m) 


=> Ls limu!!" and limul/" <U 
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es 1 

lim < limul!" < limul!" <lim2 Hat 

uy, u, 

a very useful result. 
‘ 1 1 
Note: Taking u,,_, =— and u, =—, forn=1, 2.3... 
Ulan) 3 2 3" 
ult 1 1 ele 
0 = lim" <— = imu!" <= Tima!" < 0 = fim, 
a; v2 U, 


Example 11. Show that the sequences {a vy and {oy!" } where 


@ r= 7" and 


ta 


n" 


Co) 
Ree, 
uu 
a 
Qo 
<< 
a5 
ro) 


converge and find their limits. 

3n 
. (i) oo a 

(2) 
3n +3 
Ay) = 
n+ 1) 
n+ 
tn eg ES 


(asi) Be 
im 22 + 3)(3n + 2)(3n +1) 
(n+ 1 


By Cauchy s second theorem on limits, 


=27 


I/n 


lima)” = lim—— mike = 27 


() ae CEI CEC INCE 
‘ (n41)"*' 
ac (n + 2)(n + 3)... 2n(2n + 1)(2n + 2) 
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=m (n+ 1)'*! (n+ 1)(n + 2)... (2n) 
b, (n + 2)(n + 3)... (2n +1)(2n + 2)n" 


Hence by Cauchy s second theorem on limits, 


tim of!" = tim Bt = £ 
; b 4 


n 


Ex. Find lim L(m +1)(m + 2)... (m+ ny)", 
ne A 


a 
Theorem 27. If {a,} be a sequence such that lim = 1, where |1| <1, then lim a, = 0. 
In 


Since | / | < 1, we can choose a positive number €, so small such that |/| + € <1. 


. Ane 
Now since lim— 


=/, therefore J a positive integer m, such that 


ay, 


q 
aul lleoe, Win S m 
a, 
a a 
1 1 
as SS }-|!|s| = -l<e,vn2m 
a, n 
Gn +1 
= - <|l|+e=k (say), where k <1, Vn>m 
hn 


Putting 2 =m, m+ 1, ..., (n— 1) in turn and multiplying, we get 


Slee", Vn2m 
Ay, 

ja |< lal Vn2m 

> oa nz=m 
But ask <1, k"— 0, hence 

lim a, = 0. 

aq 
Theorem 28. If {a,} be a sequence, such that lim "+l =1>1, then 
q 


lim a,, = °°. 
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Since /> 1, we can choose a positive number ¢, such that 


t=e>1. 
. es ee aoe 
Now, since lim =1, therefore 3 a positive integer m, such that 
¥ pi g 
hn 
q, 
ntl _il<ce, Vn>m 
a, 
a 
=> l-e<tttcl+e, Vnzm 
a, 
Qn +1 
> — >l-eé=k(say), Vn2>m where k >1 
q, 


Putting n =m, m + 1, ..., (”— 1) in turn and multiplying, we get 


fn}> Gn y K-™ Nm 
Gy ay, 
la, | 2 
> Ja, |>—=k", Vn=m ec 
Rm i 
But ask> 1, k"” 400 a 
; <x 
lim a, = a 
Oo 
bil 
Example 12. Show that for any real number x, lim == 0. 
n! 
x" 
a Let a,=— 
n!} 
i 
n+l 
q, 
so that lim 24 =0<1, 
4g, 


Hence by theorem 27, lim a, = 0. 
Example 13. Show that 


ra m(m —1) (m= 2) --(m—n +1) xv 
n! 


=0,|x|<1 


a Let 


7 = MI) @r= 2). (r= nei) 


m n! 
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But |-x|=|x|<1. 
By theorem 3.27, lim a,, = 0. 


Ex. Show that lim nr” = 0, if |r| <1. 


9. _MONOTONIC SEQUENCES 


A sequence {S,} is said to be monotonic increasing, if S, ,,2 5, Vn, and monotonic decreasing if 
S,2,<5, Vn. It is said to be monotonic if it is either monotonic increasing or monotonic 


decreasing. 
A sequence (S,) is strictly increasing if V n.S,,.,> 5, and strictly decreasing if Sya1<Sq- 
The importance of monotonic sequences lies in the fact that they cannot oscillate. They either 
converge or diverge. Following theorem will make the point clear. 
Theorem 29. A necessary and sufficient condition for the convergence of a monotonic sequence is 
that it is bounded. 


The condition is necessary for we know that every convergent sequence is bounded. 

The condition is sufficient. Let a bounded sequence {S,} be monotonic increasing. Let S denotes 
its range, which is evidently bounded. By the completeness property, S has the least upper bound 
(the supremum), say M. 

We shall show that {S,} converges to M. 

Let € be any pre-assigned positive number. 

Now since M—e is a number less than the supremum M, there exists at least one member say 
S,, such that S,,>M-—e. 


As {S,} is a monotonic increasing sequence, 


S,25,>M-—e, Vn2m 


‘m 
Again, since M is the supremum, 
S,<M<M+e, Vn 


Thus 

M-é<S,<M+e, Vn2m 
=> |S,-M|<e, Vn2m 
> {S,,} converges and lim S, = M. 


We may similarly consider the case of a bounded monotonic decreasing sequence. 
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Corollary 1. A monotonic increasing bounded above sequence converges to its least upper bound and 
a monotonic decreasing bounded below to the greatest lower bound. 


Corollary 2. Every monotonic increasing sequence which is not bounded above, diverges to +c2, 


Let {S,} be a monotonic increasing sequence, not bounded above. Let G be any real number 
however large. 


Since the sequence {S,,} is unbounded above the monotonic increasing, 3 a positive integer m such 
that 


S,>Gand$,2S,,, Vn2m 
> 5,>G, Yn2m 
Hence, lim S,, = +e, 
Corollary 3. Every monotonic decreasing sequence which is not bounded below, diverges to —=. 


9.1 Subsequences 


If {S,,} = {S;, S5, S5, ...} be a sequence, then any infinite succession of its terms, picked out in any way 
(but preserving the original order), is called a subsequence of {S,,}, or, in other words if {n,} be a strictly 
monotonic increasing sequence of natural numbers, i.2., 1, <1, <7; <..., then {S,.) is a subsequence of 
the sequence {S,}. 


ILLUSTRATIONS 


1. {S), Sy, 6, +, Sy, «+-} is a subsequence of {S,}. 

2. {81 Sy, So, .... S,;, ...} is asubsequence of {S,}. 

3. {S,, Ss, 55, ...} is a subsequence of {S,,}, which is obtained by removing a finite number of terms 
from the beginning of {S,}. 


Without going into a formal proof we state : 


|. A sequence {S,} converges to s if and only if its every subsequence converges to s. Similarly 
lim S,, = ce(-e2) if and only if every subsequence of {S,} tends to c2(-s9). 


2. If ¢ is a limit point of a sequence {S,}. then there exists a subsequence {S,,} of {S,,} which 


converges to &, i.e., jim 5, =e 
eas 


nN 


Ex. The subsequence {x, x*, x, x, ..., x", ...} of {x"} converges to zero if| x |< 1, for the sequence 
{x"} converges to zero for |x| < 1. 


a Ly 
Example 14. Show that the sequence {S,,}, where S,, = (! + i , is convergent and that lim ! + a 
n n 


lies between 2 and 3. 


a Expanding by Binomial theorem, since 7 is a positive integer, we get 
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\" -1 n—-1)...3-2-1 
S,= ee Spe if eraperg ) a 
n n 2! n n! ne 


ett laos d ise ene lel = 
2! n 3! n n n! n n n 


Since each term beyond the first two terms on the R.H.S. is an increasing function of n, it follows 
that {S,} is a monotonic increasing sequence. Again since each bracket on the R.H.S. is positive, 
therefore, we have 


fay ete eek ute 
1 2! 3! n! 


eieiete e+ eg 
2. ae 


ane! 


=> 2<S,<3 


Thus {S,} is a bounded and monotonic increasing sequence and so has a limit, which is generally 
denoted by e. 


tin(1 +] =e, where2<e<3 
neo n 


Example 15. Show that the sequence {S,}, where 


1 1 
S,=—+ eee 
n+l n+2 n+n 


, VneNn 


is convergent. 
a Now 


1 1 1 


Stl ee a 
Q2n+1 2n+2 n+l 


1 
: 2(n + 1)(2n + 1) 


.. The sequence {S,} is monotonic increasing. 


>0, Van 


Again 
S,= ! + ! phinck l 
n+l n+2 n+n 
1 spi, 1 
<b Stahl 
non n 
i.e., 0<S,<1 


. The sequence is bounded. 


Hence, the sequence being bounded and monotonic increasing, is convergent. 
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Example 16. Show that the sequence, {S,,}, where 


is convergent. 
a Now 

1 
-S,=——>0,Va 


S 
n+l! 


n+l 


.. The sequence {S,} is monotonic increasing. 
Again, 


=> 
“. The sequence is bounded. 
Thus, the sequence {S,}, being bounded and monotonic increasing, is convergent. 


se) 
oc 
uy 
= 
o 
< 
= 
() 


Example 17, Show that the sequence {S,}, defined by the recursion formula S,,,;=/35,, 5, = 1. 


converges to 3. 
u The terms of the sequence {S,} are 


1. V3, VNB, \3VN3... 


S>S; 
S;> 8, 


Clearly 


Also 
St? Sm = J3Sine1 > V3Sn => Sino > Sint 


Thus by Mathematical Induction, the sequence {S,,} is monotonic increasing. 


Again, 
8, <3 


S)<3 
S;= 35, <3 
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and 


S,,<3=> \35,, < V3.3 > Sy 41<3 


So, again, by Mathematical Induction, 

0<S,<3, Vn 
Hence, the sequence {S,,}, being bounded and monotonic increasing, is convergent. 
Let lim S, = /. 


Since lim S,,,,= lim 3S, 
1=V3l 31 =00r3 


But 1 #0, since S,21, Van 
Hence, lim S,, = 3. 


Example 18. If {S,} is a sequence, such that 


i. 2 
4 §2 
nel Lake Vn2 land S;=a>0 
atl 
then show that the sequence {S,,} is an increasing bounded above sequence and lim S,, = b. 
neo 
a Given that 
24 G2 
Snai= ee besa, Vn21 
a+l 
Forn=1 
fos ab’+S? _ lab’+a° 
‘ atl a+] 
24g? a(b? - a? 
and g.gs@2¢ pr aml ee 
at+l at+l 
S,>S, (b>a>0) 
For n21, we have 
2 4.92 a(b?- S? 
52 os Sg? (st) wwf) 
at+l at+l 
Now, 
2D 
Smaad Pug —* 50 
a+l 


S<h 
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Assume S,, <b, for some me N, then 


2 5 Ob SS. S26 
—b°=—_* -b =" —_-< 
at+l a+l 


0 


So by the Principle of Mathematical Induction, 
0<S,<b, VneN 
The sequence {S,,} is bounded. 


Also (1) implies that the sequence {S,,} is monotonic increasing. Hence, the sequence {S,,}, being 
bounded and monotonically increasing, is convergent. 


Let lim $,=1 
mses 
, b+ Se 
Since lim S,,;= lim {2 
neo nee atl 
1 EE ep Sap (: a#0) 
a+l 


But /#-bas S,2a>0, Vn 

Hence / = b. 
Example 19. If {S,} be a sequence of positive real numbers such that S, = 4(S,,_,+ 8,2), Vn > 2, 
then show that {S,,} converges. Also find lim S,. 
a If S,=S,, then evidently 5,=5,, Vn 

so that the sequence converges to S,. 

When S,# S$), let S, <S,. 
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Putting n = 3, 4, 5, ..., m, in the relation S,=5(S,,_;+S,-2), We find that 


1 
53=5 (5+ S,) 


(1) 
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Thus it appears that 


' S,\< 53< S5<... (2) 
ani wel Ss 
S_>S4>S_>... 

Now 
1 
Su22-S=4 (Sse Su) 5, 
1 
=5 (511-51) (3) 
1 
= 7(S:- 54-2) (4) 


From (4), we easily see that 
(/) The subsequence of odd terms is monotonic increasing, i.e., 
SKS: Ka. 
(/)) The subsequence of even terms is monotonic decreasing, i.¢., 
sn SSeSS a8, 


Again from (3) when 7 is even, putting 7 = 2m, we get 
1 
Som42— Som = 5 (Som +17 Som ) 


me Som42< Som = Som 41 < Som 
but 
S2 < Soy) Se < Sy < So 
. Every odd term is less than every even term, i.e., 


BS, <3 <S5 <2. < Sos 1 < Som < Sop —2 < one $86 < Sy < Sy 


Thus, the odd term subsequence {S>,,,,} is monotonic increasing and is bounded above (by S,) and 


is, therefore, convergent. 
Similarly the even term subsequence {S,,,} is convergent. 
Let us now show that the two subsequences converge to the same number, 
Let {S5,4,} and {S,,,} 31’. 
From the recursion formula, 
Som = 5 (Son -1* Som—2 ) 


On taking limits as m — o, we get 
1 
Vv=-(i+l) => 1=!. 
s(I+1’) 


Thus both the subsequences of {S,,} converge to /. 
=> The sequence {S,,} converges to /. 


Real Sequences 


Again from (1) by adding, 
1 i] 
+55 -1= (i+ 28,) 
Taking limits when k — , we get 


i eal 
1+ 51 =5(Si4 25) 


1 
1=—(S,+ 2S, 
+(5,+28:) 


1 
Thus the sequence {S,,} converges to 3 + 25S;). 
It may similarly be shown that the case S, > S, leads to the same result. 


Example 20. Show that the sequence {a,,} defined by 


1 9 
GQnai= a+ 2 n2landa,>0 


n 


converges to 3. 


is) 
a Now o-a=4(4+2)}-q=2 S20. 453 es 
2 Q 2a, = 
o 
=> a2 a, if a, <3 ¢ 
I 9 9-4; 5 

Also 44417 % = =| a, + — | -— 4, =——— 2 0, if a, <3. 

2 n 2a, 


Thus the sequence {a,,} is monotonically increasing if a, < 3, V n and decreasing if a, = 3, Vn. In 
either case the sequence is monotonic and bounded and therefore it is convergent. 


let lim a,=1. 
neo 

lim a, Him = q es ae eee 
Now, Pores mapereehio) (i a, i) n 
or 2=9 
or 1=+3. 
But 1#-3asa,>0, Vn. 
Hence /=3. 


Example 21. Ifa sequence {S,,} is defined by 


5.=—\_., where $'>0,5,>0, n22 
1+, 


n-1 


then show that the sequence converges to the positive root of the equation 
vtx-S=0. 
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a Now 
s 
TS, i 
.2 
* seg! DeaBiS a5 
__78(Sn-1- Sn-3) i 
(1+5,_1)(1+5,-3) — 
S?(S,-2- Sys) 


¥ (1+5,_,)(1+5,-2)(1+5,-3)(1+5,-4) ae 


(3) shows that the even and odd terms form separate monotonic subsequences. 

Again (2) shows that if odd terms form a monotonic decreasing subsequence, even terms will form 
a monotonic increasing subsequence and vice-versa. 

Since every term of the sequence is positive, 


SS -1 
-S,= 
1+5S,_, 
=> 0<S,<S, Vn 


a result which could have been written directly from (1). 
Thus the monotonic increasing subsequence is bounded above by S and the monotonic decreasing, 
subsequence is bounded below by 0. 


Hence the two subsequences converge. 
Let, if possible, the even term subsequence converge to / and the odd term subsequence to J’, 
«. Taking the limit, we get from (1) 


()) forneven, =e or ll’ +1=S 
1+] 


(i) forn odd, pos or ll’ +l =S 
1+1 
> f= 


Thus both the subsequences converge to the same number /, 
= The given sequence {S,,} converges to /. 
Again from (1), on proceeding to limits we get 


ee ee re er, 
Ll 


lis a root of x°+x-—S=0 


where /is positive, for, every term of the sequence is positive. 
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Example 22. Two sequences {x,} and {y,} are defined inductively by 
1 
x= and y,=1 
1 2 eal 


and 


Prove that 
Xp <Xp <I <Inee = 2,3, 


and deduce that both the sequences converge to the same limit /, where 1 <l<l. 


a If0<a<h, then geometric mean G = Vab and the harmonic mean 


Also 
a<H<G<b 
we are given that 


=< y=1 


ri 


on 
o 
Lu 
= 
o 
xt 
ae 
(2) 


On the assumption x,,_; <.y,,_;, We have 


-1S nS n= 1 (e Xn = V¥n-1 n= 1 ) 


Xn Sn <Vn-1 


Mn 


Further 


because y,, is the harmonic means of x, and y,,_;. It follows by induction that 


Xn-1 


<n <n < In = 2, 3, 

The sequence {x,} increases and is bounded above by y, = 1. The sequence {y,,} decreases and is 
bounded by x, = 7 Hence, both sequences converge. Suppose x,—>/ as —> 2 and y,— m as 
n— oe, then 
P=Im 


and 


Both the sequences yield / = m. 


Mathematical Analysis 


Theorem 30. Nested-intervals. If a sequence of closed intervals [a,, b,] is such that each member 
[4,5 8, ,] #8 contained in the preceding one [a,, b,| and lim (b, — a,) = 0, then there is one and only 
one point common to all the intervals of the sequence. 


Since each interval member of the sequence is contained in the preceding one, therefore, we have 


aS a,S..5a,8... 


b,2b,2...2b,2 

so that sequence {a,,} is monotonic increasing, and {b,,} is monotonic decreasing, Also a, < b, and b, > a,, 
for all n, so that sequence {a,} is bounded above by b, and {4,,} bounded below by a. 

Thus both the sequences are convergent. 

Let lim a, = & and lim b, = 7. 

Again 

0 = lim (b, - 4, )= lim b, - lim a, =€ -7 
> f=n. 
Obviously ¢ is the upper bound of the sequence {a,,} and lower bound of the sequence {4,,}, and hence 
a,<€ <b, Vn 


ion 
so that ¢ belongs to all the intervals. 
Let, if possible, 6), $2 be two different points common to all the intervals, and let & < &,. 
Then 
a,26<&<b,, Vn 


—a,2 6-6, #0, forall n, 


which is a contradiction to the fact that 4 <G (- lim (b,-4,) =0) 
Hence the result. 


The following result is an important generalization of the theorem on nested intervals and is due to G. 
Cantor. 


Theorem 31. Cantor's intersection theorem for real line. If F = {F,} is a countable class of non- 
empty closed and bounded sets such that 


F\> F,> F...> F,, then q F,, is non-empty. 


n=l 
Since each F,, is a non-empty closed and bounded set, therefore, there exist sequences of real 
numbers M,, and m,, belonging to F,,, such that 


M,=sup F,,m,,= inf F, 


” ” 


then M,>M. <m,,,, for each ne N. Now the lower bound for the set 1 F, is the lower 


1 lea n+ Sa =i 
bound for the sequence {M,} of upper bounds. Thus {M,} is a non-increasing sequence which is 
bounded below and therefore convergent. 


, and m 
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Let lim M,=M 


no 


we shall show that M q F,. Let, ifpossible, M ¢ al F,,. Then there will be at least one neighbourhood, 


n=l n=l 


say, |M —e, M + €[, €>0 which contains no point of a FB, 
1 


n= 


> ]M —e,M + e€{ contains no point of F,, for some value of n, say, m. 
> ]M —e,M + e[ contains no point of F,, for n 2m 
=> M,¢€|1M-e,M+el, Vn2m, 


contradicting the fact that {\7,} converges to M. 


Hence, Me f) F,. 


n=l 


EXERCISE 


|. Show that the sequence {5,,}, where 

Te ee so alle 
1 2! 3! (n=1)! 
is convergent. 


i) 


Prove that the sequence {S,,} defined by the recursion formula 


Sya:=¥7+5S,,5,=47, 
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converges to the positive root of 


3. If {S,} be a sequence such that 


Sa eS and = 
Sn 2 


then show that the sequence {S,,} is bounded and monotonic and converges to 1. 
4. Given that {a,,} is a sequence such that 
Ay S$ ayS gS... 5 asS aS a, 


and a sequence {b,,}, where b, = a,,_; — a2, converges to 0, then show that the sequence {a,,} is convergent. 


a 


Let {a,} be a sequence, defined by 
4+3a 


In. 


3+ 2a, 


In 


Qn 41= sn2l aq=tl, 


show that {a,} converges to v2. 


6, If {a,,} be a sequence of positive real numbers such that 


y= fq —1 On —2 


213 
ese 


then show that the sequence converges to (a,ay 


Mathematical Analysis 


7. Let {a,,} be a sequence defined by 


Pier Core tea a>0, 
hn 


show that {a,} converges to 


8. Show that the sequence {a,} defined by 


G,4;=1-Jl-a,, Vn2landa <1 


converges to “0°. 


9. Show that the sequences {a,} and {5,} defined by 


Gy 21 = (G, +b, and by .1= Yan by » 


converge to the common limit. where 
a>b>Oand a,=4 (a+b), b= ab. 
(Hint: A.M.2G.M., the sequences {a,,} and {b,,} are monotonically decreasing and increasing respectively). 


{). Ifa, and b, are positive and if for all n 21, 


Gy +1 


then show that {a,} and {6,} are monotonic sequences which converge to the common limit /, where = a,b,. 
‘|. If {4,, } is a subsequence of the sequence {a,}. then show that 
lim a, <lim a, <lim a), <lima,. 
Deduce that, if the sequence {a,,} converges to a, then all its subsequences will converge to the same limit a. 


‘2. If {a,} is a bounded sequence, then show that there exists a subsequence {an,} of {a,}, such that 


lim a,, = lim a, 
In, In 
kt 
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1. INTRODUCTION 


In this chapter we shall discuss the techniques of testing the behaviour of infinite series as regards 
convergence. The most important technique for series, all of whose terms are of the same sign (all 
positive or all negative), is to compare the given series with another suitably chosen series with known 
behaviour. So, first of all, comparison tests are discussed, and then some special tests for convergence 
are considered. Leibnitz 8 test for alternating series, Abel s and Dirichlet’ tests for arbitrary term series, 
and Dirichlet and Riemann s theorems on rearrangement of terms will be discussed in detail towards 
the end. 


1.1 A series is the sum of the terms of a sequence. Thus if 1), %, u3, ... is a sequence then the sum 
u, + uy + uz +... of all the terms is called an infinite series and is denoted by & u, or simply by Lu,,. 
n=l 


Evidently we cannot just add up all the infinite number of terms of the series in the ordinary 
way and in fact it is not obvious that this kind of sum has any meaning. We thus start by associating 
with the given series, a sequence {S,}, where S, denotes the sum of the first 7 terms of the series. 
Thus, 


S,= Ut int... +u,, Vn. 


n? 


The sequence {S,,} is called the sequence of partial sums of the series and the partial sums, S, = 1, 
S, = uy, + Uy, S; = u, + Uy + us, and so on, may be regarded as approximations to the full infinite sum 
> u, of the series. If the sequence {S,,} of partial sums converges, then the series is regarded as 


n=l 


convergent, and lim S,, is said to be the swm of the series. If, however, {S,,} does not tend to a limit, we 
must take it that the sum of the infinite series does not exist. We express this fact by saying that the series 
does not converge. In fact an infinite series is said to converge, diverge or oscillate according as its 
sequence of partial sums {S,,} converges, diverges or oscillates. 


1.2 __ANecessary Condition for Convergence 


Theorem 1. A necessary condition for convergence of an infinite series Yu, is that lim u, = 0. 
neo 


Let S, =u, + u, +... + u,, so that {S,,} is the sequence of partial sums. 


Since the series converges, therefore, the sequence {S,,} also converges. 
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Consequently 
lim S,, = s(say) 
Now, 
u,=S8,- Sp, n>1 


lim uw, = lim S,— lim S,_, 
neo 


noo neo 


Hence for a convergent series, 
lim u, =0 
In other words, a series cannot converge if its wth term does not tend to zero, 


Notes: 
1. It must be clearly understood that lim w,, = 0 does not prove that a series in convergent, for there exist series which 
do not converge even though lim uw, = 0. See Example 2. 


2. However, lim u,, # 0 proves that the series does not converge, see Example | below. 


Example 1. Show that the series 


1 32h3 
—+=+—+ 
2° 3 &# 
is not convergent. 
a Here 
n 
u, =—— 
"n+l 
hi n 
lim uw, = lim =1#0 
n+1 


Since lim u, # 0, therefore, the series is not convergent. 


1.3 Cauchy’s General Principle of Convergence for Series 


A necessary and sufficient condition for the convergence of an infinite series © u,, is that the sequence 
n=l 


of its partial sums {S,,} is convergent. 


Therefore, a test for convergence of infinite series may be derived from our knowledge of sequences. 


Theorem 2. A series Yu, converges iff for each € > 0, there exists a positive integer m such that 


|e ert yea tt |<, Vn2mand p21 


n+p 


By Cauchy’s General Principle of Convergence (for sequences), the sequence {S,,}of partial sums 
of Yu, converges iff to each €>04 a positive integer m, such that 


[S,p- 5, [<6 Vn2mand p21 
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or 


MG ok Miya t nei, <é, Vn2mand p21 


n+p 


Example 2. Show that the series ye does not converge. 
n 


= Suppose, if possible, the series converges. 


Therefore, for any given e(sy.t}, J a positive integer m such that 


1 I 
—+ 


sa <eé, Vn2>mand p21 
n+l n+2 n+p 


In particular, if 7 =m and p = m, we get 


ee ere ero 
n+l n+2 n+p m+l m+2 2m 


1 
ani — = 
2m 2 


Thus, there is a contradiction. Hence, the given series does not converge. 
, rae : 
It may also be seen that limu =lim—=0 even though the series does not converge. 
n 


Example 3. Ifu,>Oand Dw, is convergent, with the sum S, then prove that 


u 2u, 


n <a 


Uy + Uy + . FU, s 


uy, 


when 7 is sufficiently large. Also prove that > is convergent. 


Uy Huy HFM, 


a Since Yu, isconvergent with the sum S, therefore, for € > 0 4 a positive integer m, such that 
|S,-S|<e Vn2m, where S,=u, +p +... + up, 


or S-e<S,<St+e, Vn2m 


vt 
f 
< 
= 
o 


In particular for €= 38 >0, 


tses. <3s, Vazm 
2 2 


=> neg Ey Vn>m 
Ss” 8; 3S 
ite eu Vn>m. 
Si 
Hest 4, » 
Now, = ts Font SE <(Sr0 Si) Vn2mand p21. 


102 Mathematical Analysis 


Since Yu, is convergent, then for given € > 0, there exists a positive integer 7, such that 


és 
Snep~ SnS > Vn zm 


2 €S 
5S 2 


u, u U, 
n+l n+2 n+ 
+ +tut— 


Ss S, S, 


n+2 


=& VWn2> max (m,m,) 
n+l n+p 


u 


in 


Hence by Cauchy's General Principle of Convergence, is convergent. 


Ut Uy +...+U, 


1.4 Some Preliminary Theorems 


Theorem 3. Jf Xu, =u, then Xceu, = cu, independent of n. 
The result follows at once from the identity 


n n 
hc“ c Du, 


r=1 r=1 


on making 7 tend to infinity. 


Theorem 4. If Yu,=u, then Y u,=u+ug,and Y u,=u- uy. 


n=1 n=0 n=2 


1" n 
Let S.= > u, and S,= >.u,. 
r=0 


ral 


Clearly 


~. By letting 1 tend to infinity 
X u,=Uytu 
n=0 
The proof of the second part is similar. 


A slight modification and extension enables us to conclude that the insertion or removal of any finite 
number of terms from a convergent series does not affect its convergence. Of course, the sums of the 
various series are related in the expected way. 


It is also clear that if the series & u,, is divergent, the changed series Y cu,, L u,or L u, is 
n=l n=l n=0 n=2 


also divergent. 
Hence, the behaviour of a series as regards convergence is not altered by 
(i) the alteration, addition or omission of a finite number of terms; or 
(ii) multiplication of all the terms by a finite number other than zero. 


Theorem 5. Convergent series may be added or subtracted term by term. If Lu, = u and Xv, = v then 
Xw,=u+tv, where w, =u, + v,, forall n. 
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The result follows from the identity 


by making » tend to infinity. 
The same proof shows that 
(/) ifany two of the three series are convergent, the third is also convergent, 


(ii) ifone of the series is divergent and another convergent then the third is necessarily divergent, 
but 
(iii) iftwo of the series are divergent, no conclusion can be drawn about the behaviour of the third, 
which may converge or diverge. 


Theorem 6. Ifa series Lu, converges to the sum u then so does any series obtained from Lu, by 
grouping the terms in brackets without altering the order of the terms. 


Suppose that the series derived from Sw, by the insertion of brackets is Yv,, and let a, denote the 
rth partial sum of the series Xv,. Suppose that 6, contains n, terms of the given series then since the 
order of the terms is unaltered, 6 = S, . 


Also as r > ©, n, > ©. 
Since the given series converges to w, the sequence {S,,} of its partial sums also converges to w. 
Hence, as r > © or n, > ©, s, — u, and hence 6, u. 


Remarks: 
1. Converse of the theorem is not always true. 
For example, the series (1 — 1) + (1 — 1) + ... is convergent, whereas the series | — 1 + 1 — 1+ ..., obtained by 


removing the brackets is not. 
Hence, in convergent series brackets may be inserted at will without affecting convergence but may not be removed. 


In the case of convergent positive term series, or the absolutely convergent series. however. it will be shown later 
that the brackets may be inserted or removed without affecting convergence. 


2. The theorem may as well be proved by the following alternative argument. 
Since the given series converges to w, its sequence {S,} of partial sums will also converge to u. Therefore, the 
sequence {6,,} of partial sums of Lv,,, being a subsequence of {S,,} will also converge to wu. 


3. The theorem may be restated. “A series obtained from a given convergent series by a grouping of terms converges 
to the same limit”. 


By grouping we simply mean the placing of brackets or associating the terms of the series without changing the 
order of the terms. 


2. POSITIVE TERM SERIES 


Series with non-negative terms are the simplest and the most important type of series one comes across. 
The simplicity arises mainly from the fact that the sequence of its partial sums is monotonic increasing. 


Let Yw,, be an infinite series of positive terms and {S,,}, the sequence of its partial sums, so that 


S,=Wtlbt+...+u,20, Va 
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Sy — Sp-1= My 2 0 

> Heo. Vans 

Thus the sequence {S,,} of partial sums of a series of positive terms is a monotonic increasing 
sequence. 

Since a monotonic increasing sequence can either converge, or diverge to °¢, but cannot oscillate, 
therefore, there are only two possibilities for a positive term series—it may either converge or diverge 
to +e. 

Theorem 7. A positive term series converges iff the sequence of its partial sums is bounded above. 

We know that the sequence of partial sums of a positive term series is a monotonic increasing 


sequence and a monotonic increasing sequence converges iff it is bounded above. Therefore, it follows 
that a positive term series converges iff its sequence of partial sums is bounded above. 


Remarks: 


1, The sequence of partial sums of a series with negative terms can be shown to be monotonic decreasing and hence 
a series with negative terms converges iff the sequence of its partial sums is bounded below. 


2. It may similarly be seen that a series of negative terms can either converge, or diverge to — °°. 
A series of positive terms can either converge, or diverge to +09. Buta series with arbitrary terms can have five 
possible behaviours depending upon the behaviour of the sequence of its partial sums. 


2.1__ANecessary Condition for Convergence of Positive Term Series 


We know that for any convergent series, the nth term u,, > 0 as n — ee, we now give another necessary 
condition which holds for positive term series only. 


Theorem 8. Pringsheim’s Theorem. Ifaseries Lu,, of positive monotonic decreasing terms converges 


then not only u,— 0 but also nu, 0 as n> ~. 


We know that for a convergent series, for any € > 0, a positive integer V exists such that 


E 
Bayt hg au I<>. Vm2N,p2i 


‘m m+ p 


Let us choose 
m+ p=n>2N 
and 


| n 
the greatest integer not greater than 5 


E 
Us 1 Un eat et ly <> 


But ¥ uw, is positive monotonic decreasing, 


E 
(n =m) ty, < Uy Fea te Fy < = 
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or 
1 1 
ih = 6. 
Devens, 
Lé., nu,<&, Vn2N 
lim nu, = 0 
Notes: 


!. The condition «,, — 0 holds for all types of convergent series but a convergent series of positive monotonic 
decreasing terms satisfies the additional condition, nu,, > 0. 


wv 


The condition nu, > 0 is only a necessary not a sufficient condition for the convergence of the present type of 


series. If nu,, does not tend to zero then the series }u,, is certainly divergent, e.g., the harmonic series } — must 
n 


: f ae 5 ° 1 
diverge because it has positive monotonic decreasing terms and n - — does not tend to zero. However, nu, > 0 


does not imply anything as to the possible convergence of ¥ u,, , ¢.g., Abel’s series © diverges although 


nlogn 
it has positive monotonic decreasing terms, and nu,, > 0. 


2.2 Geometric Series 


The positive term geometric series 1 + +7" + ..., converges for r <1, and diverges to +e for r > 1. 


Casel. OSr<l. 
Let {S,,} be the sequence of its partial sums, so that 
(oltre ie 


ne. 


so that {S,,} is bounded above and hence the series converges. 
Case Il. Whenr=1,S,=n,so that {S,,} isnot bounded above and hence the series diverges to +22, 
Case Ill. Whenr> 1, every term of S, after the first is greater than 1, so that 
S,>n, Vn 
Therefore, the sequence {S,,} is not bounded above and consequently the given series diverges to +00, 


Hence, the given series converges ifr < | and diverges if r > 1. 


2.3 A Comparison Series 


As mentioned earlier, an important technique for testing the convergence ofa series is to compare the given 
series with a suitably selected series with known behaviour. We now discuss one such series which is most 
frequently used for such a purpose. 
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a i Loe , , 
Theorem 9. A positive term series i= is convergent if and only if p > 1. 
n 


Let S,, denote the sum of the first 7 terms of the given series. 


Casel. Whenp>|. 
Now 


1 1 1 1 4 1 Leas 
+—+—+—<—= = 
AP Sr GPP ae qh! ge7! 


1 1 1 gnel—ip™ 1 eas 
(2")’ (o" 4s 1)’ (ar Tad i)’ (2")’ (ar! 


Adding, 


We know that when 7 is any positive integer, 


tS 2"Sn 


Qr-! 
Sin < Syn < Syne t_y <Feat] 
p-l 
Since for a given p, ey is a fixed number, therefore, the sequence {S,,} of partial sums of the 


given positive term series is bounded above and hence the series converges for p> 1. 
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Case Il. When p $1. 
We know, if 7 is any positive integer and p <1, then 


I 


1 
n’sn > —2-— 


non 
1 ls 1 eas 
QF 2° 2 
1 1 i ae i 
—+—2-+->-=- 
gh AO 3 A AD 
1 1 1 1 iS all eae | 1 
+—2 +--+ -4+->-= 
SP) iG? 7? 8? S66 T 8 2 
1 1 1 1 1 1 8 1 
tot >a+ = 
9? 10? 16° 9 10 16 16 2 
i 
! + l Spe aS d + ze act goeeoe = 
(am-+ a (a™-1+2)° (2")’ ORE 2 ib. hi ™ OO 
Adding, 
m 
Se>F 


We shall now show that {S,,} is not bounded above. 
If G be any number, however, large, then 3 m€N_ such that 
Pee 
2 
Letn>2”, 
o 5S,> Syn > G 
Thus, the sequence {S,,} of partial sums of the given series is not bounded above, and hence the 
series diverges for p <1. 
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1 
Thus, the given series ar converges iff p> 1. 


3.__ COMPARISON TESTS FOR POSITIVE TERM SERIES 


Two types of comparison tests shall now be discussed. In the first type, the general term of one series 
will be compared with the general term of the second series. In the second type, the ratio of two 
consecutive terms of one series will be compared to the ratio of the corresponding consecutive terms of 
the second series. 
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3.1 Comparison Test (First type) 


I. If Xu, and Xv, are two positive term series, and k # 0, a fixed positive real number (independent 


of n) and there exists a positive integer m such that u, < kv,, Wn >m, then 
()) Xu, is convergent, if Xv, is convergent, and 
(i) Xv, is divergent, if Xu, is divergent. 


Let n2m, S,=1,+u,+...+u,, and =v, +, +...+Y,, 


Ge 
Now for all 7 = m, we have 
Sn ~ Sp = Ung 1 lyn Fee Uy 
SKU git Unga tet Vy) = (ty — ty) 
or 
SiS kty + (Sy — kt ny) 
> S, Skt, +h waQl) 
where h= S,, — X,,, isa finite quantity. 


(/) If Xv, is convergent, then the sequence {f,} of its partial sums is bounded above, so that 3 a 


number B such that 
1,5 B, Vn 
So from (1), we get 
S,< kB + h, for all n > m, 
> the sequence {S,,} is bounded above. 


=> Xu, is convergent. 
(i) If Xu, is divergent, then the sequence {S,} of its partial sums is not bounded above, so 
that if G be any number, however, large, 3 a positive integer m, such that 


5,>G Vn2m. 


Thus from (1), Vn 2 max (m, my), 
1 
t,2—(G—h),k #0 
ae) 


> the sequence {/,,} is unbounded 


=> LXv,, is divergent. 


ae a ; pee (ee ; 
IL Limit Form. Jf Du, and Lv, are two positive term series such that lim (+) =I, where lisa 
noe | y, 


non-zero finite number, then the two series converge or diverge together. 


Evidently />0. 


Infinite Series 


Let € be a positive number such that / — € > 0. 


¥ Uu, 2 : 
Since lim —+ =1, therefore 3 a positive integer m such that 
noe yp, 
u, 
—+-I|<e, Vn2m 
Vn 
Ca 
l—-e<—+<lt+e, Vn>m 
> a 
n 
> (l-e)v, <u, <(1+@)v,, Vn2m EACID 


Now, if Xv, is convergent, then from (1) 
u,<(l+€)v,, Vn2m 
so that by Test I, Lu, is convergent. 
Again, if Xv, is divergent, then from (1) 
u,>(1-€)v,, Vn2m 
so that by Test I, Lu, is divergent. 


Similarly, we may show that Xv, converges or diverges with Lu,,. Hence, the two series behave 
alike. 


3.2 Comparison Test (Second type) 


lll. if Xu, and Xv, are two positive term series and 3 a positive integer m such that 


U, y, 


—t>—, Vn2>m, a 
uy, +1 Vn +1 
cc 
then (i) Lu, is convergent, if Xv, is convergent, and (ii) Lv, is divergent, if Xu, is divergent. fo 
Let S,=u,+u,+..+ 4, = 
and t,=v,+v,+..+, 5 
For n2m, we have 
Uy Mm met nm Vm Vm+t  Ya-1 _ Yn 
Un ms. Um +2 Un Vns1 Vm+2 Yn Yn 
u 
im 
> u,<— v, 


Since m is a fixed positive integer, therefore w,,/v,, is fixed number, say k. Thus V n 2m we have 


u, < kv, 


n= 


Hence by Test 1, Xu, converges if Xv, converges and Lv, diverges if Lu, diverges. 
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Notes: 

1. For practical purposes, Test II is very useful and can be easily applied. 

2. Fora successful application of the comparison test, we first make an estimate of the magnitude of the general term 
u, of the given series, and then select the auxiliary series Dv, of such a magnitude that 
lim (u,/v,,) =1# 0, ©, or in other words , ~ v,,. Thus for large values of n, 


r 
32 n -s 
J 1~n, ~n'§ 


(l+n)* 


ee a | 
i 
non 


an 


3. It will help to remember that for large n, e@" >> n? >> (log n)°, where a, b, c are positive numbers. 


3.3 Solved Examples 


Example 4. Show that the series 1 + ; + z + Z +... is convergent. 


3! 4! 
a We have 
Je 
a 2 
1 I 
ae 
3} af 
Le, 
ae 
i I 
mg! 
1 1 1 1 1 
l+—+—+..¢—+..<5]1+-4 54... 
2! 3! n! a 


Thus each term of the given series after the second is less than the corresponding term of the 
convergent geometric series 


1 1 
De see 

2 2 

Thus by Test I, the given series converges. 
Example 5. Show that the series 
1 if 1 
+ +.t Has 
(log 2)” (log 3)’ (log n)” 
diverges for p > 0. 
(log n)” 


= Since lim 
ne on 


=0, 
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= (logn)’<n, Vn>1 
1 1 
=e, Vine 
(logn)? 7 
Let us compare the given series with the divergent series 
I. bed 
Sapeepes 
2 3 wl 
Since each term of the given series is greater than the corresponding term of the divergent series, 
therefore, the given series diverges. 


apeRe 


Example 6. Show that the series 
1-2 3-4 5-6 
= 2 ot 2 2 ¥ 2 2: 
3.45 6" TBF 


+... is convergent 


= _Letus denote the given series by Xu,,, where 
__(2n=1) (2) 1 
wt (2n + Ve (2n + 2 , - z} 
Let us compare it with the convergent series Yv,,, where v,, = Ir’. 


Now 


u, 


2-1) (2 
lim + = lim ( ta) (2) oo 
nev, >= (24+ Un) (2+2mn) 4 
Thus, the two series converge or diverge together. 
Since Lv, converges, therefore Lu, also converges. 


vt 
Example7. Investigate the behaviour of the series whose nth term is sin I/n. s 
a Letw,=sin I/nand v, = I/n. Fy 
Now < 
< pe 
lim “= 1 sin I/n = re) 

noe yp, noe Un 


Therefore, the two series behave alike. 
Since Xv, diverges, therefore > sin 1/n also diverges. 


Example 8. Test for convergence of the series whose nth term is 
{QF + 1)! - ny 


a Let u,= (n° + i =n 


vfs) 
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1 1 1 
=n a asap Say HP iccae | 
3n° 3n- ne 


1 
Lv, = lin 
n 


. 1 
lim + =— 
mony, 3 


Now 


Therefore, the two series converge and diverge together. 
Since Lv, converges, therefore, the given series also converges. 


Example 9. Test the convergence of the series > 


nit iin 
a Let eee ee 
in nit in mare 
Now 
. U . 1 
lim + = lim =; =1 
n> yp, ne 7 n 


Hence, the two series Yu, and Sv, behave alike. 


iain 18 also divergent. 


EXERCISE 


Test the convergence of the following series: 


Since Lv, is divergent, therefore yaaa 
n 


1 3 5 7 
ore 2-3-4 3-4-5 MAES NG 4 
1 1 1 


2. a pea 
. es, AT ee 
4-6 : “10 10-12 
n+1 
4. nP 
5 en ee 
© Nn + n+ 


6. (yn? +1-qhi- 1) [Hint: Rationalize] 


7. (i) Ysin - (ii) Sicos = 
n n 
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nt 
vn 
ae 
1 
5" 


9. Sy 


8. = 


n 


+5 
n=13"+2 


= 1 


2 
n=2n logn 


| 


13. Show that the series | + oe + ae + all +... converges. 


z 


O23?) (48 
[Hint: n> 2", for n> 2. Compare with the convergent geometric series r12") 


|. Convergent, 2. Divergent, 3.Convergent, 4. Convergent. for.p>2, 5.Divergent, 6. Convergent, 
7. (i) Convergent, (ii) Divergent, 8.Convergent, 9. Convergent, 10. Divergent, 11.Convergent, 
12. Convergent. 


4, CAUCHY’S ROOT TEST 


In 


If Xu, is a positive term series, such that lim (u,)'" = 1, then the series 


neo 
(/) converges, if1<1, 

(ii) diverges, if1> 1, and 

(iii) the test fails to give any definite information, if 1 = 1. 
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Casel 1<1. 
Let us select a positive number €, such that ] + € <1. 
Let] +ée=a<l1. 


Since, lim (u,)\" =/, therefore 3 a positive integer m such that 


a 
(u,)" =a] <e, Vn2m 

=> l-e<(u,)"<l+e, Vn2m 

> (l-e)"<u, <(l+6)"=a", Vnzm 


> u,< a", Vn2m. 


114 Mathematical Analysis 


But since }@” is a convergent geometric series (common ratio a < 1), therefore, by comparison 


test, the series Lu, converges. 
Cased: b> 1. 


Let us select a positive number € such that /- ¢>1 


Let /-¢=f>1. 

Since im (u,)'" = 1, therefore 3 a positive integer m, such that 
l-e< (u,)"" <lt+e, Vn>m, 

=> (1-«)"<u,<(l- 6)", Vn=m 

> u,>(I-«)" =p", Vn>m. 


But since Lf" is a divergent geometric series (common ratio > 1), therefore by comparison test, 
the series Lu, diverges. 


Note: The test fails to give any definite information for /= 1. 


Consider the two series Y(1/n) and 5 (1/n*). 


X(1m) diverges when Jim (I/n)'" = 1, and ¥(1/n?) converges when jim (n?)!"" = 


=n 
Example 10. Test for convergence of the series whose general term is (! + +) 


1 
a Let u,=————,,, then 


(1+ 1m)" 


lim (u,)!” = lim = 


= "(1+ Wn) is 


Hence, the series converges. 


5.__D’ALEMBERT’S RATIO TEST 


UY, 
' a : 2 Uns 
If Xu, is a positive term series, such that lim 
nem 
In 


= 1, then the series 
(/) converges, if 1 < 1, 

(i) diverges, if 1> 1, and 

(i) the test fails, if 1 = 1. 
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Casel. 0<1<1, 
Let us select a positive number ¢€, such that / + ¢ <1. 
Let/+¢e=a<l,a#0. 


‘ s Mn+ Perea 
Since lim “+= /, therefore J a positive integer m such that 


nn Ub, 
Uns 
-—I|<e, Vn>m 
u, 
u, 
n+l 
=> l-e<—~—</+e, Vn>m 
u, 
U, 
nel 
=> —<l+é=a, Vn>m 
U, 
For n>m, 
u Unset Um+2 u, =, 
My mst Mn+? Une ynmm 
Un, Um Umer Up 
<|“]a", Vnzma<l 
=> uy, a" a’, n2ma<\l. 


: : : ie Nhs 2 
Since m is a fixed integer, therefore (:2) is a fixed finite number, say k. 


Thus, Vn >m, we have 


+ 
u,< ka” oc 
But since Ya@” is a convergent geometric series (common ratio, @ < 1), therefore by comparison La 
test Yu, converges. a 
4 
Casell, I>, BE 
ao oO 
Let us select a positive number ¢, such that / — ¢ > 1. 
Let /-e=f>1. 
x Yael Eto d 
Since lim = /, therefore J a positive integer m, such that 
n30 


n 


l-e< Une 


<l+e, Vn2m 
YU, 


n 


Un +1 


>l-e=f, Vn=m 


u, 
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Now, for n =m, 


m+2 Uy a 
: Ss Spr-™ 


> tm pr Vnem 
nam Ps =m 


Since m, is a fixed integer, therefore u,,, /B"" is a fixed finite number, say &,. 


> U, 


Thus, for n 2 m,, we have 
Lehr 
But Xf" is a divergent geometric series (common ratio, 8 > 1), therefore by comparison test, 
Xu, diverges. 


Note: The test fails for /= 1 in the sense that it fails to give any definite information. 


For example, consider the two series }(1/n) and Lm?) 
2 


1 u, 1 u fF 
X= diverges when lim “++ = lim "= 1, and D— converges when lim —*! = lim| | =1. 
n 1 ne n+l 


ne me n+ nse, ne 
Remark: Cauchy's Root Test is stronger than D’ Alembert’s Ratio Test and may succeed where Ratio-Test fails. For 


example, take the series Du,,, where w,_,= V/2?"~' and w,, = 13°", V n. 


* 

: Pell ai 

Example 11. Test for convergence of the series se j x; R20) 
ne 


= Let u,= 


244 (n+1)-1 ttl 


2 2 ak 
my meal (nti tl x 


Hence by D’Alembert’s Ratio Test the series converges if x < | and diverges if x > 1. 
The test fails to give any information when x = 1. 


n-1 


When x= 1, uv, =——. and limu, = 1#0 
n+l n—ye0 
=> The series is divergent. 


Hence, the series converges if x < 1 and diverges if x 2 1. 


6. RAABE’S TEST 


u ‘ 
“ _ |]|= 1, then the series 


If Xu, is a positive term series, such that lim n 


noo Une 
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(/) converges, if1 >1, 
(1) diverges, if1 <1, and 
(1) the test fails, if 1 = 1. 


Casel, I> 1. 
Let us select a positive number €, such that / — € > 1. 
Let] -€=a>1 


, ' u gees 
Since lim | == } =I, therefore 4 a positive integer m such that for all n > m, 


noe | 
u 

I= eal a -i}etse 
u 


n+1 


n+l 
u 
> n|—--1|>l-e=a 
Unset 
> NU, — Ny 4) > Oly 4) 
=> nu, — (n+ Iu. >(@-lu,.;, @-1>0 


Putting 7 =m, m+ 1, m + 2, ....n—1 and adding, we get 
mu,,—nu, > (@ — 1) (tn tt Uy aa tet u,) 


=(a@—1)(S, — S,,), where S, = Su 


r=l 


r 


> (a@—1)(S,-S,,)<mu,, Vn 2m + 

ti 

> 8, <S_q+ aieee Uy, Vn2m, —_ 

el fol, 

= 

Since m is a fixed integer, therefore S,,+ a u,, is a fixed finite number. (Ss) 
a- 


Thus, the sequence {S,,} of partial sums of the given series is bounded above and hence the series 
Xu, is convergent. 


oH. l< 1. 
Let us select a positive number €, such that + €< 1. 


A . U Bene 
Since lim | a } =1, therefore 3 a positive integer m such that for all n > m, 


ee Na 


I~ eco Hn -t}etect 
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n+l 
= —t<—_, Vn2m 


If v, = I/n, the series Lv, is divergent, and 
ng Ya 
Ung ¥ 
Hence by comparison test the series Liu, diverges. 
Notes: 


1 
1. The test fails to give any definite information for /= 1. Consider the two series pes and © 


n n(log ny ° 


The former is divergent, while the latter is convergent but 


A u, 
lim n} —*~-1]=1 
nn Une 
5 


2. Raabe’s Test is stronger that D’Alembert’s Ratio Test and may succeed where Ratio-Test fails. 


for both. 


Example 12. Test for convergence of the series 


a l+a_ (l1+a)(2+a) 


B1+B (1+ B)Q+B) 


a Here 
? _(i+a)2+a)3+a)..(z-1+a) 
"(1+ B) (2 + B) (3+ B)...(n-1+ 8) 


jim 22! = tim 272 4 
n>0 Uy, noo N+ B 


Hence, the Ratio-Test fails. 


nical Se a1 ete 282 lay Bt ape 
n> Unat n> n+@ noe 1+aln 


Thus by Raabe’s Test, the series converges if B- a@>1 or B> a +1, and diverges if B< a +1. 
The test fails for B= a + 1. 


But for # = @ +1, the series becomes 


Again 


a l+a lt+a l+a@ 
+ + Puc Be 
a+l 2+a@ 3+a n+@ 


which diverges, by comparison with ¥1/n. 
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Example 13. Show that the series 


3-6-9... 3n 
7-10-13... (3n + 4) 


converges for x <1, and diverges for x > 1. 


x, #0 


a Now 


Uy yn 3°6-9...3n 7-10-13... (3n +4) (3n +7) 1 


nat T10..(3n +4) -3-6-9...3n(3n+3) x" 


U, 


By Ratio Test, the series converges for x < | and diverges for x > 1. The test fails for x = 1. 
But for x = 1, 


Ui, SOT 
by, BEES 
A 3 4 4 
lim n| “~~ 1] = lim —“_ = 2 31 
noe | yy noe 3n+3 0 3 


.. By Raabe’s Test, the series converges. 
Thus, the series converges for 0 < x <1 and diverges for x > 1. 


EXERCISE 


Test the behaviour of the following series: 


ple eee 
2 2 0 
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ee xO) 

1 3 4 
i, agate EN DL 
"avi 3V2 43 54” 


x? Be Bee 
1+—+—+ +4... 
QP 4? 6? 


uw 


16. 


5 oe ER es 


Test for convergence each of the following series whose nth terms are given: 


nn" 


1:2-3..n 
7-10... (3n + 4) 
+5 
3" +2 


a 


r 
ss 122) 


n” 
nx" 
fei 
1-3-5 = (2n=1) 1 
2-4-6...2n n 
1-3-5... (4n — 3) a 
2-4-6...(4n-2) 4n 


Aaa) 


2-4-6... (2n + 2) 


oe el) 
3-5-7... (2n + 3) 
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16. 


Converges 2. Converges 


. Converges for x< 1, diverges for x 2 1 4. Converges for x <1, diverges forx>1 


Converges for |x |< 1, diverges for |x|>1; at x = +1, converges forp > 1, diverges for p <1 


Convergent 7. Convergent 
Convergent 9° Convergent 
Convergent 1|. Convergents 
. Convergent 13. Convergent for x <1, divergent for x 2 1 
. Convergent 15. Convergent for |x| <1, divergent for |x| >1 


Convergent for x < 1, divergent for x 2 1 17. Convergent for x < 1, divergent for x 2 1. 
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7. LOGARITHMIC TEST 


If Xu, is a positive term series such that, 


‘ u. 
lim | n log —* 
a Una 


then the series converges for | > 1, and diverges for |< 1. 


First, let /> 1. 


Let us select € > 0, such that /- €>1. 


Letl-—e=a>1. 


Since lim log an |- 1, therefore 3 an m, such that 


neo 
Une 


u 
l-e<nlog—-<Il+e, Vn2m 
u 


n+l 


u 

ou nlog—->a, Vn>m 
Une 
U, 

> —*>e" Yn >m 
Une 


Now since {(1 + 1/n)"} is a monotonic increasing sequence converging to e, therefore 


(+4) <e, Vn 
n 


so that we get 


vt 
o 
Ww 
= 
oa 
4 
= 
rs) 


where v,, = In“. 
But since for @ > 1, Xv, converges, therefore by comparison test, Xu, also converges. 


We may similarly show that for /< 1, the series Xu, diverges. 


Example 14, Test for convergence of the series 


a Ignoring the first term, 
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Now, 


By Ratio Test, the series converges for ex < 1 or x < I/e, and diverges for x > I/e. 
For x = l/e, 


Now, 


1 
lim [ log Mn |- lim n ! —n log (: + +} 
neo Unga a-e n 


. 1 1 1 1 
=limn|l-n|—-—>+=,-.-..]| =5<! 
ne0 n 2n°  3n 2 


Therefore by logarithmic test, the series diverges. 


Hence the series converges for x < I/e, and diverges for x 2 I/e. 


Note: Logarithmic test is generally more helpful in situations like those above, where the presence of a number like e 
in u,/u,, ,, makes the application of Raabe’s Test difficult. 


8. INTEGRAL TEST 


Improper Integral. As preparatory to the introduction of Cauchy’s Integral Test, it will help to remember 
that the infinite integral fu dx is said to converge if t(x) = li u(x) dx tends toa finite limitas x — >», 
a : a 


otherwise the integral is said to diverge. 


t 
Further, if u(x) > 0 for allx> a, itcan be shown geometrically or otherwise that the integral ) u(x) dx 


is a monotonic increasing function of /, so that the improper integral 


fu dx, where u(x) >0, Vx>a 
converges iff it is bounded above, i.e., 3 a positive number & such that 


fumase, Viza 
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8.1 __Cauchy’s Integral Test 


If u is a non-negative monotonic decreasing integrable function such that u(n) = u, 


we 


for all positive 
integral values of n, then the series & u,, and i} u(x) dx converge or diverge together. 
n=l 1 


As u is monotonic decreasing, we have 
u(n) > u(x) > u(n + 1), whenever n<x<n+1 


Also, since w is non-negative and integrable, 


+ 


n+l m+ met 
J u(n)dx = i u(x) dx = ) u(n + 1) dx 


> u(n) = (a u(x)dx > u(n + 1) 


or 


n+l 
u, 2 ) u(x)dx > u, «il l) 


n 


n+t 


n 
Let us write S,=1, +u,+...+u,,and 1, = if u(x) dx, and putting m= 1, 2, ..., (m— 1) successively, and 


” 


adding, we get 
Sn Uy 2 Ty 2 Sy 
= O0<u,<$,-1,5 4 2) 


Let us consider the sequence {(S,,—J,)}. 
(S, <i I,) -(S,-17 i) Sie Syn (fn- Tye) 
=u,— fo meoac 
<0 [using (1)] 


Therefore, the sequence {(S,,—J,,)} is monotonic decreasing. bounded by 0 and w,. 
Hence, the sequence converges and has a limit such that 


O<lim(S,-1,) <u (3) 
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Thus the series Xu, converges or diverges with the integral j u(x) dx; if convergent, the sum of the 
1 


series differs from the integral by less than w,: if divergent, the limit of (S,, —/,) still exists and lies between 
Oand w,. 


Example 15. Show that the series £(1/n”) converges if p> 1, and diverges if p < 1. 


a Let wx) = 1/x’, so that for x 2 1, the function u is a non-negative monotonic decreasing integrable 
function such that 
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u, = u(n) = — Vnen 
n 


By Integral Test, Xu, and fucnae converge or diverge together. 
r 1 


n= 


Let us now test the convergence of the infinite integral. 


| I= z 
sad x =! Pn. 
J u(x) dx = J ax sis ale 1), if p#1 
1 oe. log X, ie 


Eu xX ewe 
i u(x)dx = lim u(x)dx =tp-1 if p>l 
1 X sed] 


co, if0<ps<l 
Thus Jucrar converges if p > 1, and diverges if 0< p<1. 
1 


Hence, the infinite series ¥(1/n”) converges if p> 1, and diverges if 0< p <1. 


But, when p < 0, the series ¥(1/n’) diverges for then the mth term 7” does not tend to zero as 
n—- oo, 


Hence the series ¥(1/n”) converges when p > 1, and diverges when p <1. 


2. oe 1 ‘ 
Example 16. The series > oe p> O converges for p > 1 and diverges for p <1. 
n=2n(log n 


1 Ba ; : F 7 
a Let u(x) = log)?” so that for x 2 2, the function w is a non-negative monotonic decreasing 
x(log x 


integrable function, such that 


u, = u(n) a ape Vp>0,neNn 


By Integral Test Yu, and [uae converge or diverge together. 


n=2 


Let us now test the convergence of the infinite integral. 


Il 


x 1 
j ——— dx, p>0 
2 x(log x)’ 
(log X)'~” — (log 2)'"” 
l—p 
log log X — log log 2, if p=1. 


fiucnar 


, if p41, 
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I-p 
: a (log 2) : 
3 2 — J—_——_, if p>1l 
Jour = fim, ii u(x) dx = p-l uP 
oo, if0<ps<l. 


Thus eo dx converges if p > 1, and diverges if 0< p<. 


3.) 1 , : Fi 
Hence the series + -———., p > 0, converges if p > 1, and diverges if p <1. 
n=2 n(log n)” 


9. GAUSS’S TEST 


If Xu, is a positive terms series such that, 


Yn ig 4 hy In 


p 
Woh non 


where a@>0, p>1,and {y,,} is a bounded sequence, then 
()) for a #1, Xu, converges if a >1, and diverges if a <1, whatever B may be 


(i) for a =1, Xu, converges if B>1, and diverges if B <1. 


(/) When a #1, 


@ U, 
lim —* 
I Una] 


=a 


Hence by Ratio Test, the series converges if @ > 1, and diverges if a <1. 


(ii) When a =1, 


lim i cues } =f 
noe | Unt 


Hence by Raabe’s Test, the series converges if #>1, and diverges if # <1. 


st 
ul 
ou 
< 
an 
(Ss) 


For 8 =1, we have 


Ho=|4+—4 Yn p>i 
Up nn? 
‘ use ‘ 5, 1 
Let us compare the given series with the divergent series }’v, where v, = i 
nlogn 
Now, 
Hy Yn apg hy Ma _ (n+ 1) log (x + 1) 
Uncce Yaa nm nt nlogn 
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ty ntifteabe) | 


But lim (n + 1) log(1+ +) = lim ve(1+2) wog(t 3) 1 


nn n nn n n 
p-l 
and lim , =,p>l, and {y,,} is bounded, therefore, for sufficiently large values of n, 
nox logn 


1) n?-! : : 
¥n—(n +1) log} 1+—]- remains negative. 
n) logn 


Thus 3 a positive integer m such that 


1) nn?! 
¥n—(n+ 1) log} 1+— 7 <0, Vn>m 


n) logn 
u v, 
aN a “<0, Vn>m 
, 
Unet Vast 
u, y 
> 2 —, Vn>m 
Unset Yael 


Since }v, is divergent, therefore by Comparison Test, the series }'v,, is also divergent. 


Remarks: 


1. Gauss’s Test is very useful and may be used after the failure of Raabe’s Test or directly without recourse to other 
tests. 


eee ME 


Un By ng ise ee () 


2 aes 
Unt Die ip 


where @, f,y, ... are independent of n, then we can write 


uy, 


Eade eile 
use Tis rss 


where ¥,= 7 + O/n +..., sothatlim y,,=7, ie., {Yj} isa bounded sequence. 


Thus for the application of Gauss’s Test, we may expand w,,/1,, , , in powers of 1/n as in (1). 
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Example 17. Test the convergence of the series 


2 ee 
BP Braise BR SR IR 


a Now 
37-57-77... (2n +1)" 
2 2 
= sbi Callen 
Uns ~ Qn + i 2n n 
rl 


: 1 
=1+-- - +... higher powers of — 
n 4n~ n 


so that @=1 and 6 =1. 
Hence by Gauss’s Test, the series diverges. 


Example 18. Test for convergence of the series 


12-3? (Opti? 
P3-Qn-I 


5: 22 2 2 1x? 0 
2 Ar a, (2n) 

a Here Tt 
2 oc 
fonts Alby _ (Qn+ 2 1 1 wi 
lim = li z = E 
m7 Ung, "9" (Qn+l) * xX o 
<x 
Hence by Ratio Test, the series converges if x < 1, and diverges ifx > 1 I 
(2) 


Now for x = 1, 


Hence Raabe’s Test fails. 
Let us now apply Gauss’s Test. 
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2. ll 1 3 
= |e eS ||| Loti. 
non n 4n> 


1 . 1 
=1l+—- a +... higher powers of — 
n 4n° n 
so that by Gauss’s Test, the series diverges. 


Hence, the series converges for x < 1, and diverges for x 2 1. 


Note: We could get the result directly by Gauss’s Test, for 


u, _1(2n+2)_ 1. We Wax 
= =—+— - + 
2n+1 


Tha 8 ene n 


where a = I/x, B = I/x. 


Example 19. Test for convergence of the hypergeometric series 


1 2B, A+) AB+1) 2 a(a+l)(a+2) AB+1)(B+2) 3 
Ly L-2y(y +1) 12-37(7+I)(7+2) 


for all positive values of x; @, 8, y being all positive. 
a It is a positive term series. 
Ignoring the first term, which does not affect the behaviour of the series, we have 


_a(a+l)...(a+n—-1) B(B+1)...(B +2-1) 


123.0 yy+l).y+a-l)- 


so that 


a (n+ I)(y +n) 1 = 1 
meu, n>e(atn)(B+n)x x 


u, 


Hence, by Ratio Test, the series converges if x < 1, and diverges if x > 1. For x = 1, we have 


[1+2)(+2) (1422444) 
u, _ (n+ i(y+n) _ n a con 


Uns © (a +n)(B +n) (+e)ie2) (24-2) 


n n n n 


-(1424t. i li-(22. a). (228. a). 


n n n n n n 


pltrnanB (a+ h-Narp-N)- ab , 


n n 


=1 
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Hence by Gauss’s Test the series converges if 1+ 7 -@-—f£>1 or y>a@+P and diverges if 
l+y-a-Bslory<a+fp. 
Thus for positive values of a@, 8, y and x, 


(/) for x < 1, the series converges, 
(//) for x > 1, the series diverges, and 


(///) for x = 1, the series converges if y > (a + f#) and diverges if y < (a@ + f). 


EXERCISE 


Test the convergence of the series: 


Dyes cee eA ae 


1 age at Al + 77 +..., forx>0 

pee, lee Eel ele ee 

Sua] SO) Oech aay Woyiw aes 
> (a+ 3x)? 


+..., fora,x>0. 
3! 
ie ie she eilasiacts 
Ae rae aah 
5. Apply Cauchy’s Integral Test to test the convergence of the series. 


eS 1 
+ ai) 3, 


n=l + 


2 
(dy 


n=l ne+n 


= 1 
6, Test the convergence of © >0 


"=3 n log n (log log n)”* i 


Test for convergence the series whose nth term is 
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9. Prove that 1+ + isle patent ee z) 


B BB+1) AB+1)(B+2) 


and diverges if 8 < @ + 1. 


.., Where wand # are positive, converges if B > a + 1, 
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Converges if x < I/e, diverges if x 2 Ie. 
Converges if |x| S1, diverges if|x|> 1. 
Converges for x < I/e, diverges for x 2 Ie. 
Diverges 

(’) Convergent (ii) Convergent. 

6. Converges for p> 1. diverges for p <1. 

7. Converges for x <4, diverges for x 24. 


wee o 


8. Converges for 0 <x<e, diverges for x 2 e. 


10. SERIES WITH ARBITRARY TERMS 


So far we have considered series with positive terms only. We shall now discuss series with terms 
having any sign whatsoever. 


10.1 Alternating Series 


A series whose terms are alternatively positive and negative, e.g., 
0. 4 
l-=+>-—+... 
2° 3 #4 
is called an alternating series. 
Leibnitz Test. Uf the alternating series 
Uy Uy + Uy — Uy + «5 (u,, > 0, V 2) 
is such that 


() 4, 


mat U,, Vn, and 


ne 


Gi) lim u,=0, 
neo 


then the series converges. 
Let S, =u, —w tu; — uy t+..+ C1"! u, 


Now for all 7, 
Soy 42 Soy = Mong Hon 4220 


> Son42 2 Soy 
> {S,,,} is a monotonic increasing sequence. 
Again 
Soy = Uy — Uy + Ug 0 + Ugg — Un 
= My — (Uy — U3) — (Uy — Us) — «2. — (Ugg 2 — Man —1) — Uy 


But since u,,,,<u,,, for all m, therefore, each bracket on the right is positive and hence 


Syx,<m, Vn 


Infinite Series 131 


Thus, the monotonic increasing sequence {S,,,} is bounded above and is consequently convergent. 


Let lim S,,=S. 


nyo 


We shall now show that the sequence {S,,, . ;} also converges to the same limit S. 


Now 


Song1= Sint Yon st 


lim S,,,;= lim S,,+ lim 1%, ,; 


neo neo n> 


But by condition (i), 


lim uw, ,,=0 
neo 


lim S,,,,= lim S,,= 8 
pee ae 


Thus, the sequences {S,,} and {S,,,, ;} both converge to the same limit S. We shall now show that 
the sequence {5,} also converges to S. 

Let € > 0 be given. 

Since the sequences {S,,,} and {S,,,, ,} both converge to S, therefore 4 positive integers m,, m), 
respectively, such that 


|Sy,-S|<e, Vnzm, wa 1) 


and 
Smi- S| <e, Vn2m, en(2} 
Thus from (1) and (2), we have Ca 
|S,-S|<e, Vn2>max (2m, , 2m, + 1) a 
=> {S,} converges to S E 
q 
> The series ¥(—1)"~! u,, converges. Fs} 
= il giel. 
Example 20. Show that the series yg tap get converges for p>0. 


=a Letu,=1/n’. 
Here 


4, j=, En 


lim u,,= lim ee 0 


ne "noe pP 


(-1"-! 
? 


n 


Hence by Leibnitz test, the alternating series } 


converges. 
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10.2 Absolute Convergence 


Aseries Lu, is said to be absolutely convergent if the series Xu, obtained on taking every term of the 
given series with a positive sign is convergent, i.e., if the series >» U, | is convergent. 


Conditional Convergence. A series which is convergent but is not absolutely convergent is called a 
conditionally convergent series. 


ILLUSTRATIONS 


|. The series 


obtained on taking every term of the given series with a positive sign, is convergent. 


i) 


The series 
Lit 
lS = + 
2 3 4 
is convergent by Leibnitz test, but the series 
1.1.1 
loStet t+... 
2 3 4 


obtained on taking every term with a positive sign is divergent. Thus, the given series is conditionally 
convergent. 


Theorem 10. Every absolutely convergent series is convergent. 


Let Xu, be absolutely convergent, so that 5] ,, | is convergent. 
Hence, for any € > 0, by Cauchy’s General Principle of convergence, 5 a positive integer m such that 


[tty + |uye2 tot [they | SEs Vn2map2l 


Also for all 7 and p> 1, 


n+p n+l In +2 


nap [SEs Vn2map2l. 


|u 


+|u 


[tent na? cot: +..+|u 


Hence, by Cauchy’s General Principle of convergence the series Lu, converges. 


Aliter. Let Xu, be absolutely convergent, so that ¥| u,, | is convergent. 


cei u,, if u,20 ab —u,, if u,<0 
et a, = and b, = 

"10, if u,<0 " |0, if u,20. 
Then clearly, 
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u, = a, — b, ata 
and 
|u, |=a, +b, Pr (= 3) 
From (1) and (3), it follows that 
a,S |u, 7b. |u,, | 
Since >| U, | is convergent, therefore, by Comparison Test, both Ya, and 1b, are convergent. 
Hence, by Theorem 5, (a, —,) is convergent. 
Hence from (2), it follows that Lu, is convergent. 
Remarks: 


1. The divergence of ¥|u, | does not imply the divergence of Yu,,. 
In hn 


-1 
on ee isdi i 
For example, if u,, =, we have seen above that >| Uy, | is divergent, whereas wu, is convergent. 
n 


nN 


The very great significance of the concept of Absolute Convergence is that the convergence of absolutely convergent 
series is much more easy to recognise than that of conditionally convergent series—usually by comparison with 
series of positive terms. In fact all the tests for positive term series become available for the purpose. But this 
significance becomes more visible in the discussion of rearrangement of series—so much so that we may operate 
on absolutely convergent series, precisely as we operate on sums of a finite number of terms, whereas in the case 
of conditionally convergent series this in general is not possible. 


Example 21. Show that for any fixed value of x, the series ¥ x : is convergent. 


n=! Nn 
sin nx sin nx 
a Letu, = , so that |u, | = sbi 
ne 
1 
, Van and Ls converges. 
n 
Hence, by Comparison Test, the series | —| converges. 
n- 


: ee sin nx . 
Since every absolutely convergent series is convergent, therefore  ——— is convergent. 
ne 


Example 22. Show that the series 


converges absolutely for all values of x. 


an 


x 
a Letu,=—. 
n} 
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——- > © except when x = 0. 
neo |e | noe |x| 


So by Ratio Test, the series converges absolutely for all x except possibly zero. 
But for x = 0 the series evidently converges absolutely. 


Hence, the series converges absolutely for all values of x. 


Note: Since fora convergent series Yu, , lim u,, = 0, 
neo 


ane 
lim —=0 
nom nt 
A useful result. 


Ex. Ifb>0, then show that the series 


B x? +... converges absolutely for |x |<". 
Example 23. Show that 


i m(m—1)...(m-n+1)_, 


x" =0; 
noe (n-1)! 
where | x |< 1 and m is any real number. 
= Consider the series u,,, where 
m(m — 1)... ( —nt+ 1) A 
u,= 
(n = 1)! 
Now 
a u n 1 
tim lel oy a 
me lay | noelm—n] |x| 
1 1 1 
= lim |—|-7G =P 
woe | [x] |e 
n 
Hence, the series Lu, converges absolutely for |x| <1 
> The series Lu, converges for |x| <1 
=> 


lim u,,=0, for |x| <1 


neo 


ie, 


—1)...(m- 1 
fies m(m — 1) ...(m—n +1) x=0, if|z|<1 
neo (n ia 1)! 


Infinite Series 


Note: The results of Examples 22 and 23 are very useful. 
Also see Examples 12 and 13 of Ch. 3. 


EXERCISE 


|. Show that the following series are convergent: 


1 1 


(Gi) l-—=+—=-—t.. 
242 44 

(iy, OER Slows | leet 
oe e 


2. Prove that the following series are absolutely convergent: 


x 
(ili) x 3 51 


me tit rr 
5. Show that lim — = 0, ifx> I. 
nye 


|. Show that the following series are conditionally convergent: 


n+l 
w yo) 


vn 
ene 
— 3n -—2 
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5. Show that the series Y is absolutely convergent for p> 1, but conditionally convergent for 0 < p <1. 


n 
6. Show that the following series are absolutely convergent: 


o Ten [3 + aaa ; ry | 


(ii) X(-1"" [ze + cart 
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n n+2 


(iii) X(-1) ee 
2+ 


n vn 


n-1 
7. Show that the series x2 oa | is divergent. 


x 1 1 1 
8. Show that the series | - —— 


+ <a +... converges. 
3-4 5.4? 7.43 ° 


9. Use Cauchy’s Integral Test to show that the following series converge: 


10. Show that the following series are absolutely convergent: 


sin na@ 


(U) 


11. Show that the following series are conditionally convergent: 


= alee 


(i) 
n=! log (n +1) 


¢ 0" 


n=1n—logn 


(ii) 


12. Establish the divergence of the series 2 — 3 + : 


5 
=—+ 
4 
p 2 2 reo eds 2 2 2 
13. Show that if La; and Xb; are convergent infinite series, then La, b,, is an absolutely convergent series. 


n+l 
14. Show that if the series La,, is absolutely convergent, then the series © 


a,, is also absolutely convergent. 


10.3 Tests for Series of Arbitrary Terms 


We now consider arbitrary term series which are convergent (but not necessarily absolutely) and obtain 
tests for their convergence. We first prove an important lemma, due to Abel. 


Lemma. Jf, is a positive, monotonic decreasing function and if A,, is bounded, then the series 


XA, (b, — 5, 41) is absolutely convergent. 
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Since A,, is bounded, therefore 3 a positive number & such that 
| A, | <k, Vn 
Thus 


m 


Y 1A, (6-241) 


n=l 


= EA | - bn) [> by by.) 


m 


Sk Y (b,- P41) =k (O- Oy .1) < kd. 


n=l " 
Thus the sequence of partial sums of the positive term series y| A, (B, — By +1) | is bounded above 
by kb,, so that the series 3 A, (b, - b .1) converges, i.e., the series LA, (b,—5,,,) converges 


absolutely. 


Note: The lemma may be restated as follows: 
If {b,} is positive, monotonic decreasing sequence and if {A,,} is a bounded sequence, then the series & A, (b, — b, 1) 


is absolutely convergent. 


10.4 Abel’s Test 
If b,, is a positive monotonic decreasing function and if Xu, is a convergent series, then the series 


Xu,b, is also convergent. 


n n 
Let v,=u,5, and $,= > u,,V,= & v, benth partial sums. Then 
r=l 


r=} 


V, 


n 


1» = Ud, + Unb, +... + u,b, 


nn 


= S,b, + (Sp— S,)by +--+ (S,— Sy_1)Py 


nen 


= S,(by— by) + Sy(by— by) +--+ Spa(by 1 — By) + Sb, 


n-1 


= & S,(b,-b,+1) + Sdn (1) 


r=l1 7 
Since the series D1, is convergent, therefore the sequence {S,,} is also convergent and hence 


bounded. Also 5,, is a positive and monotonic decreasing function. Therefore, by the above Lemma, the 
n-l 


series 1 S,,(b, — b,,,) and hence the partial sum ¥ S,(b,—,,,) tend toa finite limits as n 3 00. 


r=l 
Also, since {b,,} is monotonic decreasing and bounded below by zero, therefore {b,,} is convergent and 
so h,, tends to a finite limit as n — co. Hence, Sh, tends to finite a limit as n > ©. 


nn 
Using the above results we find from (1) that V, tends to a finite limit as n > ©, i.e., the sequence 
{V,} of partial sums of .v, converges. Consequently the series Dv, or Lu,,b, converges. 
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Corollary. A convergent series Yu, (which need not converge absolutely) remains convergent if its 

terms are each multiplied by a factor a,, provided that the sequence {a,} is bounded and monotonic. 
Under the given conditions, {a,,} converges to a limit a, say. Let us write b, = a—a,, when {a,} is 

an increasing sequence, and b,, = a, — a when {a,} is decreasing. Then it is clear that the sequence {5,,} 


ns 


monotonically decreases to the limit zero. With this function 5,, we deduce as above that the series 


Lu,b, converges. 


Also, since Y1,, and hence Yau, converges, the convergence of Yw,a, follows. 


10.5 Dirichlet’s Test 


Ifb,, is a positive, monotonic decreasing function with limit zero, and if, for the series Yu,,, the sequence 
{S,} of partial sums is bounded, then the series Yu,b, is convergent. 
Using the notation of § 10.4 we get as before 
n-1 
V,= = S,(b,-b,,,) + S,b, Al) 


r=1 


Since S,, is bounded and 4,, is positive and monotonic decreasing, therefore, by the above Lemma, 
n-l 


x S,(b,—b,,,) tends to a finite limit as n > 0. 
r=l1 


Also since b, > 0 as n - © and since S,, is bounded, therefore S,,b, > 0 as n> 0. 

Using the above results, we find from (1) that V,, tends to a finite limit as n — ce and hence the 
series }v,(= Lu,b,) converges. 

The case u, =(—1)"" | of the above theorem is of considerable importance. 

Corollary. Leibnitz test is a particular case of Dirichlet’s test. 

Since the sequence of partial sums of the series Y(-1)""! is bounded (for, S,, = 0, if 7 is even 
and S, = 1, if is odd) therefore by taking w,=(-1)""', Lub, reduces to b, —b, + b;—b, +... Thus we 
obtain, “If b,, is positive and monotonic decreasing to the limit zero, then the alternating series b, — 5, + b, 
—h,+... is convergent.” 


5 
Example 24. Show that the series 0 — : + a +>- l + 3 —... converges. 
2) 3 3 4 
= The given series can be considered to have arisen as a result of multiplication of the terms of the 
series 
bo oo dd 
bls So SS Sea (1) 
2 2 3 3 4 4 
by the terms of the sequence 
1a? 33 
Os seis ae PP 


Since the series (1) is convergent and the sequence (2) is monotonic and bounded, therefore by Abel’s 
Test, the given series converges. 
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Example 25. Test the convergence of the series 
(3+ 1)'8—n 
log n 
1 


logn- 


a Let uv, = {(7' + 1)'9 —n}, and b, = 


Then the given series can be written as £b,u,. 


Since Yu, converges and {b,} is a positive monotonic decreasing sequence, therefore, by Abel’s 
Test, the given series converges. 


Example 26. Show thatthe series | — +... is convergent. 


2 2 2 


53° 7-4? 


Then the given series can be written as ¥b,u, 


nene 
Since }u,, converges and b,, is positive and monotonic decreasing, therefore by Abel’s Test. the given 
series converges. 


11. REARRANGEMENT OF TERMS 


It is a well known fact that a finite sum keeps the same value, no matter how the terms of the sum are 
arranged. This property, however, is by no means universally true for infinite series. For example, the series 
My be al 

l-=+>-=—+—=-=++ 
23. HS 6 
converges to a sum, say S. On rearranging the terms so that each positive term is followed by two negative 
terms, the series 


1 
converges to the sum Pbk 
Another rearrangement gives the series (with sign changed) 


ce oe ol 1 1 je, 
+otot+..t+—-1+ +..+ oe 
D4 6 2° BD gf 3 


Hiss 


which is divergent. 

Consequently, the rearrangement (or equally well dearrangement) or changing the order of the 
terms in a series may not only alter the sum of the series but may change its nature all together. So we 
naturally ask under what conditions may we rearrange the terms of the series without altering its value? 

Aseries ¥v,, is said to arise from a series Yu, by a rearrangement of terms, if there exists a one- 
to-one correspondence between the terms of the two series, so that every term in the first series occupies 
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a perfectly definite place in the second series, and conversely. Thus, corresponding to any number of 
terms (say 7) in the first series, we can find a number p such that p terms of the second series contain 
all the 7 terms (and some others) of the first; and conversely. 


11.1. Theorem II. Dirichlet’s theorem. A series obtained from an absolutely convergent series by 
a rearrangement of terms converges absolutely and has the same sum as the original series. 
We shall prove the theorem in two parts, first for the positive term series, and then for series of 
arbitrary terms. 
(/) Let Yu, be a given series of positive terms which converges to a sum, say S. Let div, be 
the rearranged series. Let S,, and o,,, respectively denote the partial sums of the series }u,, 
and Yv,,. 
As o,, consists of m terms of the series Yv,,, we can find a number p such that p terms of 
the series Yy,, contain all the m terms (and some more) of the former and since we are 
dealing with positive term series, therefore o,,< S,< S. 
Thus the sequence {c,,} of partial sums of the series Dv, of positive terms is bounded 
above by S. Therefore, the sequence {c,,} and consequently the series }'v, converges to 
a limit, say o, where o < S. 
Considering Yu, as rearrangement of Dv, we can similarly prove that S < oc. 
Hence, o = S, i.e., the two series converge to the same sum. 


(7) Let Du, be an absolutely convergent series of arbitrary terms and >'v,,, the rearrangement 


of Yu,. 
Let 
_ fu, ifu,20 
“10, if u, <0 
ie -u,, if u,<0 


"10, if u,20 


(ea 


[Yao df v, i210 
at= 

0, if v,<0 
-y, 


, ify, <0 
b= 
"0, if v,>0 


Thus clearly a,,, ,, a}, 5 are non-negative, and 


nn Ene On 


ail) 
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and 


1 
a= H(|v4] +») 


vai 
m= Aysl-m) 


Since Yu, is absolutely convergent, therefore from (2), La, and Yb, are also convergent. 


3) 


(Ref. Theorem 5). Again, since a, and Yb, are convergent series of non-negative terms, 
La; and Yb’ are respectively their rearrangements, therefore by what has been proved 
above, ia) and 3b’ are also convergent. Also if a, b, a’,b’, denote the sum of the series 
La,,Lb,, La; Lb; respectively, then a =a’ and b=b’. 


From (1), it follows at once that Dv, and ¥ |y,,| are convergent and 


y v,=a’-b’=a-b= Yu, 


n=l n=l 
x v,{=@’ +b’ =a+b= 5 \u,| 
n=l n=l 


Hence, the rearranged series Yv,, converges absolutely to the same sum as Yv,,. 


Remarks: 


Nn 


For a positive term series the theorem may be stated as follows: 


A series of positive terms, if convergent, has a sum independent of the order of its terms, but if divergent, it remains 
divergent however its terms are rearranged. 


For the divergent case, one may argue as follows: 

If Xu, is divergent, Lv, cannot converge: for the foregoing argument shows that if Lv, converges, Yu, 
(regarded as a rearrangement of ¥v, ) must also converge. Consequently Dv, is divergent. 

The above theorem (along with Theorem 5) shows that the brackets may be inserted or removed, or terms be picked 


and placed at random without changing the behaviour of a positive term series or an absolutely convergent series. 
In fact they behave exactly like finite sums. 


An absolutely convergent series, because it remains convergent, with unaltered sum under every rearrangement of 
terms, is also called unconditionally convergent. 


11.2 We shall now prove a theorem which though of no practical importance, is of considerable 
theoretical interest. 


Theorem 12, Piemmann's theorem. By an appropriate rearrangement of terms, a conditionally convergent 


series Su, can be made 


(.) to converge to any number o, or 
(/i) to diverge to + ©, or 
(iii) to diverge to — °°, or 
(iv) to oscillate finitely, or 
(v) 0 oscillate infinitely. 
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Let 


0, if u,<0 0, if u,>0. 


5 fieel 


u,, ifu,20 -u,, if u,<0 


Then clearly a, b, are non-negative, and 


” 


u, =a, — 6,, |u, |= 4, + 5, ed) 


In Ay 
Since Yu, is conditionally convergent, therefore L|x,| diverges and hence from (1) at least one of 
the series Y'a,, ©, diverges. 
Again, since 1, converges, therefore it follows from (1) that the two series Ya, Lb, either both 
converge or both diverge (being non-negative term series, they cannot oscillate). Thus we infer that 
Xa, and Yb, both diverge. 


Also 4,3 0,b,20asn—>o ("4 


2°n 


1, > 0). 
(i) We shall first show that a rearrangement Dv,,, of Dw, can be found which converges to any 
number, o. 
Let , be the least number of terms of Y.a,,, whose sum 
at a+ a;+...+4,>0 
Let m, be the least number of terms of 14, such that 
a+ a+ a3t+...+a, —b— by —...- by, <o 


Again, let , be the least number of the next (terms following 4, ) of Sa,, such that 


ns 
at a,+... +4, — 5 — by -...- By, + Fn, 41+ On, 42 + + On an > OF 

Let m, be the least number of the next terms of £4, such that when (By, 41 ~ Pm 42.72 
— by, <m,) is added to the above sum, makes it less than o. The process may be continued 
indefinitely. The process indicated above is always possible because of the divergence of 
the two series Ya,, Xb,. 
Let Xv, be the rearranged series and {¢,,} its sequence of partial sums. 
Clearly 

Gn FO, Cpe <SvO, SOs 


ny+m, ny +m, + My 


Therefore, it can be easily shown that the sequence {o,,} converges to co. 
= The rearrangement >'v,, converges to o. 
(/i) We shall now show that a suitable rearrangement of Yu, can be found which diverges to 
+0, 
Let us consider the rearrangement 
yt yt oF y= DF yy pF yy, 62 F ee F An, — BF Amy 41 Fons 
in which a group of positive terms is followed by a single negative term. 


This is certainly a rearrangement of Yu, and let us denote it by Lv, and its partial sum by S,,. 
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Now, since the series La, is divergent, its partial sums are therefore unbounded. 
Let us first choose m, so large that 

ata, +43+...+4,, >14+, 
then m, > m, so large that 


A+ Ay +... + Ay, + Ay, 1 Ft Ay, >2 +B, + dy 


and generally, m,, > m,,_,, so large that 
at+4,+..+4, >n+b,+b,+...+b, 


My mn? 
where n = 1, 2, 3, ... 
S 


im, +2.°°° 


Now, since each of the partial sum S, 


‘m, +1? 


of Xv, whose last term is a negative 
term ‘—b,” is greater than n (n = 1, 2, 3, ...). therefore these partial sums are unbounded 
above and consequently the series }v,, diverges to + ce. 

(ii) By considering the rearrangement 
<b, = bys — Dy, +O) — Dy, = By es = Dy, F a= Dg, a =e 

it can be shown, as before, that the rearrangement diverges to — °°. 
Other cases may similarly be proved by considering suitable rearrangements of the given 
series. 


Remark: As proved earlier the absolutely convergent series remain convergent, with unaltered sum, without any 
condition on rearrangement of terms but it is not so in the case of non-absolutely convergent series (i.e., series which 
converge but not absolutely). Such series change their behaviour by change in the order of the terms. This is precisely 
the reason why such series are called conditionally convergent. 


Example 27. Criticise the following paradox. 


el ese eal 
SS SS Se See 
2 SG s 6 


a A De lsemls 0) al es eal cee 
= Thegivenseries =1l+7—+—+—+—=+—+...-Y-—+—4-—-+... 
2° 3) Ay S16) 2 4° 6 


be eel 
Slt tS ra(Ieteis..) 
3 23 


N 


=0 
Hence, the series converges to zero. 


The given series is conditionally convergent and hence can be made to converge to any limit by a 
rearrangement of the terms. 


EXERCISE 


|. Assuming the convergence of ¥u,,, show that the following series are convergent: 


U, 2 u, 
@ I+, i) (iii) & 
n 


n=2 logn’ log, 


Uy 


Mia 
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(iv) 2(%* *) () nu, (vi) z(1 +4) Uy. 
n n 
2. Examine the convergence of the series: 
9 Fi 
= cosh : = anne 
n n 
(Hint: gj 
5,= D cosr@= calla SMe tad) 0+#0, 2kx 
r=1 sin (8/2) 
Goa 3 Sine Se ee) ie 
r=1 sin (6/2) 


Thus S, is a bounded function, i.e., the series };cos n@ or Ysin nO is such that its partial sums are bounded, 


when @ is neither zero nora multiple of 27. By Dirichlet’s test, the series converges for @ > 0. For @ < 0 since 
the th term does not tend to zero, both the series diverge. 


For 9=0 or 2kz, the series [(cos 7O)/n“] reduces to © (1/n*) which is convergent for a > 1, the series 
DX[(sin 2)/n“] reduces to a series of zeros which is evidently convergent for all values of a. ] 


3. Show that the series 


y eas 
n=l 3 n n 
converges, absolutely for 6 = kz, kis any integer, and conditionally for all other real values of 0. 
4. Examine the convergence of the series: 


(G) BY ! = ! Fitonts oS cos n0, 
(n+l) (n +2) (2n) 
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LIMIT AND CONTINUITY 


In the chapter on sequences, we considered functions whose domain was the set N of natural numbers. 
We shall now consider real valued functions with domain as any interval, open or closed. 


1. LIMITS 


Let f be a function defined for all points in a neighbourhood N of a point c except possibly at the point 
c itself. 


Definition |. The function fis said to tend to a limit / as x tends to (or approaches) c if for each € > 0, 


there exists a 5 > 0 such that 
0<|x-c|<6=>|f(x)-I|<e 
or | (x)-1|<e, when 0<|x-cl<5 
or f(x) € Ji-e,/+ e[, Vre Je -6,c+8[ except possibly c 
In symbols, we then write 
lim f(x) =/ 
xe 
Definition 2. The function fis said to tend to + % as x tends to c (or in symbols, lim f (x) =+o) 
if for each G > 0 (however large) there exists a 5 > 0 such that 
J (x) > G, when |x-c]<d 


The function fis said to tend to —% as x tends to c (or in symbols, lim f (x) =— ©), if for each 
xc 


G> 0 (however large) there exists a 5 > 0 such that 
f(x) <-G, when Jx-ce| <6 
Definition 3. The function fis said to tend to a limit / as x tends to oo (or in symbols, lim f(x) =/) 
xe 
if for each ¢> 0, there exists a k > 0, such that 


|f (x) -I|< €, when x >k 
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Definition 4. The function fis said to tend to +% as x tends to 0 (or in symbols, lim t (x) =o) 
x0 


if for each G > 0 (however large) there exists a k > 0, such that 
f (x) > G, when x > k 


1.1__Left Hand and Right Hand Limits 


While defining the limit of a function fas x tends to c, we consider values of f(x) when x is very close 
to c. The values of x may be greater or less than c. If we restrict x to values less than c, then we say that 
x tends to c from below or from the left and write it symbolically as x + c — 0 or simply x + c—. The 
limit of f with this restriction on x, is called the /eft hand limit. Similarly, if x takes only values greater 
than c, then x is said to tend to c from above or from the right, and is denoted symbolically as x > c + 0 
or Xx > c+. The limit of fis then called the right hand limit. 


Definition 5. A function fis said to tend to a limit / as x tends to c from the left if for each € > 0, there 
exists 6 > 0 such that 
|f(x)-I<e, when c—d<x<c 
In symbols, we then write 
dim fQ)=! or f(c -0)=/orf(c =! 
Definition 6. A function fis said to tend to a limit / as x tends to c from the right if for each € > 0, 
there exists 6 >0 such that 
|f(x)-I|<e, when e<x<c+d 
In symbols, we then write 


lim f(x) =/ orf(c+0)=lorf(et) =! 


xct0 
It may be noted that lim f(x) exists if and only if both the limits, the left hand and the right hand, 
xe 


exist and are equal. 
One-sided infinite limit may also be defined in the same way as above. 


Example tl. Find the right hand and the left hand limits of a function defined as follows: 


eA oe 

f@=\ asa" 

0; x=4 

a Now, whenx>4,|x—4|=x—-4. 
Pe zs.| a 
lim, f(x) = lim, P= Ai S4e0 yg =a eS 
Again when x <4, |x—4|=—(x—4). 
-(x-4 
lim f(x) = lim 1g Ie lim (-1)=-1 
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so that 


lim f(x)# lim f(x) 


x3440 x4-0 


Hence lim f(x) does not exist. 
x4t 


Example 2. Evaluate lim ——" 
x30+ 1 4 e* 


tends to 0, 


a [As x 0+, we feel that I/x increases indefinitely, e'* increases indefinitely. € 
1 +e" tends to 1; thus the required limit may be 1.] 


We have to show that for a given ¢ > 0,3.a6 > 0 such that 


1 
re =e 7 1) < &, when 0<x<6 
e 
Now 
1 ae" 1 
-lj= = <é, 
l+e'* Le" | eo 44 
Ve Uy i 1 
when e’* +1>—or—>log|—-1 
a € 
1 
= 0<x <———_., for 0< ¢<1 
log(1/e - 1) 


| 


——_—_—_., we see that if 0< e<l, 
log (1/e — 1) 


Thus choosing § = 


——— - l|<e, when 0<x<6 


Again when ¢2 1, 


I 
l+e 


1 
ese s =] 
é 


sue 7h 


which is true for all values of x, so that any 5 > 0 would work. 


Thus for any ¢ >0 we are able to finda 5 >0 such that 
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1 


lee = 


<é, when 0<x<6 
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li = 
Paty, ie 
1 
Example 3. Prove that lim xsin—=0. 
x x 
a Now, 
: =k 
sin = |x|- sin— <|x| 
x x 
Thus choosing a 6=€, we see that 
ap 
x sin—|< €, when 0<|x| <6 
x 
. oi) 
=> lim xsin— =0 
x30 x 


Example 4. If lim f(x) exists, prove that it must be unique. 
xa 


= Let, if possible, f(x) tend to limits /, and /,. 


Hence for any € > 0, it is possible to choose a 6 >0 such that 


por-al<se, when 0<|x-a|<6 


<se when 0<|x-a|<6 


|f(x)-h 

Now 
|, -b|=|4-f(x)+f(X)-4 
<|h-f(9|+|f()-4]<e, 


when 0<|x-a|<6 
ie., | , — 1] is less than any positive number € (however small) and so must be equal to zero. Thus 
i=) 
ExampleS. Show that lim ———~ = « 
x33 ( x- 3) 


a Let Gbe any positive number, however large. 
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or 


1 
G4 


= >G, when (x-3'< or when 0 <|x -3|< 


(e=3) 


Choosing § = we get the required result. 


Gis 5 
Example 6. Prove that lim log |x|=- . 
190 
= Given G> 0, choose 5 = e-°. Now if 0<|x - 0| <6 we have |x|<e~®, and so log|x|<~G, 
consequently lim log |x| =-0. 
x0 


Example7. Show that lim 2'*~" does not exist. 


xl 


a We first consider the left hand limit. Let ¢ > 0 be given. Choose a positive integer m such that, 


1/2" Se: 


1 
Take 5 =~ andlletx satisfy 1 - 6 <x <1.Now —5 <(x 1) <0,andso ; 5 
m te 


Thus Quve-) =0 = 2M@r-) <2 27m 2 € 


andhence lim 2'"~) = 0. 
xol- 


Next, consider x to be on the right of 1. 


1 
Let 6>0 be arbitrary and choose a positive integer m, such that —<6. Then if 
j My 


eee 
n>m,1+ ub Ee] 1+ 5[ and 2." =2", which is unbounded. Therefore lim 2!/“"~") does not 
n 


xl+ 


exist. 


1.2 Theorems on Limits 


Let fand g be two real functions with domain D. We define four new functions f + g, fg, f/g on 
domain D by setting 
(f+ g)x=f(%) + g(x) 
(f- 8) x=f@) - a) 
(f-8) x =f(x) > gx) 
(fig) x =f (x)/g(x), if g(x) #0 for any x €D 


We shall now prove a theorem concerning the limits of these functions. 


CHAPTER 5 


Mathematical Analysis 


Pheorem 1. Iffand g are two functions defined on some neighbourhood of c such that 
lim f (x) =J, lim g(x) =m 
xe xe 
then 
() lim(f + g)x= lim f (x) + lim g(x) =/+m- 
xe xe xc 
(i) lim(f - g)x = lim f (x) - lim g(x) =1-m. 
xc xc xe 
(iii) lim(f-g)x = lim f (x)- lim g(x) = Im. 
xc xe xc 
(iv) lim (f/g)x = lim f (x)/lim g(x) =m, if m# 0. 
xe xe xc 
(’) Since lim f(x) =J, lim g(x)=m, therefore for any €>0,3 positive numbers 4,6; 
xc xe 
such that 
Ipea-i<se, when 0<|x-c|< 6, 
[s(x ml <Se, when 0 <|x - c| <6). 


If 6 = min(6,, 63), then for 0<|x-c|<6, 


fo-1<sle, [e-m) <e 
and 
|(f + g)x—(1+m)|=|f(x)-1+ g(x) ml 
<|F(x)-1+|8(x)- | 
<é 
=> \(f +g)x-(l+m)|<e, when O0<|x-cl<6 
225 lim(f + g)x=1+m 


(i) Proof is similar to part (7). 
(iii) Let € >0 be given. 
Now 
|(Feg)x — tm| =| f (x)(g(x) - m) + m(F(x) -0)| 
<|f(2)|-|s()- | +]™]-|£() - 4 qd) 


Since lim f (x) =/, therefore for ¢=1,3a6,>0, such that 
xc 


| f(x) -1| <1, when 0<|x-c|< 6). 
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Now 
|f()|=|F@)-0 41] s| F(x) - 1] + [| 
<1+|/|, when 0<|x-cl<6, (2) 
Again, since lim g(x) =m, therefore Jad, >0 such that 
re 


de 
1+|2|’ 


|g(x)-m|< when 0 <|x-c|< 6). ‘@) 


Also, as lim f(x) =1, therefore Jad; >0 such that 
xe 


ile 22 
60) < ig 


» when 0<|x-c|< 63. (4) 


Let 5 = min(6,, 5, 53). 
Then, from (1), (2), (3) and (4), we have 


when 0<|x-c|<6. 
Hence 


lim (fg)(x) = Im 
xe 
(iv) Lemma. Show that if lim g(x) =m >0, then Ja 6, >0 such that 
xe 
i 
|s(x)|>>|m, when 0<|x-c| <6, 


Since lim g(x) =m, therefore for ¢= ; |m|>0, Had, >0 such that 
xe 


| (+) m|<>|m), when 0<|x-c|<6, 


Also ‘e 
|m| =| = g(x) + g(x)|<|~- ¢(x)| +] ¢(0)| fee 

<5 |ml+|a()|, when 0<|x-c|<6, S 

ac, 

ie, |e()|> 51m, when 0<|x-c|< 6, 2 


=> "3 a deleted neighbourhood of c on which g(x) does not vanish. 
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Let us now attend to the main theorem. 


pl tf es) Hele) 
Ie) til = 


elf (e)=t)  Jal-|e60)—m 


~ [a] [m|-[e) 
2) =I 21 La(s) ml + 
|m| ||? . 


where 0<|x-c|< 6, 
Let € > 0 be given. 


Since lim f(x) =1/, lim g(x) =m, therefore 3 positive numbers 6, and d; such that 
xe xc 


[4(s)-1]< Fel, when 0<|x-c|< 6, | 


and 


2 
| m| 


[ij+0 


|s(x)-m|< ze when 0<|x-cl< 6, Pry | 


Let 6 = min(6,, 5), 53). 
Thus from (1), (2) and (3), we have 
|(f/g)x - In| < €, when 0<|x-c|<d 
Hence lim (f/g)x = I/m, provided m#0. 
od 
Example 8. Evaluate: 


() tim (x + 2)(3x - 1) 
rol x? 43x-2 


(ee 9Ge-1) Sey +2): tim B=) 


xo] x? 43-2 lim, (x? + 3x5 2) 
x- 


Functions of a Single Variable (1) 


(ii) tim SR (tim Set) (tim Vx)=1-0=0. 


x30 fx x90+ XxX x90 
x? 
Example 9. Evaluate lim = < 
xsl x-1 


= Let us evaluate the left hand and the right hand limits. 
When x > 1-0, putx=1-A,h>0. 
Hence h >0+as x — 1-0, so that 


2 
- 1-h)-1 —-h(2 -h 
lim D2 lim ( ) = lim i ') 
x31-0 x-— 1] h0+ -h 430+ hh 
ae 


Again when x > 1+0, putxr=1+h,h>0. 


2 1+hy-1 
lim = be SD ee tracrhw. 
x10 x-—] 9 ho0+ h h0+ 


So that both, the left hand and the right hand, limits exist and are equal. Hence limit of the given 
function exists and equals 2. 


Note: Since x #1, division by (x — 1) is permissible. 


2 
jim =! = tim (x +1) =2. 


xol x—-] xl 


Wx 


Example 10. Evaluate lim : 
x30 e/* 4] 
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—I/x 


= Now when x 30+, /x 3, e7“*-5 0 and when x 3 0-, I/x 3 —x, e”* 5 0. 
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and 


so that the left hand limit is not equal to the right hand limit. 
Vx 


5 e 3 
Hence lim ——— does not exist. 


x90 e/* 4] 


Example 11. Find lim e* sgn (x + [x]), where the signum function is defined as 
=) 
Lif x>0 


sgn(x)=4 Lif x=0 
-lif x<0 


and [x] means the greatest integer < x. 
. O-h ai or ee 
= LHL. = time? sgn [0- hk + Hy] = tim ( e')=-1 


Oth 


Sli gn(0+h+(0+h)}= lim e"=1 
FA, ae ee ea Te 


lim e* sen (x + [x]) does not exist. 
x 


EXERCISE 


Evaluate: 


‘ 1 1 2 
4. lim ——~ | —~ - ——— 
iin Gs [ ts] 


«ane eS 2eosxek cos2x. 
5. lim —— 
x30 x 


Wx 


6, Show that lim =0. 


x90 | ¢ el/* 
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I/x 


» = i 
] —— does not exist. 
7x 


Show that lim 
x90 el 4] 


Vx _ o-Vx 
8. Show that lim =; 7 does not exist. 
x90 el 4 eX 


9. If lim f (x) =, then show that lim | f (x)|=|/|. 
re 


xe 


|F(9|-14| |< |F@)-1). vx 


(Hint. 


10. If lim g(x)=m and m# 0, then show that lim ee. 


xe xe g(x) m 
ANSWERS 
lL. 4; Dell: 
3. Does not exist; 4. 1/32; 


5. -l. 


1.3 Limit of a Function (Sequential approach) 


We have defined the limit of a function f, defined in a neighbourhood (taken as an interval) of a point c, 


to be / as x approaches c, if for any é > 0 3.6 > 0 such that 


| f(x) -!|<e, when 0<|x-c|<6 (1) 
We now give an alternative definition in terms of limits of sequences. 


Definition. A number / is called the limit of a function fas x tends to c if the limit of the sequence 
{f(x,)} exists and is equal to / for any sequence {x,},x, #¢ for any n, convergent to c. Thus 


lim f(x) =1 (2) 
oe 
Pee 


Here, as in all similar cases, it is tactly implied that x,, tending to c runs through a set of values for 
which f is defined. 
We now show that the two definitions are equivalent. 
Let fhave a limit /as x > c in the sense of the first definition, so that for any ¢ > 0, there exists 
6 >0, such that 
| f(x) -1|<e, for 0<|x-c]<6 


Again, let there be a sequence {x, }. x, #¢ for any n, converging to c, so that there exists a natural 
number m such that 
|x - e| <6, forn2m 
Hence, 
| f(x.) - 1 <€,forn2>m, 
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i.e., the sequence {f (x,,)} converges to /. Also, since this property holds for every sequence {xi}, 6; 
tending to c, we have proved that the limit exists in the sense of the second definition too. 


Conversely, let a function fhave a limit / and x tends to c in the sense of the second definition and 
suppose that it has no limit in the sense of the first definition. Then there exists at least one value of ¢, 
say 9 for which there is no 6 of the first definition, this means that for any 6 there is a value x = x 


belonging to the set satisfying 0 <|.x -c| <6 such that |r (2) - i 2 &. 


Let 6 take up successively the values 1, ,-. For each of them there is value x, such that 


> 


wile 


iL 
2 
1 
[x ~el<e #¢) 
and 
| F (xe) — 1] 2 €o(k =1,2,3,...) 

These relations show that x, (x, #c) tends to c while f(x,) does not tend to /, which is a 
contradiction. Thus our supposition that the limit does not exist in the sense of the first definition is 
disproved. 

We have thus proved the equivalence of the two definitions. 

We now prove a very useful theorem due to Cauchy. 


Cauchy’s Criterion for Finite Limits 


Theorem 2. A function f tends to a finite limit as x tends to c if.and only if for every € > 0, there exists 
a neighbourhood N of c such that 
[f(*’)- £6") 


Necessary. Let lim f (x) =1, a finite number. 


xc 


<€, forall x’,x” EN; x’,x” #c 


Therefore, for any ¢ > 0, there exists a deleted neighbourhood Mc) such that |f(x)- I< 58 for 
x N(c). Let x’, x” € N(c) so that 


ghey poem 
go 8 


f(x’) - F(x”) <|f(x’)-1]+|1- F(x”) 


Sufficient. Let for any €>0, there exist a deleted neighbourhood M(c) of ¢ such that 
[F()- Fe") 


Let {x,}, x, #¢ for any n, be an arbitrary sequence tending to c such that there exists a natural 


<€, forall x’,x” € N(c). 


number mp such that x,, x,, € N(c) for n, m2>my. 
Then 


| (x,) - F(%n)| < €, for n, m> mg 


Consequently, by Cauchy’s general principle, sequence {f (x,,)} tends toa limit. 
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We have thus proved for any sequence of numbers (x,,), x,,#¢, converging to c, lim f(x,) exists. 


Now, we prove that all these limits, lim /(x,,), corresponding to all possible different sequences tending 
to c, are equal to each other. 

Let, if possible, {x,} and {x/}, x, #c, x, #¢ be two sequences tending to c such that sequences 
{f(x,)} and {f (x/)} tend to / and 1’ respectively. Let us construct the sequence {x,, x7, X2,X3,..-} 
which converges to c. Therefore, by what has been proved above, the sequence {/(x,), 


f (x1), f (2), ...} converges, which is only possible if / =1’. 
Hence the theorem. 
We may similarly prove that: 
A function f tends to a finite limit as x tends to 0 if and only if for every € > 0 there exists G> 0 
such that 
| f(x) — f(x”) < e, for all x’, x” > G 


~. Lees 3 
Example 12. Show that lim — sin— does not exist. 
x30X x 


a Let f(x)= ps ane, The function fis defined for every real number x # 0. Now for each natural 
x x 


and so 


number 7, let x, = 
"~ 7(4n + 1) 


Ff (x,) =(4n + I)? sin (2nz + 2/2) = (4n + 1) 2/2 > as n> &. 
é 2 
Jim f (1) =o, when {x, } = fone 


Again, by taking x, =I/naz, we see f (x,)=na-0=0 for every natural number n, and so 


converges to zero. 


lim f (x) #0. 
x70 
Therefore, lim f (x) does not exist. 
x 


Example 13. Find lim (32 sgn (cos x). 
a Let x=-—2n7, sowhen x 3 -~,n >. 
Now 
x° sgn (cos x) = (-2nz)° sgn cos (—2nm) = 4n? x? 


lim x? sgn (cos x) = 02 


x00 


Again, let x = —(2n + Ix 
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x? sgn (cos x) = (-(2n + al sgn cos (~(2n + 1)) = —(2n + 1) x? 


and so 


lim x sgn (cos x) = —02 


x09 


Hence 


lim x? sgn (cos x) does not exist. 
x -0 


2. CONTINUOUS FUNCTIONS 


Let fbe a function defined on an interval [a, b]. We shall now consider the behaviour of fat points of 
[a, 5]. 


2.1__Continuity at a Point 


Definition | (Continuity at an internal point). A function fis said to be continuous at a point c, a <¢ <b, 
if 


fim f(2) = F() 
In other words, the function is continuous at c, if foreach € > 0, 3 6 > 0 such that 
| F(x) - £(0)| <e, when |x-c]< 6 
Definition 2. A function fis said to be continuous from the lefi at c if 
a 
Also fis continuous from the right at c if 


lim f(x) = f(c) 


x3c+0 


Clearly a function is continuous at ¢ if and only if it is continuous from the left as well as from the 
right. 


Definition 3 (Continuity at an end point). A function f defined on a closed interval [a, b] is said to be 
continuous at the end point a if it is continuous from the right at a, i.e. 


lim f (x) = f(a) 


x7a+0 


Also the function is continuous at the end point b of [a, 5] if 


lim | f(x) = F(b) 


x3b-0 
Thus a function f is continuous at a point c if 


(/) lim f(x) exists, and 
xe 


(ii) limit equals the value of the function at x = c. 
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2.2 Continuity in an Interval 


A function fis said to be continuous in an interval [a, 5] if it is continuous at every point of the interval. 


2.3 Discontinuous Functions 


A function is said to be discontinuous at a point c of its domain if it is not continuous there at c. The point 
c is then called a point of discontinuity of the function. 


Types of discontinuities 
(?) A function fis said to have a removable discontinuity atx=cif lim f (x) exists but is not equal 
xe 


to the value f(c) (which may or may not exist) of the function. Such a discontinuity can be removed 
by assigning a suitable value to the function at x=. 


(ii) _fis said to have a discontinuity of the first kindatx=cif lim f(x) and lim f (x) both 


x3c-0 x3c+0 


exist but are not equal. 
(iii) fis said to have a discontinuity of the first kind from the leftatx=cif lim f (x) exists but 
0 


is not equal to f(c). a* 
Discontinuity of the first kind from the right is similarly defined. 


(iv) fis said to have a discontinuity of the second kind at x = c if neither lim f (x) nor 
xac-0 


tim |S (x) exists. 


() fis said to have a discontinuity of the second kind from the lefiatx=cif lim f (x) does not 


x>c-0 
exist. 
Discontinuity of the second kind from the right may be defined similarly. 


2.4 Theorems on Continuity _ 


Theorem 3. Iff, g be two functions continuous at a point c then the functions f + g, f— g, fg are also 
continuous at c and if g(c) #0, then f/g is also continuous at c. 


The proof is left as an exercise. 
Theorem 4. A function f defined on an interval I is continuous at a point cel iff for every 


sequence {c,} in I converging to c, we have 


lim f (c,) =f (c) 


nc 
First let us suppose that the function fis continuous at a point c € /, and {c,} is a sequence in] 


such that lim c, =c. 


n>0 


Since f is continuous at c, therefore for any given €>0,4ad>0 such that 


CHAPTER 5 


Mathematical Analysis 


| F(x) - F(0)|<e, when 0<|x-c]<6 aly 


Again, since lim c, =c, therefore a positive integer m, such that 


ae 
|c, -—¢|<6,Vn>m 
From (1), putting x = c,, we have 
|f(c,) - F(0)|<e, when |c, —c]<d 
> |fla)-f(o)|<e, Vn2m [using 2] 
=> The sequence {f (c,)} converges to f(c) 
or sim F(6,) = £0) 
Let us now suppose that fis not continuous at c, we shall now show that though 3 a sequence 
{c,} in J converging to c, yet the sequence {f (c,)} does not converge to f(c). 
Since f is not continuous at c, therefore, there exists an ¢ > 0 such that for every 6 >0,3 an 
x éJ such that 
|F(x)- F(0)|2e, when |x-cl<6 
~. By taking 6 = I/n, we find that for each positive integer n, there is a c, € 7 such that 


1 


[flc.)- F(O)| ze. when Jc, -e|<— 
n 


Thus the sequence { f (c,)} does not converge to f(c), while the sequence {c,} converges to c. 


Notes: 
1. If lime, =¢= lim f (c,) # f (c), then fis not continuous at c. 


2. Compare with § 1.3. 


Example 14. Examine the following function for continuity at the origin. 
Vex 


f)=sreem T**° 
0 if x=0 
a Now 
Vx 
ae 
ee ee ae 
and 
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Thus, 
lim f(x)= lim f(x) = lim f(x) =0 


x3 0- x— 0+ x30 


Also 
lim f(x) = f (0) 


x30 
Thus, the function is continuous at the origin. 


Example 15. Show that the function defined as: 


sin 2x 
—— when x#0 


fM=4 x 
when x=0 
has removable discontinuity at the origin. 
a Now 


set (= tin 9 


x30 x30 2x 
so that 
li x)4#f(0 
tim f(x) # £(0) 
Hence the limit exists, but is not equal to the value of the function at the origin. Thus the function 
has a removable discontinuity at the origin. 


Note: The discontinuity can be removed by redefining the function at the origin such as /(0) = 2. 


Example 16. Show that the function defined by 
( ) x sinl/x, when x #0 
ie 

0, when x = 0 
is continuous at x = 0. 
a Now 


‘ : sal 
Jim f (x= Jim (: sin+} =0 
so that 
lim f (x) = f (0) 
x30 
Hence, fis continuous at x = 0. 
Example 17. A function fis defined on R by 
—x? ifx<0 
5x-4 if 0<x<l 


4x°-3x if l<x<2 
3x¢4 if x22 
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a Now 
oe eee He 
at = ae 
so that 


lim f(x) = f(0)# Jim, f (x) 


x3 0- 


Thus the function has a discontinuity of the first kind from the right at the origin. 


Again 
lim f (x)= lim (5x-4)=1 
xol- sok 
, ne ae ON a 
pee ea 
so that 
lim f(x)= lim f(x)=1= f(1) 
xrol- xal+ 
> lim f(x) = F() 
Thus the function is continuous at x = 1. 
Again 
2 F6)= By (48-3) =10 
lim f (x)= lim (3x +4) =10 
x24 x 32+ 
Also 


Thus, the function is continuous at x = 2. 


x-[a| 


Example 18. Is the function f, where f (x) = continuous? 


Bea a 
= 2, continuous. 


a For x<0, f(x)= 


= % : 
= 0, continuous. 


For x >0, f (x)= 
x 


The function is not defined at x = 0. 


Thus f(x) is continuous for all x except at zero. 


Functions of a Single Variable (1) 


Example 19. Discuss the kind of discontinuity, if any of the function is defined as follows: 


x—|a| 
f (x)= P2 


2 when x = 0 


when x #0 


= The function is continuous at all points except possibly the origin. 
Let us test at x = 0. 


Now, 
X+x 
li wilt =(2: 
{pie 
eae’, 
li x)= ili =0 
eae 
and f(0)=2 


Thus the function has discontinuity of the first kind from the right at x = 0. 


Example 20, If [x] denotes the largest integer <x, then discuss the continuity at x = 3 for the 
function 


f (x)=x-[x], Vx20 


a Now 
fi £0) = fy fe-Eslp=3-91 
ee same 
and 
fG)=0 


Thus the function has a discontinuity of the first kind from the left at x = 3. 


Note: The function is continuous at all points except the integral values 1, 2, 3, ... 


Example 21. Prove that the Dirichlet’ function f defined on R by 
1, when x is irrational 
f(x)= Be cee 
—l, when x is rational 
is discontinuous at every point. 


a First, let a be any rational number so that f(a) = -1. 


Since in any interval there lie an infinite number of rational and irrational numbers, therefore, for 


ee —— 1 
each positive integer n, we can choose an irrational number a, such that | a,-a | <a 
n 
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Thus the sequence {a,,} converges to a. 
But f(a,) = | for all n, and f(a) =—1, so that 


sim F (a,) # F(a) 
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Thus by Theorem 4, § 2.4, the function is discontinuous at any rational number a. 
Hence, the function is discontinuous at all rational points. 
Next, let b be any irrational number. For each positive integer n we can choose a rational number 
1 
b,, such that |b, - b| <—. Thus the sequence {b,,} converges to b. 
n 
But f(b,) =—1 for all n and f(b) = 1. 


lim f (b,) # f(b) 


ne 
Hence, the function is discontinuous at all irrational points. 

Example 22. Show that the function f(x) defined on R by 

x, when x is irrational 
F(x)= te when x is rational 

is continuous only at x = 0. 

a First, let a #0 be any rational number, so that f(a) =—a. Since in every interval there lie an infinite 
number of rational and irrational numbers, therefore, for each positive integer n, we can choose an 
irrational number a,, such that 

|a, - a|<— 
n 


Thus the sequence {a,} converges to a. 

But 
lim f(a,)= lim a, =a 
noo ne 


Thus 
lim f(a,)# f(a),a#0 
so that by Theorem 4, § 2.4, the function is discontinuous at any rational number, other than zero. 


Ina similar way the function may be shown to be discontinuous at every irrational point. 


It may be seen from above, that the function is continuous at x = 0 (i.e., a= 0). However, it can be 
shown to be continuous at x = 0 as follows: 


Let €>0 be given and let 5 = € (or any 6 < e), then 
|x|<d5=>|F(x)- £(0|=|-x]=|21<e, when x is rational and 
|x| <5=| F(x) — £(0)| =|2| < €, when xis irrational 

Thus 

|x[/<8 = |f(x)- (|< 


lim, f(x) =F (0) 


Hence, the function is continuous at x = 0. 
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Investigate the continuity at the indicated point: 


sin(x-c) . 
 fQ)=4 x=e nize atx=c 
0 ,if x=c 


tan x . 
f(x)= eae atx=0 
1 Alea (0) 


i) 


x-8. 
3. f(x= Pains o eo 


x 
3 ,ifx=2 


4. f(x)=x-|x|,atx=0 


Resin sibbes OMNESO 


5. f(x)= e at x=0 
0 pltiec =) 
(1+x)!", if x40 

6. x)= atx=0 

Be ele ae a 

ele 

7. f(x)= eve atx =0 
1 , When x = 0 
Vx _ Ux 
e*-e 

8. 7e)= Bvoremign ech aeO atx=0 
1 , when x =0 


9. Examine the continuity at x = 1. 


2x, when0<x<1 
f (x) =43, when x =1 
4x, when 1 < x <2 


10. Obtain the points of discontinuity of the function J, defined on [0, 1] as follows: 


f0)=0, fixy=5—x, if d<x<5, 
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1) 3 3 antl 
i(3)=3-100=3-« if Rae 


FOL 


Also examine the kind of discontinuities. 
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\\. Show that the function fdefined on R by 


f(x)= 1, if xis rational 
“70, if xis irrational 


is discontinuous at every point. 
|2. Show that the function / defined by 


f@= x, if xis rational 
Ue 0, if xis irrational 


is continuous only at x = 0. 
13. Show that the function f defined by 


1 
[v4 Isin—, xe ]-1,0[U]0, 1) 
f (x)= x ] l 
0, otherwise 
has discontinuity of the second kind at x = 0 and discontinuity of the first kind at x =1. 
\4. Show that the function fdefined by 


F(x) (1+ x) sgnx + sgn|x|—1, if-vis rational 
xj= 
sgnx, if x is irrational 


has discontinuity of the second kind at x # 0 and discontinuity of the first kind atx=0. 


|. Removable discontinuity 2. Continuous 

3. Continuous 4. Continuous 

5. Continuous 6. Removable discontinuity 

7. Removable discontinuity 8. Discontinuity of the first kind from the left 


9. Discontinuity of the first kind 


10. Discontinuity of the first kind from the right at 0, discontinuity of the first kindat x = 3) discontinuity of the first kind 


from the lefi at x= 1. 


3. _ FUNCTIONS CONTINUOUS ON CLOSED INTERVALS 


We shall now study some properties of functions which are continuous on closed intervals. In fact, we shall 
show that a function which is continuous on a closed interval, is bounded, attains its bounds and assumes 
every value between the bounds. 


Theorem 5. Ifa function is continuous in a closed interval, then it is bounded therein. 


Let fbe a function defined and continuous ina closed interval /. 

We shall show that if the function fis not bounded, then it fails to be continuous at some point of the 
closed interval /. 

Let, if possible, f is not bounded above, so that for each positive integer n 3 apoint x, €/ such 
that f (x,) > 7. 
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Now {x,,}, being a sequence in the closed interval J, is bounded and has at least one limit point, say, &. 


A closed interval is a closed set and so Ee 1. 

Further, since ¢ is a limit point of the sequence {x,}, therefore, there exists a subsequence (%,) 
of {x,} such that x, € as ky. 

Also since f(x, ) >", for all k, therefore the sequence {f(%,,)} diverges to oo. 

Thus J a point € of / such that a sequence (x,,) in J converges to &, but 


sim F(x,,)# (8) 


Thus fis not continuous at €, which is a contradiction and hence the function is bounded above. 


By considering a function ‘f’, it can be shown in a similar way that the function fis also bounded 
below. 


Hence, the function is bounded. 
Theorem 6. Ifa function fis continuous on a closed interval [a, b], then it attains its bounds at least 
once in [a, b}. 

If fis a constant function, then evidently it attains its bounds at every point of the interval. 

Let f be a function which is not a constant. 

Since fis continuous on the closed interval [a, 5], therefore, it is bounded. Let m and M be the 
infimum and supremum off It is to be shown that J point @, 6 of [a, 5] such that 

f(a)=m, f(p)=M 

Let us consider the case of the supremum. 

Suppose f does not attain the supremum © so that the function does not take the value M/ for any 
point xé [a,b], ie., 

f(x) # M, forany x €[a,b] 

Now consider the function 
1 
8) =a 

M - f(x) 


which is positive for all values of x in [a, 5]. 
Evidently the function g is continuous and so bounded in [a, b]. Let k (>0) be its supremum. 


4 Vxe[a,b] 


J x xEla 
Hf” Vxe[a,b] 
=> f(x)s M2, V xe[a,b] 


which contradicts the hypothesis that M/ is the supremum of fin [a, 5]. Hence our supposition that f 
does not attain the value M leads to a contradiction and therefore fattains its supremum for at least one 
value in [a, b]. 

It may similarly be shown that the function also attains its infimum m. 

Hence, the function attains its bounds at least once in [a, b]. 
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Note: It may be observed from the two preceding theorems, that the function /, continuous on the closed interval 
[a, 6], has the least and the greatest values m and M, i.e., the range set of fis bounded with m and M as its smallest and 
greatest elements. Thus the range set of fis a subset of [m, M]. We shall, in fact, show later that the range set of fis 
[m, M1 itself and that ftakes up every value between m and M. 


ILLUSTRATIONS 


: 1 ‘ : a? 
|. The function f (x) = Tea for real x, is continuous and bounded and attains its supremum 
x 
for x = 0 but does not attain the infimum. 


2. The function f (x) =- , (forall x € R, is continuous and bounded, attains its infimum 


=a | 
1+ |x| 
but not the supremum. 
3. The function f(x) =x, forall x € ]0, I[ is continuous and bounded but attains neither the infimum 
nor the supremum. 
Theorem 7. Ifa function f is continuous at an interior point c of an interval [a, 6] and f (c)#0, 
then 3aé>0 such that f (x) has the same sign as f (c), for every x € ] c-6,c+ of. 
Since the function fis continuous at an interior point c of [a, b], therefore for any €>0,3.a 6>0 
such that 
If -f(d|<e. Vxelc-6,ct+d[ 
or 
f(d)-e<flx)<f(dte, Vxele-6,c+6| 
When f(c) > 0, taking ¢ to be less than f(c) we find that 
f(x)>0, Vxele-d,c+6[ 
When f(c) <0, taking € to be less than —f(c) we find that 
f(x) <0, Vxele-d,c+d[ 
Hence the theorem. 
Corollary. If fis continuous at the end point b of [a, b] and f (b) #0, then there exists an interval 
Jb - 6, b[ such that (x) has the sign of f(6) for all x in ]b — 5, 6). 
A similar result holds for continuity at a. 
Note: When c is an interior point of the interval, the theorem may be restated as: 


Ifa function f is continuous at an interior point c of an interval [a, b] and f (c) #0, then J a neighbourhood N ofc 
wherein f (x) has the same sign as f(c), for all x € N. 
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Theorem 8. [fa function f is continuous on a closed inter val [a, b] and f (a) and f (b) are of opposite 
signs (f(a) f(b) < 0), then there exists at least one point a ela, b[ such that f (a) =0. 


Let us suppose that f(a) > 0 and f(b) <0. 
Let S consists of those points of [a, b] for which f(x) is positive, i.e., 


Now 


S={x:a<x<ba f(x)>0} 


f(a)>0 > aeS>Sz¢ 


Also S is bounded above by b. 
Hence by the order completeness property, Shas the supremum, saya,wherea<a<b. 
We shall now show that 


(i) 
(ii) 
(i) 


(ii) 


a#a,a#b, and 

f(a) =0. 

First we show that @ # a 

Since f(a) > 0, therefore 3 a 5 > 0 such that 


S(x)>0, Vx ela,a+6[ 


= [a, at+o6o [ es 
= the supremum @ of Sis greater than or equal to a + 5 
= ata 


Now we shall show that a # b. 
Since f(b) <0, therefore 3 a 6 > 0 such that 
f(x)<0, Vx e]b-6,] 


=> 6 — 6 isanupper bound of S 

> asb-d>a#b 

We shall now show that f(a) + 0 and f(a) €0. 
If f (a) > 0, then 3 a 5>0 such that 


f(x)>0, Vxela-6,a+6[ 
> Ja-6,a+d[csS 


Let us choose a positive 6, < 5 such that a + 5, ela -d,a+ 6[ 


Amember @ + 6, of Sis greater than the supremum @ of S, whichis a contradiction. 


S(a)+0 


Let now St (a) <0, sothat Ja 6, > 0 such that 


f(x)<0, Vxela-5,,a+6,[ 


afl) 


Again, since @ is the supremum of S, therefore, there exists a member Pf of S, where 


a-—06,<fB<a such that 
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1(A)>0 

But from (1), / (8) <0, which is a contradiction. 

f(a) £0 
Thus, it follows that f(a) =0. 


Theorem 9, Intermediate value theorem. If a function f is continuous on (a, b] and f (a)# f(b), 


then it assumes every value between f (a) and f (b). 


Let A be any number between f(a) and f(b). We shall show that there exists anumber c € ] a,b [ such 
that f(c) =A. 

Consider a function ¢ defined on [a, b] such that 

#(x)= f(x) 4 
Clearly (x) is continuous on [a, b]. 
Also 
(a) = f(a) - A, and 9(b)= f(b)- 4 

so that ¢(a) and ¢(b) are of opposite signs. 

Thus the function ¢ is continuous on [a, b] and ¢ (a) and ¢ (b) are of opposite signs; therefore, by the 
previous theorem, 3 ¢ € ] a, b[ such that 


d(c)=0 
~ f()-A=0> f(c)=4 
Corollary. A function f, which is continuous on a closed interval [a, 6], assumes every value between its 
bounds. 
Since the function fis continuous on the closed interval [a, b], therefore, it is bounded and attains its 
bounds on [a, b], i.e., 3 two numbers @, f in [a, 6] such that 
f{(a)=M and f(A) =m, 
where M and m are, respectively, the supremum and the infimum of f- 
Since fis continuous on [a, 5], therefore, it is continuous on [, a] or [@, A] as the case may be, 
and consequently assumes every value between f (a) and f (f). 
Thus the function assumes every value between its bounds. 
We may sum up in other words: 
The range of a continuous function whose domain is a closed interval is as well a closed interval. 
Or, in still better words: 
The image of a closed interval under a continuous function (mapping) is a closed interval. 
Example 23. Show that the function defined on [0, 1] as 
f(x) =2x+LVxe)0, 1] 
f(0)=0 


does not satisfy the conclusion of the intermediate value theorem. 


Functions of a Single Variable (1) 171 


= The function fis bounded, but is not continuous on [0, 1], since / fails to be right-continuous at 
x=0. 
f(1) = 3 = Mand f(0) = 0 = m, but there is no ¢ € ] 0, I[ with /(c) = 1. It is easy to see that 
none of the intermediate values x €]0, 3[ are assumed by /- 
Theorem 10, Fixed point theorem. Iff is continuous on (a, b] and f(x) € [a, b), for every x € [a, 
b] then f has a fixed point, i.e., there exists a point, c € [a, b] such that f (c) = c. 

Suppose fis continuous on [a, b] and f(x) e [a, b] for every x e [a, b]. If f(a) =a or f(b) = b, 
then the theorem is proved, hence we assume that f(a) > a and f(b) < b. 

Let g (x) =f (x)-x, Vx e[a, b] 

Now g (a) > 0, g (b) < 0 and g is continuous on [a, b]. ‘0’ is an intermediate value of g on [a, b]. 
Hence by intermediate value theorem, there exists a point c ¢ Ja, b[ such that g (c) = 0. Then f(c) =c. 
Definition. A function fdefined on [a, ] is said to satisfy the intermediate-value property on [a, b] if 
for every x,, x, € [a, b] with x, <x, and for every A between /(x;) and f(x.) there is ac € ]x,, x,[ with 
SO =A. 

A function which satisfies the intermediate-value property on f, b] need not be continuous on [a, b]. 
For example, the function f(x) = sin 1/x with f(0) = 0 defined on [-2/z, 2/z] satisfies the intermediate 
value property but is not continuous at x = 0. 

Ex. 1 If satisfies the intermediate-value property on [a, b], then prove that fhas no discontinuities 
(of the first kind and removable on [a, b]). 

Ex. 2 Prove that if fis one-to-one and satisfies the intermediate-value property on [a, 5], then f is 
continuous on [a, 5]. 

(Hint: Monotone functions have no discontinuities of the second kind). 


Ex.3 If fis continuous on [a, b] and f(a) = f(b), then show that there exist x, y € Ja, b[ such that 
Sx) =f(). 


4. UNIFORM CONTINUITY 


Let fbe a function defined on an interval /. Then by definition, the function is continuous at any pointe €/ 
if for any € > 0, there exists a 5 >0 such that 
|f(x)- f(0)|< ¢, when|x—c] <6. 

For continuity at any other point d ¢ /, for the same €,a 5, > 0 would exist (not necessarily equal to 
6 ). There is in facta 6 corresponding to each point of/. The number 6 in general depends on the selection 
of € and the point c. However, ifa 5 could be found which depends only on € and not on the selection of 
the point c, such a 6 would work for the whole interval / on which fis continuous. In sucha case, fis said to 
be uniformly continuous on I. Thus, the notion of uniform continuity is global in character in as much as we 
talk of uniform continuity only on an interval. 

The notion of continuity is, however, /ocal in character in as much as we can talk of continuity at 
a point. 

It may seem to a beginner that the infimum of the set consisting of 5’s corresponding to different 
points of J would work for the whole of /. But the infimum may be zero. In general, therefore, a 5 
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which may work for the entire interval may not exist, so that every continuous function may not be 
uniformly continuous. 


Definition. A function f defined on an interval / is said to be uniformly continuous on J if to each 
€ >0 there exists a 5 > 0 such that 


f Go) —f (,) | < €, for arbitrary points x,, x, of J for which | x, —x, |< 6 
4.1 We shall now prove two theorems on uniform continuity. 
Theorem 11. A function which is uniformly continuous on an interval is continuous on that interval. 


Let a function f be uniformly continuous on an interval /, so that for a given & > 0, there corresponds 
a d >0 such that 


\f Gx) —f @2) |< €, where x,, x, are any two points of / for which 
|x, -m|< 6 


Let x €/, then on taking x, =x, we find that for ¢ > 0, 3 6 > 0 such that 
| F(x) f(2) 


Hence the function is continuous at every point x, € J, i.e., the function fis continuous on J. 


<e, when |x -x,|<6. 


Theorem 12. A function which is continuous on a closed interval is also uniformly continuous on 
that interval. 


Let a function f be continuous on a closed interval /. Let, if possible, f be not uniformly continuous on 
Then there exists an € > 0 such that for any § > 0, there are numbers x, y €/ for which 


|f(x)- SO) €e, when |x — y| <6 
In particular for each positive integer n, we can find real numbers x,, y,, in /such that 
|F(x,) — £(v,)| € &. when |x, —y, |< Vn (1) 
Now {x,} and {y,,} being sequences in the closed interval/, they are bounded and so each has at least one 
limit point, say £ and 77 respectively. 
As aclosed interval is a closed set, 
€el,nel 
Further since & isa limit point of {x,,}, there exists a convergent subsequence {X,, } of {x,} such that 
Xn, OS as k >. 
Similarly, there exists a convergent subsequence {Y,,, } of {y,,} such that ¥,,— 7] as k — 0. 
Again from (1), we find that 
|f(%,) - f(%)| < €, when |x,, =i 


The second inequality shows that 


< l/r, < \/k (2) 
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From the first inequality we find that in case the sequences {/(x,,)} and (f(y, )} converge, the 
limits to which they converge are different. 


We thus have two sequences {x,,} and {¥,,} both of which converge to & but (7(%, )} and 
{(,,)} do not converge to the same limit. 

So by Theorem 4 § 2.4, fis not continuous at £, for, otherwise, the two sequences FQ, )} and 
{/(¥n, )}. would converge to the same point f(é). 


Thus we arrive at a contradiction and so the hypothesis that fis not uniformly continuous on / is 
false. 


Hence, fis uniformly continuous on /. 
Example 24. Show that the function f(x) = I/x is not uniformly continuous on JO, 1]. 
a Clearly the function is continuous on ]0, 1]. 

It will be uniformly continuous on the given interval if fora given ¢€ > 0, 3 a 5 > 0, independent of 
the choice of points x and c in ]0, 1], such that 


<<€, when |x-c|<d 
xe 


or 


<é€,whenc-6<x<ct+06 Pe) 


Ifwe take c = 6, then the interval ]c - 5, c + 6[ becomes ]0, 26[ . Also condition (1) must hold for 
any x in this interval. 
But 
O-x 
Ox 
i.e., if we choose x sufficiently close to zero, then condition (1) is violated. 
Hence, 1/x is not uniformly continuous on ]0, 1]. 


>oasx>0, 


Aliter. 
If e= 5 and § is any positive number, then for > < 


1 1 
= 226 
n(a+l) n~ 


Therefore taking x, = if and x, = 


7 as any two points of the interval ]0, 1], we have 
n n+ 


|f(4)-S(%2)|=|2- (n+ I) = 1 >, whenever | x, — x,| <6. 


Hence, fis not uniformly continuous on ]0, 1]. 
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Note: The function (x) = 1/x is uniformly continuous on [a ¥ oof where a> 0. 


Example 25. Prove that f(x) = sin x is not uniformly continuous on (0, oof. 


a Let aay and 6 be any positive number such that for n > n/5° 


ni (n + 1x 
\ 2 | 2 
4 nw (n + l)z % 
Therefore, taking x, = Pg and x, = 5 as any two points of the interval [0, oo[ 


+1 
sin sn =1>6, 


|x, -x|<6 


<é 


Hence f (x) = sin x is not uniformly continuous on [0, ©[. 


Example 26. Prove that 


f (x) =sin A ee 0 
% 


=0, x=0 
is not uniformly continuous on [0, ool. 


=m Let €=— and 5>0 be such that 


n(2nz + 7) 


Qn+iz be any two points of (0, of, then 


nile 


<6, Vn2m. Taking x= 


and 


2mn 
) 


2 2 


1 
Im (2m+l)z 


=a ~ nam + I) 


<6 


does not imply 


[f(x)-F0)|= 


eo z 4 
sin mz — sin ma + | =l<eé 


Hence, sin isnot uniformly continuous on ]0, °[. 
x 


Example27. Show that the function f(x) =," is uniformly continuous on [-1, 1]. 
mn Let x,, x, be any two points of [-1, 1], then 
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(where 6 is independent of the choice of x,, x). 
Thus, for any €>0,4 a d=5e such that for any choice of x,, x, in [-1, 1], we have 
1 
[f(x — F(2)|<€, when |», -x]<ze=5 
Thus, the function fis uniformly continuous on [-1, 1]. 


Example 28. Prove that sin x is uniformly continuous on [ 0,00 E 


a Let €>0 be given. Let x,y €[0, of, then 


2sin( 2 = ~) cos(2 z *) 
2 2 


=|x-y|<€, whenever |x-yl<e 


|sinx - siny| = 


Therefore, taking 5 = € 
|sinx = sin y| < €, whenever |x - y| <é 


Hence, sin x is uniformly continuous on [0, no [: 


EXERCISE 


|. Show that the following functions are uniformly continuous in the given interval: 
() f@) =x in [1,2] 
() f@) =x in [0, 1] 
(iii) f(x)= vx in (0, 2] 
(\) f@) =x/(1 +2) on R. 
2. Show that the function f(x) =.7 is not uniformly continuous on [ 0,00 Le 
3. Show that the function f(x) = 1/7 is uniformly continuous on [ a,o [. where a> 0; but not uniformly continuous on 
] 0,020 E 
4. Determine which of the following functions are uniformly continuous on the indicated intervals: 
(i) fx) =x on [0, of 
OU) f(@)=tan' xonR 


(iii) Qe on ]0, of 
x 
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. eed for xe]l,2[, 


w 
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Iffand g are uniformly continuous on the same interval, prove that f+ g and f— g are also uniformly continuous 
on the interval. 


. Prove that if fand g are each uniformly continuous on the bounded open interval Ja, b[. then the product fg is 


uniformly continuous on Ja, Af. 

Prove that if fand gare each uniformly continuous on the interval / and if in addition each function is bounded on /. 
then the product /g is uniformly continuous on /. Is boundedness of each function on / necessary for the uniform 
continuity of the product? 

[Hint:  Boundedness of each function on / is not necessary; consider f(x) = g (x) = vx on [0, o-[ ]. 

Show by an example that a continuous bounded function on the bounded open interval Ja, b[ need not be uniformly 
continuous on Ja, b[. 

Prove or give a counter example: 

Iff(x) is continuous and bounded on R, then fis uniformly continuous on R. 


[Hint False, f(x) =sinx*, x eR] 


If fis continuous on bounded open interval Ja, b[, then prove that fis uniformly continuous on Ja, b[ ifff(a+) and f 
(b-) both exist. 


. Iffis continuous on [ a, ee [(or]-<2, b)) and lim f(x) G lim rs) exists, then prove that fis uniformly 
se ==) 


continuous on [a, oo [(or] —o9, }). Is the converse true? 


Prove that, if fis continuous on R, then fis uniformly continuous on every bounded interval of R. Is /then uniformly 
continuous on R? 


Iffiscontinuouson Rand lim f(x) and lim f(x) both exist, then prove that / is uniformly continuous on R. 
xaze 


re 


4. 


(i) No (ii) Yes (iii) Yes (iv) Yes. 


Functions of a Single 
Variable (Il) 


1. THE DERIVATIVE 


In this chapter we shall study the derivative, its existence and applications. We shall be concerned 
mainly with the real valued functions of a real variable, i.e., the domains and the ranges of the functions 
considered here will be sets of real numbers. 


1.1__Derivability at a Point 
Let f be a real valued function defined on an interval / =[a,b] C R. It is said to be derivable at an 


interior point c (where a < c <b) if 


lim Le49-fO orlim LO=LO 


hao h xe x-c 


exists. 


The limit in case it exists, is called the Derivative or the Differential Coefficient of the function fat 
x =c,and is denoted by f’(c). The limit exists when the left-hand and the right-hand limits exist and are 
equal. 


tim 2) = FCO) 5 eatten the Defend Derivative and is denoted by 


xoe-0 x -€ 


f(c- 0), f(e-) or Lf’(c), 


while tim LO-fO 


x3ct+0 x-c 


is called the Right-hand Derivative and is denoted by 


f'(e +0), f’(e +) or Rf(c). 
Thus, the derivative f’(c) exist when 
Lf'(c) = Rf(c) 


1.2 Derivability in an Interval 


A function f defined on [a, b] is derivable at the end point a, i.e., f(a) exists if, 


f(x) - f(a) 


x7a+0 x-a 


exists. 
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In other words, 


= tim L@-1@ 
a are 
£2) - SO) 


Similarly, it is derivable at the end point b, if lim exists. 


xob-00 xX 


Ifa function is derivable at all points of an interval except the end points, it is said to be derivable in 
the open interval. 
A function is derivable in the closed interval [a, b], if it is derivable in the open interval Ja, b[ and 
also at the end points a and b. 
If/ is not differentiable at x = a, then the upper and lower one-sided limits 
f(x) = f@ 


x >atorx>a-of will exist (possibly 0 or — 2). 
x-a 


These are denoted by D* f,D, f,D f,D_f respectively, and are called the Dini derivatives at a. 


For example, 


jim L= f£@) _ Gy fG+)-f@ 


D 
wee xoat =a h0+ h 

D* f(a) = Him LE0=F@) _ tim flat )= fla) 
x at xd) h>0+ h 


If D* f(a)=D, f(a)=!, then we say that the right hand derivative at a exists and its value is /. 
Similarly, if D” f(a)=D_ f(a)=m, then we say that the left hand derivative exists and is equal to m, 
where 


lim f(x) = inf sup {f(x):0<|x -a|< 6}, and 
lim f(x) = sup inf {/(x) :0<|x - a] < dt 
x>a d>0 


for f to be defined, bounded and real in 
Ja-6,a+6[,5>0 
If fis unbounded above in Ja — 6,a + O[, then lim f(x) = + and for fto be unbounded below 
lim f(x) =~». 
Example 1. Show that the function /(x) =,’ is derivable on (0, 1]. 


a Let x9 beany point of JO, I[, then 


ae 
_ x ; 
Sf'(%o) = lim © = lim (x + xy) = 2x9 
9% X— Xp XX 


At the end points, we have 
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2 


five the SOOT. tin ~ = in ee 6 
x30+0 x-0 130+ Xx x04 


f°) = tim SO f£@)~ f i. = fi lim (x +1)=2 
xs x= xol- 


x3l- x—-1 


Thus, the function is derivable in the closed interval [0, 1]. 


o 
oc 
Wu 
= 
oO 
= 
ab 
() 


Example 2. A function fis defined on R by 
f(y=x ifO0<x<1 
= feed 


= Consider the derivability at x = 1. 


iP= lim 


x3l- x —] 


Tu lim ae 
x=1 


mp SO fe 70 wi le 


xolt+ x —] 


Rf (1) = 
Lf (1) # RF() 
Thus, lim cat does not exist, i.e., f’(1) does not exist. 
ry x- 


Example 3. Consider the derivability of the function f(x) = | x | at the origin. 


f -fO 
. Left hand derivative = lim £@)- FO 
x30- x-0 
¢ fhe Flies 
x90 x 0 x 
Right hand derivative = lim £@)~ FO 


x04 x-0 


ci x 3 
lim al = lim —=1 
x30+ X x30+ Xx 


I 


Thus, 
f(O-)# f+) 
Hence, the function is not derivable at x = 0. 
Example 4. A function fdefined as : 
x? sin (I/x) if x #0 


so={ 0 if x=0 


is derivable at x =0 but lim f' (x) # f’(0). 
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0 


fx) = FO) _ lim = sin I/x 
x=0 x 


x0 


1 £7(0) = lim 


= lim (x sin I/x) =0 


x0 


From elementary calculus we know that for x # 0, 
ff’ (xX) = 2x sin (1/x) — cos (1/x) 


Clearly lim f(x) does not exist and therefore, there is no possibility of lim f(x) being equal to 
pay x 


f'(0). 


Thus, f’(x) is not continuous at x = 0 but f’(O) exists. 


2. _CONTINUOUS FUNCTIONS 


In this section we shall consider a relation between derivability and continuity, viz., 

derivability at a point = continuity at that point 

Thus, we shall prove that continuity at a point is a necessary condition for derivability at that point. 
Theorem 1, A function which is derivable at a point is necessarily continuous at that point. 


Let a function fbe derivable at x=c. 


Hence, f’(c) = lim £O)- FO exists. 
xc X¥-C 
Now 
f(o-fO= FO)=fO (x-c), (x#c) 
(@=c) 


Taking limits as x — c, we have 


lim {f() — f(C)} = lim [fete (x- of 
xe xe mE. 


oF [egies Fine 


xc x-c xe 
=f"): 0=0 


so that lim f(x) = f(c),and therefore, fis continuous at x= c. 
xc 


2.1 Itisto be clearly understood that while continuity is a necessary condition for derivability at a point, 
it is not a sufficient condition. We come across functions which are continuous at a point without being 
derivable there at, and still many more functions may be constructed. 

Consider the function f defined by 


f(xy=|x|, VreR 
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f(x) is continuous at x = 0, for 
lim f(x) = lim f(x) =0= f(0) 
x 30+ x0- 


But as shown in example 3, f’(0) does not exist. Thus, the function is continuous but not derivable 
at the origin. 


However, it was the genius of German mathematician Weierstrass, who gave a function which is 
continuous everywhere but not derivable anywhere, viz., 


f(x)= > = 0s (3"x), VxeR 
n=l 


Proof, however, is beyond the scope of the present book. 
Some Counter Examples 
1. f(x)=|2|+|x-1], VxeR 
Continuous but not derivable at x = 0 and x = 1. 

2. f(x)=|x-@| 
Continuous but not derivable at x = a. 
f(x) = x sin I/x if x #0 

=0 ; ifx=0 
Continuous but not derivable at the origin. 
4. f(x) =0 ifx<0 


be 


=x ifx>0 


Continuous but not derivable at x = 0. 


2.2 The existence of the derivative of a function at a point depends on the existence of a limit, viz., 


lim L£O)~ FO Therefore, keeping in view the corresponding theorems on limits, one can easily 
me 6x 


establish the following fundamental theorem on derivatives. 


If the functions f, g are derivable at c, then the functions f + 8, f-g8, f-g and flg (g(c) #0) are 
also derivable at c, and 


(ft8)'(c) = f'(c) = 8’(o) 
(f-8)'(o) = f (e)g(e) + F(c)g’(c) 
(f18)'() = {f(g — Fs’ (O}/8(0), if g(c) #0 
To illustrate the procedure, we prove the following theorem. 


Theorem 2. If fis derivable at c and f(c) #0 then the function \/f is also derivable there at, and 
Wfy (©) =-f'OAS OF 


Since f is derivable at c, it is also continuous there at. Again since f(c) #0, there exists a 
neighbourhood N of c wherein f does not vanish. 


ie) 
o 
Lu 
= 
a 
< 
= 
S) 
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Now 


Vi -VF) __ f@-fO =! wen 
x-c x-c f(x) fo’ 


Proceeding to limits when x — c, we get 


[ 1 } (os tin LED= UFO 


xc x-c 


ee ee ee 
f'(c) Fofeo {ro} 


Thus, the limits exists and are equals, — f’(c)/{f (c)}?. 


Note: Iffand g be two functions having the same domain Dand f + g orf.gbederivableat c € D, then fand gare 
not necessarily derivable at c. Consider, for instance 


Ix x #0 

(i) f(x) =4and g(x) =- f(x) 

0 x=0 

J+ gis derivable at the origin but fand g are not. 


x sin (I/x) x #0 
(i) f(x) =4and g(x) =x 
0 x=0 
Here fg is derivable at the origin, whereas fis not. 
Ui) f(x) =|x| and g(x) = -|x| 


f(x): g(x) = — 2°, so that f-g is derivable at the origin but the functions fand g are not derivable. 
Similarly many more functions may be constructed. 


|. Find the derivatives of the following functions at the indicated points: 
(i) f(x) = K,a constant, at x=c 
Gi) f(x)=xatx=0 
(ii) f(x) =Vx atx =4 
(iv) fQ@)=eF atx=x, 
2. Show that the function 
f(x) =|x|+]x- 1| 


is derivable at all points except 0 and 1. 


Functions of a Single Variable (II) 


x=0 


4 f@O= Fe sinl/x, x #0 


Prove that f(x) has a derivative at x =0 and that f(x) and f’(x) are continuous at x = 0. 


4. f(x) =(x-a) sin u 5 ee: 
x-a 


=0, x=a 


Show that f(x) is continuous but not derivable at x = a. 


wu 


Discuss the derivability of the following functions: 


25 eS) 
@ f@= Bay eal | ae 
1, O<x<l 
Ww F)= ee ed tad 


2x = 3, O'S xS2 
se foy={" -3, 2<x<4 
6. Show that the function f (x) = x |x| is derivable at the origin. 
7. Find the derivative of f atx =0, where f (x) = x? |x|. 
8 f@= |x| and g(x) = 3|x| x € R, show that f, g is not derivable at the origin but lim [f(x)/g(x)] exists and 
is equal to lim [f’(x)/g’(x)], when x — 0. 


9, Find Lf’(0) and Rf “(0) for the following functions: 


xtan! Ix, x #0 


(i) seo=| 


> x=0 
x(e!* — 1) 
—, * #0 
i) fQ)=)(e*sn?* 
0, x=0 


x(el® — eM) 
10, If f(x) = ($e *) 
0, x=0 


»x#0 


Show that fis continuous but not derivable atx=0 and Lf’(0) = — 1, Rf’(0) = 1. 


P J x” sin I/x, x #0 Zecetess Hg A 
Il. Examine the function £ where f(x) = for derivability at the origin. Also determine m where 
> Ge 


f’ iscontinuous at the origin. 


o 
oc 
fe 
o 
< 
= 
S) 
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\2. If functions fand g are defined on [0, [ by 


zi and 2@) -[70 dt: 


x 


f(x) = lim 


n 
xX + 


then prove that g is continuous but not derivable at x = 1. 


5. (i) Not derivable (1) Not derivable, Lf'(1) = 0, Rf'(1) = 1. 
(ji) Not derivable ; at x = 2, f’(4) =8. 


7. 0. 9.(i) -a/2, 2/2 (ii)-1,1. 
|. Derivable ifm > 1;m> 2. 


3.__ INCREASING AND DECREASING FUNCTIONS 


A function fis said to be increasing or decreasing at a point x = c according as the value of the function 
increases or decreases at that point with increase in x. Thus for any x in the neighbourhood 
Jc -6,c+6[, 0>0 ofc, 
f(e- 6) < f(x) < f(c + 6) for an increasing function. 
f(c- 6) = f(x) 2 f(c + 6) for a decreasing function. 
A function is increasing or decreasing in the interval [a, b] according as 
S(,) Pe S(%) or f(x) < I(x), Vv x, 2X, AX, x, € [a, 5], 


The function is strictly increasing or strictly decreasing if the strict inequality holds in the above 
relations, i.e., 


J (x2) > f(x) for a strictly increasing function, 
J (x2) < f(x) for a strictly decreasing function 
V x. >X, AX,,X) € [a, 5] 


A function is said to be monotone or monotonic in an interval / if it is either increasing in / or 
decreasing in J. 


It is said to be strictly monotone in J if it is either strictly increasing or strictly decreasing in J. 


3.1 Sign of the Derivative 


Let c be an interior point of the domain [a, b] of a function fand let f'(c) exist and be positive. 
By definition, 


Thus depending on the choice ofa positive € however small, 3 a positive number 6 such that 


f@)- flO _ 


t'(o) <¢€, when|x-c|<d,x#c 
x-¢ 
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or 
(x) — fc © 
f'(oe)-e< LO)= IO) f'(c) + €, when x €]c-6,c+6[,x#c o 
x= i€ Ww 
(f= 
x 
If € > 0 is selected less than /'(c), fete lies between two positive numbers and is therefore Es 
: Ss x 
itself positive. (s) 
Hence, 
L@)-fO , 0, when x €]e—6,c+6[,x#c. 
x-Cc 
Thus 


() f(x) - fc) > 0 or f(x) > f(c) and x € Je, c+6[, and 
(ii) f(x) < f(e), when x eJe-6,c[. 


From (/) and (ii), we see that f(x) is increasing at x = c. 


Y 


Hence, the function is increasing at c if f'(c) > 0. 
Similarly, it can be shown that the function is decreasing at x =c if f'(c) < 0. 
Let us now consider the end points. 
(«) At the end point a,3 an interval [a, a + d[, such that 
f(a) >0=> f(x) > f(a), for x e]a,at+ of 
f'(a) <=> f(x) < f(a), for x €Ja,a+ of 
(>) At the end point b,4 an interval ]b — 6, b], such that 
f'(b) > 0=> f(x) < f(b), for x €]b - 6, bf 
f'(b) <0 => f(x) > f(b), for x e]b — 6, bf 


Example 5. Show that log (1 + x) lies between 


i) 
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= Consider 
x 
f(x) = log (1 + x) — aa 


2 
x 


A ia i ate 
fi=— d= i =7 ns Var 


l+x 
Hence, f(x) is an increasing function for all x > 0. 
Also 

f(0) =0 
Hence for x > 0, f(x) >0. 
Thus 


x 
log (Le) > for x >0 


Similarly by considering the function 
2 


F(x) =x - — log (1+ x), 


oe 
2(1+ x) 
it can be shown that 

2 


log (1+ x) <x- 5 VSO. 


x 
2(1+ x) 
Ex. 1. Show that 

x? — 6x? +15x+3>0, Vx>0 
Ex. 2. Show that 


(i) <log(l+x)<x, Vx>0 


+x 


x 1 


(ii) <tan x<x, Vx>0 


1+x? 
Ex. 3. Show that 


(i) tanx>x,0<x<ahR 


Gi) 2< 9% c1,0¢|x|< an. 
a x 


Ex. 4. Show that 


axcgt tt cas[14 occ 
=x 
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Ex. 5. Show that 
2/(2x + 1) < log (1+ 1/x) < I//x(x +1), Vx>0. 


4. _DARBOUX’S THEOREM 


If a function f is derivable on a closed interval [a, b] and f'(a), {'(b) are of opposite signs then there 


© 
oc 
Lu 
= 
oa 
= 
ac 
(©) 


exists at least one point c between a and b such that f'(c) = 0. 
For the sake of definiteness, let us take f'(a) <0 and f'(b) > 0. 
Since f'(a) is negative, therefore, there exists a positive number 6, such that 
f(x) < f(a), Vx €ja,at+oi[ uly 
Again, since f'(b) is positive, there exists a positive number 6, such that 
T(x) < f(b), Vx €]b- 63, bf (2) 


Also, since fis derivable in [a, b], it is continuous in the closed interval [a, b]. Being continuous in 
the closed interval, it is bounded and attains its bounds. Thus if m is the infimum (g. /. b.), 3 a point 


c €[a, b]such that 
S(c)=m 


It is clear from (1) and (2) that c cannot coincide with a or b for otherwise there would exist points 
where the values of the function would be less than f(c). Thus, c is an interior point of [a, 5]. 


Now, we proceed to show that it is this point where f'(c) = 0. 
If f'(c) < 0, then 3 an interval Jc, c + 6;[, 5; > 0 suchthat V x €Jc,c+63[, f(x) < f(c)=m, 
which contradicts the fact that m is infimum of /- ; 
Again, if f'(c) > 0,4 aninterval Je — 64, c[, 54 >0 for every point x of which 
f(x) < f(c) =m, which again is a contradiction. 


Hence, the only possibility, f'(c) = 0. 


Note: If f'(a) > 0and f’(b) < 0, then proceeding as above, it can be shown that f'(d) = 0 where d €]a, d[ is 
the point where the function attains the supremum. 


Intermediate value theorem for derivatives. If a function f is derivable on a closed interval [a, b] 
and f'(a) # f'(b) andk, anumber lying between f'(a) and f'(b) then 3 at least one point c €]a, bf 
such that f'(c) =k. 

Let g(x) = f(x) — kx, xe[a, 5]. 

Clearly g(x) is derivable on [a, b] and 

g'(a) = f'(a) — k, g'(b) = f(b) -k 
Since k lies between f'(a) and f'(b). 
*. g'(a) and g'(b) are of opposite signs. 


.. g(x) satisfies the conditions of Darboux’s theorem. 


188 Mathematical Analysis 


Thus there exists at least one point c € Ja, b[ such that 
g'(c)=0 or f'(c) =k. 


Note: The derivative f’ (not necessarily continuous) satisfies the intermediate-value property, and so f’ has no 
discontinuities of the first kind or removable. As a consequence, it follows that, monotone derivatives are necessarily 
continuous. 


5. ROLLE’S THEOREM 
Ifa function f defined on [a, b] is 


(/) continuous on [a, b], 
(1) derivable on Ja, b[, and 


(i) f(a) =f(b), 
then there exists at least one real number c between a and b (a<c <b) such that f'(c) = 0. 


Since the function is continuous on the closed interval [a, b] it is bounded and attains its bounds. 
Thus, if m and M are the infimum (g. /. b.) and the supremum (/.w.b.) respectively of the function /, 
then 3 points c and d of [a, b] such that 


f(c)=mand f(d)=M. 
There are two possibilities: either m= M or m¥ M. 
If m= M, then fis constant over [a, 5] and therefore, its derivatives 
f(x) =0, Vx €[a, d]. 
When m # M, both of these cannot be equal to the same quantity f(a). At least one of these, say, m is 
different from f(a) or f(b), so that 
f(c)=m# f(a)>c#a 
fc =m# f(b) >c#b 
This means that c lies in the open interval Ja, b[. 
We shall now show that c is the point where f'(c) = 0. 
If f"(c) <0, then 3 aninterval Je, c+ 5,[, 5, > 0 for every point x of which f(x) < f(c) =m; 
which contradicts the fact that m is the infimum. 
If f'(c) > 0,4 an interval Je — 5,,c[,6, >0 for every point x of which f(x) < f(c) =m; 
which is also a contradiction. 


Hence, the only possibility is f’(c) = 0. 


5.1__ Interpretation of Rolle’s Theorem 


Geometric. Let the curve y=/ (x), which is continuous on [a, b] and derivable on Ja, b[ be drawn. 


The theorem simply states that between two points with equal ordinates on the graph of /; there 
exists at least one point where the tangent is parallel to x-axis. 
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Algebraic. Between two zeros a and b of f (x) (i.e., between two roots a and b of f(x) = 0) there 


exists at least one zero of f'(x). 


Ex. 1. Show that between two consecutive zeros of /'(x) there lies at the most one zero of f(x). 
Ex.2. Show that, for any real number, the polynomial 
f(x) =x° + x + k has exactly one real root. 


6. LAGRANGE’S MEAN VALUE THEOREM 
(First mean value theorem of differential calculus) 

Ifa function f defined on {a, b] is 

(/) continuous on [a, b], and 

(1!) derivable on Ja, bf, 
then there exists at least one real number c between a and b (c €]a, b[) such that 

y= 
fO-1@ _ poy 
b-a 
Let us consider a function 
O(x) = f(x) + Ax, x €[a, 5], 
where 4 is a constant to be determined such that ¢(a) = ¢(b). 
_ £0) - fa) 
b-a 


A= 


Now the function ¢(x), being the sum of two continuous and derivable functions, is itself 


(/) continuous on [a, 5], 
(ji) derivable on Ja, b[, and 


(ii) G(a) = G(b). 
Therefore, by Rolle’s Theorem 3 areal number c € Ja, b[ such that ¢'(c) = 0. 
But 
O'(x) = f'(x) + A 
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0=9'(c)=f'c)+A 


or 


_ £4) -1@ 
b-a 


Another Statement. If in the statement of the theorem, b is replaced by a + A, then the number c 


f(=-A 


between aand b may be written as a + 6h, where 0 < 6 < 1. Thus, 


f(a+h)— f(a) =hf'(a+ Oh) 


or 


f(at+h) = f(a) + hf'(a + Oh), where 0<0<1. 


6.1 Deductions 


|. Ifa function f(x) satisfies the conditions of the Mean Value Theorem and f'(x) = 0 for all 
x €]ja,b[, then f(x) is constant on [a, 5]. 
Let x,, x, (where x, < x,) be any two distinct points of [a, 4]. 
Hence by Lagrange’s Mean Value Theorem, 
FQ) -— $(%) 
—%, 


a) 1 


= f'(c) =0, where x, <c<x, 


Thus, 
F(X) = £(%) 


Hence, the function keeps the same value and is therefore constant on [a, b]. 


2. If two functions have equal derivatives at all points of Ja, b[, then they differ only by a 
constant. 


Ifa function fis (i) continuous on [a, 5], (ii) derivable on Ja, b[, and (iii) f'(x) >0, V x €]a, d[, 
then fis strictly increasing on [a, 5]. 


Let x,, x. (where x, < x,) be any two distinct points of [a, 5], then by Lagrange’s Mean Value 
Theorem 


F(X) — £(%) 
-x 


Ay ky 


= f'(c)>0, for x, <c< x, 
or 

L0%) — £(%)) > 09> f(y) > £04), for x, > x, 
Thus, fis strictly increasing on [a, 5]. 


4. If f’exists and is bounded on some interval /, then fis uniformly continuous on /. 


6.2 Geometrical Interpretation 


The theorem simply states that between two points 4 and B of the graph of fthere exists at least one point 
where the tangent is parallel to the chord AB. 
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Y Ya ice) 
oc 
oF wi 
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A B <x 
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—< | rs) 
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f(a)! if(b) f(a) 1 f(b) 
Oo a as a Oo b 


7. _CAUCHY’S MEAN VALUE THEOREM 
(Second mean value theorem) 


If two functions f, g defined on [a, b] are 
(/) continuous on [a, b], 
(1) derivable on Ja, b[, and 
(iii) g'(x) #0, for any x €Ja, I, 
then there exists at least one real number c between a and b (c € Ja, b[) such that 
f(b) = f(a) _ f£'() 
g(b)- g(a) g'(c) 

At the outset we notice that g(a) # g(b), for otherwise, in view of the conditions (i) and (ii) of the 
theorem, g(x) would satisfy all the conditions of Rolle’s Theorem and its derivative g'(x) would vanish 
for some x € Ja, b[ contrary to (iii). 

Consider the function 

A(x) = f(x) + Ag(x), x €[a, 5], 
where A is a constant to be determined such that ¢(a) = ¢(). 
__ £0-f@ 
g(b) — g(a) 
Now the function ¢(x), being the sum of two continuous and derivable functions, is itself: 
(7) continuous on [a, 6), ; 
(ii) derivable on Ja, b[, and / 
(iti) o(a) = o(b). 

Therefore, by Rolle’s Theorem J areal number c € Ja, b[ such that ¢'(c) = 0 

But ¢'(x) = f(x) + Ag'(x) 

> 0=9'(c) = f'(c) + Ag'(c) 


£0) __ ,_ f)~ fla) 


g'(c) © g(b) - g(a) / 
/ 
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\nother Statement. If two functions f, g defined on [a, a + A] are continuous on [a, a + A], derivable 
on Ja, a+ h{ and g'(x) #0 for any x €Ja,a+h[, then there exists at least one real number Q 
between 0 and 1 such that 

f(a+h)— f(a) _ f(a + 0h) 


» 0<@<\1. 
g(at+h)-— g(a) g'(a+ Oh) 


Corollary. Lagrange’s Mean Value Theorem may be deduced as a particular case, for g(x) = x. 


Note: Cauchy’s Mean Value Theorem cannot be deduced by applying Lagrange’s Mean Value Theorem separately to 
the two functions and then dividing, for, then we get 


LO-f/@ _ fa) 
g(b)— g(a) g'() 
where c, and c, may not be equal. 


Geometrical (Physical) Interpretation. We may write 


(£@) - fa@jy/b-a) _ f'© 


tg(b) — g(a)}/(b-a) — g'(c) 


Hence, the ratio of the mean rates of increase of two functions in an interval is equal to the ratio of the 
actual rates of increase of the functions at some point within the interval. 


Example 6. Show that 


v-u 1 v—u 


> <tan'y—tan'u< >, if 0<u<yv 
1+ l+ur 
and deduce that 
3 4A Abel 
—+—<tan —<—+— 
4 25 3 4 6 
a Let f(x) = tan”! x, then foru<x<v, 
1 
f'(x)=—S5 
L+x° 
Applying the Mean Value Theorem to/; we get 
-1 -1 
t y—t 
peat ees Le +, foru<E<yv 
v-u Being 
But 
‘ I 
é>u> -< = 
1+ l+ue 
and 
é<v> > ! > 
I+é l+v 


1 tan! y — tan! w 1 
< < 


z 
I+" v-u leu? 
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or 
v-u 4 41 v-u © 
<tan'v—tanu< . o 
l+v leu Ww 
‘ 4 = 
The other result follows by taking v= e and w= 1. oa 
4 
Example 7. Show that ae 
Oo 
SOS SIP = ace where 0<a<0<p<= 
cos B — cosa 2 


a Let f(x) = sin x and g(x) = cos x, for x €[a@, A]. 
‘ f'(x) = cos x and g'(x) = — sin x 
Funvtions f and g are both continuous and differentiable, therefore by Cauchy’s Mean Value 
Theorem on [a@, f], 
sin B — sina 2 e587 <0<B 
cosB—cosa —-sin@ 
or 
SHOUD 6-068 gud 20 
cos # — cosa 
Example 8. A twice differentiable function fis such that f(a) = f(b) = 0 and f(c) > 0, fora<c<b. 


Prove that there is at least one value € between a and b for which f"(&) < 0. 


a Let us consider the function / on [a, 6]. 


Since f" exists, f’ and f both exist and are continuous on [a, 5]. Since c is a point between a and 
b, applying Lagrange’s Mean Value Theorem to fon the intervals [a, c] and [c, b] respectively, we get 


LO - 9) _ p@, aed ee 
e-@ 
and 
LO- FO _ pug,), eek Sh 
b-c 
But 
f(a) = f(b) = 
f= £2 ana f'G,) =- a 
= 


where a<é,<c<é, <b. 
Again f'(x) is continuous and derivable on [&,, €,]. Therefore, by Mean Value Theorem, 


f'(&)- £'E) 


2 - 41 


=/f"(2), where €,<2< é, 
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Substituting the values of f'(€,) and f'(é,), we get 


ny. 2f( (_1 1 
f ee oe (+4) 


___-@-9f@ . 
&-&)6-9e-a) 


Example 9. Ifa function fis such that its derivative f' is continuous on [a, b] and derivable on 
Ja, b[, then show that there exists a number c between a and b such that 


1 2 
J (b)= f(a)+ Clas @z5b-a sO) 

a Clearly the functions fand /' are continuous and derivable on [a, 5]. 

Consider the function 

(x) = f(b) — f(@) - @- HS") -(- x) A 

where 4 is a constant to be determined such that ¢(a) = ¢(). 

a S(b) -— f(a) - (b- a) f(a) - (b- a)? A=0 aif) 

Now ¢(x), being the sum of continuous and derivable functions, is itself continuous on [ a, b] and 


derivable on Ja, b[ and also ¢(a) = ¢(b). 
Thus ¢(x) satisfies all the conditions of Rolle’s Theorem and therefore 4c € Ja, b[ such that 


$(c) =0. 
Now, 
O' (x) =— f'(x) + f(x) — (6 x) f"(x) + 206 - x) A 
& —(b-e)f"(c) + 2(b-c) A=9'(c) =0 
But 
b-c#0 
A=S i") 12) 


Hence, from (1) and (2) 


I (b)= f(a) + (b-a)f'(a)+ 5(o- ay f"c) 


Note: Motivation for ¢(x) is attained by replacing a by x and transposing all the terms to the right in the result to 
be proved. 


Example 10. Assuming f" to be continuous on [a, b], show that 


b-c_c-a 
b-a b-a 


f(©)- fla) f6)=s(~a)(e-)f"@) 


where c and & both lie in [a, 5]. 
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a We have to show that 


(ba) f(c)—(b-¢) f(a) -(c—a) f(b) = 50 —aye—alc—b) f"S) 
Consider the function, for x €[a, b] defined by 
G(x) = (b — a) f(x) — (b - x) f(a) — (x - a) f(b) — (b = a) (x - a) (x - 5) A 
where A is a constant to be determined such that ¢(c) = 0. 
(b — a) f(c) —(b-c) f(a) — (c — a) f(b) — (b — a)(e — a)(c — b) A=0 asi ht) 
Clearly ¢(a) = 0 = ¢(b), and ¢(x) is differentiable in [a, b]. 


Ke) 
oc 
Ww 
Ss 
a 
4 
ae 
(2) 


The function ¢ satisfies all the conditions of Rolle’s Theorem on each of the intervals [a, c] and 
[c, b] and therefore 3 two numbers &,, €, in Ja, c[ and Je, b[ respectively, such that ¢'(€,) = 0 and 
$'(S2) = 0. 

Again 

9 (x) = (b — a) f"(x) + f(a) — f(b) - (6 - a) {2x — (a +b) A 

which is continuous on [a, 5] and derivable on Ja, b[ and in particular on [€,, &]. 

Also $'(¢,) = ¢'(€,) =0 

Therefore by Rolle’s Theorem 4 € €]é,, €[ such that ¢"(&) = 0. 

Now $"(x) =(b-a) f"(x) -2(b-a)A 
so that 


f"-24=0,b4a 
or 


A= 3s", where a<b, <E<E: <b (2) 


From (1) and (2), the result follows. 


Example 11. Show that ae > ks , for0<x ee 
24 sin x 2 


a We have thus to show that 
‘ 2 
tan x x sin x tan x — x7 Ga 
——>0 or - > 0, for 0< x <—. 
x sin x x sin x 2) 


Since x sin x > 0, for 0 < x < 2/2, it will therefore suffice to show that sin x tan x — x7 > 0 


Let f(x) = sin x tan x — x? then for O<x<t, 


: 2 7 ‘ 2 
f'(x) = cos x tan x + sin x sec” x — 2x = sin x + sin x sec” x — 2x 


We cannot decide about the sign of /'(x) mainly because of the presence of the 2x term. 
The function /'(x) is continuous and derivable on ]0, 2/2[. 


A 2 
f"(x) = cos x + cos x sec” x + 2sin x sec” x tan x —2 


= (see x- {cos x) +2 tan? x secx>0, for0<x<2/2 


Mathematical Analysis 


Since the derivative f”(x) of f’(x) is positive, the function f’(x) is an increasing function. 
Further since f’(0) =0, therefore the function f(x) >0 for 0<x<a/. 


Again, since f’(x) >0, f(x) is an increasing function and because f(0)=0, the function 
f(x) >0, for 0<x<a/2. 
Thus it follows that 


tan x x 
==). 


— ., for 0<x<a/2. 
x sin x 


Note: The above inequality can be put in the form: 


sin x)” ua 
cos x < ,0<x<—. 
x 2 


x 


= 3 
x a 
Ex. Show that cos (= ‘) , for 0< <>. 


[ain : Take f(x) =x - sin x cos? x,0<x< I 


EXERCISE 


|. Examine the validity of the hypothesis and the conclusion of Rolle’s Theorem: 
() f(x) =x8 — 4x on[-2, 2], 
(i) f (x) =(x—a)” (x —b)", where mand nare positive integers on [a, b], 
(if) f(x) =1-(«- 174 on (0, 2], 
(ivy) f(x) =|x] on [-1, 0, 


(v) f(x) =1-|x-1] on [0, 2). 
2. Examine the validity of the hypothesis and the conclusion of Lagrange’s Mean Value Theorem: 


() f(x) =|x| on [-1, 1 


I 
Gi) f(x) =logx on [5] 


1 
(iii) F(X) = xQ¥-1) (x2) on [0 5} 


(ivy) f(x)= x!8 on (-1, 0). 


(vy) f(x) = 2x? -— 7x + 10 on [2, 5]. 
3, Deduce Lagrange’s Mean Value Theorem by considering the derivable function 
Ox) = f(x) — f(a) — A(x - a), x €[a, db). 
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10. 


. Ifa function fis twice derivable on [a, a +h], then show that 


Prove that between any two real roots of e* sin x = 1, there is at least one real root of e* cos x + 1=0. 
[Hint: Apply Rolle’s Theorem to the function e* — sin x.] 
A function fis continuous on [a — h, a + A] and derivable on Ja — h, a + h[, show that 
f(a-h)—2f(a)+ f(a+h) =h[f'(a + Oh) — f(a - Oh)],0<0<1 
[Hint: Use Mean Value Theorem for the function 
G(t) = f(a + th) + f(a — ht) on [0, 1]. 
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Sla+h)= f(a)+hf'(a) + + fa +6h),0<0<1 


If f’, g’ are continuous and differentiable on [a, 5], then show that for a<c<b. 
£6) = fa) - 6-9 f'@ _ f"O 
g(b) — g(a) -(b-a) g(a) g"(c) 
[Hint: Apply Rolle’s Theorem to the function 
G(x) = F(x) + (b= x) f(x) + Afg(x) + (b - x)g'(X)}] 
If f', @ and y are continuous on [a, 5] and derivable on Ja, b[, then show that there is a value c lying between a and 
b such that 


f(a) f(b) fo) 

oa) gb) $'(c)|=0. 

v(a) wb) y'(c) 
[Hint: Apply Rolle’s Theorem to the function 


f(a) f(b) f(x) 
g(x) =|¢(a) 6(b) 9x)/]. 
(a) wb) y(x) 
A function fis such that its second derivative is continuous on [a, a +h] and derivable on Ja, a + h[. Show that there 
exists a number @ between 0 and | such that 


3 
f(a + h)~ fla) SHS "(a) + fat h)} += f"(a + Oh) =O. 


If f(0) = 0 and f"(x) exists for all x > 0, then show that 


fix) 1 


F'(@) - = tafi(6) \Oe.<x> 
Bs 2 


Also deduce that if f(x) is positive for positive values of x, then f(x)/x strictly increases as x increases. 


. If f(x) and g'(x) exist forall x €[a, 5], and if g’(x) does not vanish anywhere on Ja, b[. Then prove that for 


some c between a and b, 
S(O) - fa) _ "© 
g(b)- gc) g'(c) 
[Hint: Apply Rolle’s Theorem to the function /g — gf(a) — /g(b)]. 
Apply Lagrange’s Mean Value Theorem to the function log (1 + x) to show that 
0<[log(l+x)J'-x' <1, Vx>0 
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13. If | f(x) - f| s(¢— y)’, for all real numbers x and y. Prove that fis a constant function. 


\4. Applying Lagrange’s Mean Value Theorem to the function 
f@= tan'x,xeR. 


Show that f and f’ both are uniformly continuous on R. 
\5. Find the range of the values of x for which the function x° — 6x" — 36x + 7, increases with x. 
16. Establish the following inequalities : 


2 3 2 3 
(i) eee = <log (1+ x) <x-~ +=, x>0 
De 3 (en) yaa) 


2 2 
(ii) —* <x log (1+ 1) <=, x30 
2(1+ x) 2 


2 x 


(iii) ~ ex -log (1+x)<——, - I< x <0 
2 2(1+ x) 


(iy) (eels hosel 
x 


(VY) x<-log (1— x) <x(I-x)1,0<x<1 


x 


(vi) x<sin' x< ,0<x<1 


x 
(vii) U20) <6 ill aarti as a0 
(vii) L+ xe" S1t+xe*, Vx 
(ix) xK(1+ x) Slog (1+ x)S$x,x>-1 


17. If g(x) =0 has two equal roots, show that g’(x) = 0 has one root equal to either. 


1. (i), (i) Both valid, (//), (4) and (v) not valid. 

2. (i) Not valid, (i) valid, (/V/) valid, ¢ = (6 — V21)/6, 
(‘v) Hypothesis not valid but the conclusion is valid, 
(v) valid, c = 4. 


15. x<-2andx>6. 


8. HIGHER ORDER DERIVATIVES 


We know that the existence of the derivative f’ of a function fat a point c implies the existence and 
continuity of the function in a neighbourhood of c. The derivative of the function f’ at c in case it 
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exists, is called the second derivative of f at c and denoted by f"(c). Evidently the existence of 
J'"(c) implies the existence and continuity of f’ in a neighbourhood of c. 

Higher order derivatives can be similarly defined. The derivative of /” 
called the nth derivative of fat c and is denoted by f”(c). 


n—1 


at c, in case, it exists is 


8.1 Taylor’s Theorem 


If a function f defined on (a, a + hi, is such that (i) the (n — 1)th derivative f"~' is continuous on 
[a, a + h], and (ii) the nth derivative f” exists on ]a,a+ h{, then 3 at least one real number @ between 
0 and 1(0<@<1) such that 

3 


2 he 
S(a+h)= f(a) +hf'(a)+ = f"a)+ ae +o 


Hn RM OP 
a Se om 


where p is a given positive integer. 


f” (a+ Oh) AT) 


First of all we observe that the condition (i) in the statement implies that all the derivatives 
f' fo uf"! exist and are continuous on [a, a + A]. 

Consider the function ¢ defined on [a, a + h] as 
(ath-xy 


W(x) = f(x) + (a+h—-x) f(x) + TT 


f(x) +... 


(a+th-x)"'! 
(n-1)! 
where A is a constant to be determined such that ¢(a + h) = (a). 


f" (x) + A(ath-x)? 


fla +h) = fla) + hf(a) += fra) +. 


ae . 
+ ""(a) + Ah? 2 
GD! Sf" (a) (2) 
Now, 
() fff", ..f"" being all continuous on [a, a + A], the function ¢(x) is continuous on 


[a,a+h]; 
(ii) the functions f, f',...,f"' and (a +h-— x)" for all r being derivable in Ja, a + A{, the 
function ¢(x) is derivable in Ja, a+ h[; and 
(iii) $(a +h) = @(a). 
Thus, the function ¢(.x) satisfies all the conditions of Rolle’s Theorem and hence 3 at least one real 
number @ between 0 and | such that ¢'(a + 0h) = 0. 
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But 
_ yl 
O(x) = ia sa f"(x) — Ap(a th =x)?" 
(iD! 
ley _ yeni 
0=¢(a + 6h) = a fa + 6h) — Aph?™ (1-0)?! 
m= Be 
© Bry ice 
=5 sO OT F(a 4Ony, h#0,0#1 Pye) 


p(n— I)! 
Substituting 4 from (3) in (2), we get the required result. 
Forms of Remainder after 7 Terms 

(/) The term 
_Hd=or” 
~ pl(n= 1!) 


which occurs after 7 terms, is known as Taylor’s remainder after n terms. The theorem 
with this form of remainder is known as Taylor’s Theorem with Schlémilch and Réche 
form of remainder. 


f"(a+ @h) 


n 


(ii) For p= 1, we get 
ney _ gyr-l 
R,= h"(1— @) 
(n-1! 
called Cauchy s form of remainder. 
(iii) For p=n, we get 


f"(a+ 6h) 


Rng 
R, =— f"(a+ Oh) 
n! 


called Lagrange s form of remainder. 


EXERCISE 


|. Prove Taylor’s Theorem with Lagrange’s form of remainder by considering the function 


(a+h-x)* 


O(x) = f(x) + (a+h—-x) f(x) + 7 Sf" (a) hice 
n=l 
(Wane fW + A(ath-— x)" 
(n—-1)! 


2. Prove Taylor’s Theorem with Cauchy’s form of remainder by taking the last term of d(x) as A(a +h — x). 


Second form of Taylor’s Theorem. If / satisfies the conditions of Taylor’s Theorem in [a, a + h] 
and x is any point of [a, a+ h] then it satisfies the conditions in the interval [a, x] also. 


Replacing a+ h by x or h by (x—a) in (1), we get 
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(x-a)"?! 


n-l 
gn | 


F(a) = fla) + (xa) f(a) + SS = Y ea a)t+...+ 


(x-a)" 
p{n-I]! 


(1-6)"? f"(a + Ax -a)) (4) 


where 0<6<1. 
The remainder after 7 terms can thus be written as 
_(x-a)"01-6)"? 


" pl(n= D1 
where c lies between a and x and depends on the selection of x. 


f"(c) 


8.2 _Maclaurin’s Theorem 


Putting a = 0 in (4), we have for x € ]0, A[ 


f(x) = f(O) + xf" Or “sO 


a =)! 
x" ay? 
pl(n — 1)!] 


is called Maclaurin’s Theorem with Schlémilch and Réche form of remainder. 


f"(@x) 


Cauchy s form of remainder (for p = 1): 
_ x" gy! 
. (n-1)! 
Lagrange s form of remainder (for p =n): 


f"(Ox) 


R" =~ "(6x) 
n! 


We have thus proved Maclaurin’s Theorem. Thus Maclaurin’s Theorem with Lagrange’s form of 
remainder may be stated as: 


If f""' is continuous in (0, h] and is derivable in }0, h{, then for each x €[0,h], there exists a 


number 6 between 0 and | such that 


Pad xt 


f(x) = f(0) + xf(0) ee 7 f"O +... —— GoD! fF 0) ay "(0x). 


8.3 Generalised Mean Value Theorem (Taylor’s theorem) 
Deduction of Taylor s Theorem from the Mean Value Theorem 


Let a function fbe such that (7 — 1)th derivative f”~' is continuous in [a, a + A] and its nth derivative 
f" exists in Ja, a + A[. Consequently, the functions f, f’, f” ... f" ‘exist and are continuous in 
[a, a +h] while f" exists in Ja, a + Af. 


fe) 
ao 
= 
a 
< 
Pe 
cS) 
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Consider the function 


Hs) = PO) + (a+ hfe) + AED pray. 
(a+h—x)"" na 
aa 


which, being the sum of continuous and derivable functions, is itself continuous in [a, a + h] and 
derivable in Ja, a + h[. Therefore by Lagrange’s Mean Value Theorem 3 a positive number @ between 0 
and | such that 


dla +h) = d(a) +h¢'(a + Oh) 


Now 
yy (ath-x)"" ,, 
‘oO——om f 
n-l n-1 
g(a + 6h = OO" pa + on) 
(n-1)! 
Also 
‘ en eyes 
Gla) = f(a) + hf'(a) + f"(a) ++ GD! f""(a) 
and 
d(a+h)=f(at+h) 
7 he ” fe | 
flat h= fla) +hf'@) + I"a) +4 TI) 
An(l— oy"! 7 
+ oe f"(a + Oh) 


where 0 < @ <1, which is Taylor's Theorem with Cauchy's form of remainder . 


Note: For n= 1, the theorem reduces to the Mean Value Theorem. For this reason Taylor’s Theorem is also called 
General Mean Value Theorem. 


8.4 Taylor’s Infinite Series and Power Series Expansions 


We have seen that 


n-1 


2 
Fa + hy = fla) + hf'(a) += fa) +. — f(a) + Ry 3) 
! (n-1)! 


where R,, is the remainder after n terms. 
The result can be interpreted in two ways: 


Functions of a Single Variable (II) 
()) The value f(a + A) of the function at a point may be approximated by a summation of the 


terms like is f(a) involving values of the function and its derivatives at some other point 
eT 
of the domain of definition. 
(ii) The value f(a + A) of the function may be expanded in powers of h. 


The natural question as to how far the R.H.S. of (5) correctly represents the L.H.S. is answered 
if the series 


2 
f(a) snp or sa) +... 


converges to f(a+ h). 


Z na-l 
Let S, = f(a) +h f(a) + Ha) Ze vaca f" (a), so that 
2! (n-1)! 
flat+h)=S,+R, 
Thus if R, — 0 asn — ©, wehave 


lim S, = f(a +h) 


n> 


ie., the infinite series 


ee tare 
f@+hf'a + Tf'"@ ++ f'@+— 
converges to f(a+ h). 
Thus we have proved that if a function f possesses derivatives of every order in [a, a + h] and 
Taylor’s remainder R,, > 0 as n > , then 


f(a) +hf"(a)+ =F") +..= f(at+h) 


The infinite series 


rh ne 
flat+hf(ayt+ a + qe @ +. (6) 


is called Taylor ’ series. It can also be looked upon as expansion of f(a + h) in powers of h. 


Similarly for x €[a, a +h], when lim R, =0, we have from (4), 


n> 


Fa) = fla) + x= a) f@ + SS pray .. 1) 


which is the expansion of f(x) in powers of (x —a). 


8.5 Maclaurin’s Infinite Series 


We may easily deduce from (5) or (6) that if f possesses derivatives of every order in [0, h[ and 
lim R, =0, then forall x €[0, A], 


neo 
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Fa) = £0) + xf'O) +f") + 


which is Maclaurin’s infinite series expansion of f (x) in powers of x. 
Note: In the above discussion the remainder R,, can be in any of the forms. 


Example 12. Show that the number 6 which occurs in the Taylor’s Theorem with Lagrange’s form 
of remainder after 7 terms approaches the limit 1/(7 + 1) as A approaches zero, provided that f” * ' (x) is 
continuous and different from zero at x = a. 

a Applying Taylor’s Theorem with remainders after n terms and n + | terms successively, we get 


n-1 


f(at+h) = f(a +hf (a) +..4 ——f" (a) + are + Oh) 
(n-1)! n! 
, I" on eS ae a 
f(a +h) = f(a) + hf"(a) +...4 —f" (a) +—— ff" (a+ Oh) 
n! (n+1)! 
These give 
h” he" pn! 
EE pn + 6h) =—f" pe n+l + 6) 
n! fe “ n! F°@) (n+ 1)! ve » 
or 
n n h n+l a 
f"(a+ Oh) — f" (a) =—— f”™ (a+ @h) 
n+l 
Applying Lagrange’s Mean Value Theorem to the left hand side, we have 
oh f" (a+ 0’@h) = oe f" (a+ @h) 
n+1 
or 


_ 1 f™ at Oh) 
n+l f"™ (a+ 06h) 
Taking the limit when h > 0, we get 


8.6 To illustrate the applications of these theorems we consider series expansion of the functions e*, 
cos x, log (1 + x), (1 +x)” by Maclaurin’s Theorem. 
|. Let f(x) =e* so that f"(x)=e*, Vn. 
Evidently f(x) and all its derivatives exist and are continuous for every real value of x. 
Let us now consider the limit of the remainder R,,. 
Taking Lagrange’s form of the remainder, we have 


n 


R, == f"(6x) =~ 6" 0<0<1 
ny 


n! 
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i) 


be 


. ee ae en eB 
lim R,, = lim a lim — |e’* =0 


ne noe n! noe n! © 

Thus the conditions of Maclaurin’s infinite expansion are satisfied. Now f (0) = 1 and & 

f"(0)= 1 for all integral values of n. AL 

Substituting these values in the Maclaurin’s infinite series, we have = 
2 3 

ef altxt +i t+. WreR o 


- Let f(x) =cos x, so that f"(x)= cos( Su +s). Va. 


Evidently f(x) and all its derivatives exist and are continuous for every real value of x. 
Taking Lagrange’s form of the remainder, 


Rae Len =~ cos "+ 05] 


n! n! 2 


Thus the conditions of Maclaurin’s infinite expansion are satisfied. 
Now 
f (0) = 1, f’() =0, f”"(0) =- 1, ..., f" (0) = cos (n 7/2) 
which is zero for 7 odd, and alternately +1,—1 for 7 even. 
Substituting in the equation 


f(x) = f(0) + x f(0) + = £0) +... 


we get 


2 4 6 


cos x= 1—-—-+—--—+... VxrER 
2! 4! «6! 


. Let f(x) = log (1+ x), for -1< x <1, then 


ey. aD SD 
=> 
f (1+ x)" 
Evidently f(x) and all its derivatives exist and are continuous for | x | < 1. 
Taking the Lagrange’s form of remainder, we have 
x" _€ 1! x" 


if ee 
R =2_ 76 =(-)"! 
a sal ren) n( + @x)" ) (| 
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(a) When 0< x <1, then0<6x<x< land 


Also: 3.0 agi 35s 
n 


R, 2 O0asn—> 0, forO<x<1. 
Thus, the conditions of Maclaurin’s infinite series expansion are satisfied for 0 < x < 1. 
(b) When-1<x<0. 
In this case x may or may not be numerically less than 1 + 6x, so that nothing can be 


n 
said about the limit of [=] when n— ce. Thus we fail to draw any definite 


conclusion from Lagrange’s form of remainder. Let us now see if the other form of the 
remainder is of any help. 
Cauchy’s form of remainder, 


au x"(1- ay" £"(8x) 7 (-p"' x" - 6)! 
a (n-1)! (1+ 0x)" 


n-1- 
(-1™! x" 1-6 : ew 
1+ 0x (1+ Ox) 


Now (1 — @) < 1+ 6x so that 
1+@ 


i 


n-1 
) > 0asn> &. 
e 4 


Also 
1 1 
< 
1+ 6x 1-|x| 


x" + Oasn— and 


and moreover it is independent of n. 
Thus, R, > Oasn > &. 
Hence, the conditions of Maclaurin’s series expansion are satisfied also when— 1 <x<0. 
Thus substituting the values f(0) =0, f"(0) =(—1)""' [(n—1)!] in Maclaurin’s infinite 
expansion, we get 
2 3 4 
log (1+ x) =x -—+—-—+..., for-I<x<l 
2, 3 4 
. Let f(x) = (1+ x)". 
Two cases arise according as m is or not a positive integer. 
(a) When m is a positive integer, f(x) possesses continuous derivatives of all orders upto m. 
Derivatives of order higher than m vanish identically. Consequently for n > m, R, > 0 
identically so that the conditions of Maclaurin’s expansion are satisfied. On substituting, the 
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values of f(0), f’(0),f”(0),..., f’"(0), We get the finite expansion 


mim—1) 3 


(+x)" =1l+mx+ Bsc 8", WR 


m 


(5) When m is not a positive integer, (1 + x)" possesses continuous derivatives of all orders 


provided x #—1. 


ie) 
o 
WW 
= 
a 
< 
x= 
oO 


Let-1<x<l. 
Taking Cauchy’s form of remainder, we have 


n 


x 
= 1-6)" f"(03 
n @—p!° y F(x) 
= me D (1 —6)""'! mim = 1)... (m—n +1) (1+ 0x)" 
* n-1 
-(a-8 ..(m—n+1)x It 2) (+6x)"" 
(n-1)! 1+ 0x 


We know for | x | < 1, 


m(m — 1)(m — 2)... (m—n + 1) @sbense, 


(n-1)! 
and 
n-1 

ad <1,s0that{ = | > 0asn> =. 

1+ 0x 1+ Ox 
Also 

(1+ Ox)" <(1+|x])",m>1,0<0<1 

and 


1 1 


(1+ Ox)""! =——__—_ < —___ 
meee G-[a) 


, when m< 1 


Thus R, > 0 when n > ©, for |x| <1. 

Hence, the conditions of Maclaurin’s infinite expansion are satisfied. 

Making the substitutions f(0) = 1, f’(0) =m, ...,f"(0) =m(m-— 1)... (m—n +1), we 
get 


m(m — 1) ga. m(m — 1) (m— 2) 3 


m_ 
(+ x)" =1+mx+ Ti 31 


+... for|x|<1 


Note: When mr is not a positive integer the expansion is not possible if |x| > 1, for then as 


n 
> 00, HS) Bi a wa and so R,, does not tend to zero. 
n— 1): 
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EXERCISE 


|. Expand, if possible, sin x in ascending powers of x. 


2. Assuming the validity of expansion, show that 


é De Oh 2exe 
(i) e* cosx=1+ x -—— —-—— - 
3! 4! 5! 


(i) log sec x = 


at, xo mi4 n(x - 2/4)? 
4° 14776 4(1+ 77/16)? 


red (ce oni 6 
(iv) sn(E+a)= [1+ 0- mares 


- 3) 
roy= sen 5=# (S28). a) (24) 


(x-a)° (es 
7 32(5)! f 0) }+-J 


3. Use Taylor’s theorem to show that 


(ii) tan7! x = tan 


5 


Pa 
() cosx21—- ar for all real x. 


3 
x eo 
(ii) ta <sinx <x, forx>0 


3 3 5 
x x x 
x—-—<sinx<x-—+—, Vx>0 
(iii) 6 6 120 
x? x 
(iv) LS RSME eS orl x>0 


4. If 0< x <2, then prove that 


x-1? (@-)? («-* 
( = A a at a - 
5. If f(x) =exp (-1/’), for x #0 and f(0) = 0, then show that 

() f"(0) =0, for all n = 0, 1, 2,..., and 

(/i) The Taylor’s series for f about 0 agrees with f(x) only at x = 0. 


log x =(x-1)- 


[Hint: First, prove by induction that, for any x # 0, 
f'"(x) = exp (-I/x?) P, (I/x), 
where P, is a polynomial of degree 3n. Second, using e* > x"/n! (x > 0), show that 
Jim exp (- 1/x?) PA/x) =0, 


where P is any polynomial. Then apply induction to prove (i).] 
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MAXIMAAND MINIMA, INDETERMINATE FORMS 


In this chapter we shall discuss applications of Taylor’s theorem to two types of problems: (a) extreme 
values of a function, and (5) the evaluation of certain limits, popularly known as Indeterminate Forms. 


1. EXTREME VALUES (Definitions 


Let c be an interior point of the domain [a, 5] of a function 


Definition 1. The point c is said to be the stationary point and f(c), the stationary value of the 
function fif f’(c) = 0. 
Definition2. The function fis said to have a maximum value (a maxima or a maximum) at c if f (c) is the 
greatest value of the function in a small neighbourhood Jc — 6, c + 6[, 5 > Oofe. 

Thus forall xe Jc— 6,c +6], x #c, we have 


F()>F@) 


> F(x) —f(©) is negative, for all values of x in Jc — 6, c + O[ other than c. 


Definition 3. f(c) is said to be the minimum value, a minimum or a minima if f(c) is the least value of 
the function in a small neighbourhood Jc — 6, c + 6[ of c. Thus for all xe Jc— 6,c + d[, x#c, 


F(c) <f@) 

= F(x) —f(©) is positive, for all values of x in a deleted neighbourhood Jc — 6,c + 6[ ofc. 
Definition 4. The function fis said to have an extreme value at c if f(c) is either a maximum or a 
minimum value. Thus at an extreme point c, f(x) —f(c) keeps the same sign, for all values of x in a deleted 
neighbourhood Jc — 5, c + 6[ ofc. 
1.1__ANecessary Condition for Extreme Values 
Theorem 1. Jff(c) is an extreme value of a function f then f’(c), in case it exists, is zero. 

For the sake of definiteness, let us assume that f(c) is a maximum value. 

Hence 5 a § > 0) such that 

fix<f(c), Vre Je-6,c+d[,x#c 
Incase f’(c) exists, there are three possibilities: 


f'(c)>0, £0) <0, fe) =0 
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If f(c) >0, then J an interval Jc, c +6,[,0<6,<6 for every point of which f(x) > f(c), 
which contradicts the fact that f(c) is a maximum value. 
Againif f’(c) < 0, then J aninterval Jc — 6,, c[, 0 < 6,< 6 forevery point of which f (x) > f (c) 
which again is a contradiction. 
Hence, the only possibility, f’(c) = 0. 
Remarks: 
1. The above theorem states that if the derivative exists, it must vanish at the extreme value. A function may however 
have an extreme value at a point without being derivable there at. Consider, for example, the function f(x) =| x |, 
which has a minimum at the origin even though f’(0) does not exist. 


2. The vanishing of the derivative at a point is only a necessary condition for the existence of an extreme value, it is 
not sufficient. Functions exist for which the derivative vanishes at a point but do not have an extreme value there 
at, e.g., f(x) =x° at x = 0, so that the stationary points are not necessarily points of extreme values. 


1.2 Investigation of the Points of Maximum and Minimum Values 


Ata point of extreme value the derivative of the function either does not exist or in case it exists, it must 
vanish. 

Let c be an extreme point of a function f with domain [a, 5]. If c is a point of maximum value, then 
3 aneighbourhood Jc — 6, c + 6[ of c such that 

T(x) <f(c), Vxelce-6,c+6[,x¥c 

Hs f(x) <f(c), Vxe]ce-6, cl 
= fis increasing (to f(c)) in a small interval to the left of c. 

Again 

Ff) <f(O, Vxele,ct+ 6[ 
=> fis decreasing (from f(c)) in a small interval to the right of c. 

We may therefore state: 

c is a point of maximum value if the function changes from an increasing to a decreasing function 
as x passes through c. Therefore, in case f is derivable, the derivative changes sign from positive to 
negative as x passes through c. 

It can similarly be seen that c is a point of minimum value if f changes from a decreasing to an 
increasing function and in case fis derivable, the derivative f’ changes sign from negative to positive as 
x passes through c. 

Notes: 

1. Itappears that f’ is a decreasing (increasing) function in a neighbourhood of the point of maxima (minima) and 
therefore the second derivative f” in case it exists, would be negative (positive) at such a point. 

2. The above conditions are sufficient but not necessary. 


1.3 Before discussing the subject further, let us investigate the extreme values in a few cases. 
Example 1. Examine the function (x — 3)° (x + 1)* for extreme values. 


a Let f(x) =(e-3) + 1) 
f’(x)=(x-3) (x +1) (9x-7) 
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The function is derivable for all x¢ R and the derivative f’ vanishes for x =—1, 3, z which 
may now be tested for extreme values. 
(a) x=-l 
f’ is positive for a value of x slightly less than —1, and negative for slightly greater than -1. 
Thus f’ changes sign from + to — as x passes through —1. 
Hence, —1 is a point of maximum value. 
(b) x=3 
f’ remains positive as x passes through 3. 


Hence, x = 3 is neither a maxima nor a minima. 
4 
(c) x=— 
9 
ei , 7 sa 
Since f” changes from — to + as x passes through 5 therefore, fhas a minimum value at 
==. 


9 


Example 2. Prove that a conical tent of a given capacity will require the least amount of canvas when 
the height is v2 times the radius of the base. 


= Letthe tent be a cone of semi-vertical angle @ and radius of the base r. The volume I’is fixed, while the 
surface area S has to be the minimum. 


Now i 
V=zar cota iy 


S=ar° cosec a (2) 
Differentiating (1), we get 


2 3r* cot att —rcosec?a|=0 
3 da 


dr _ rcosec*@ 


ee da 3coa 
Again from (2), 
dS [ dr 
— =2| 2r cosec a— — r° cota cosec @ 
da da 
2 
= BE Eee [2 cosec”ar — 3 cot"ar| 
3 cot a 
ar 
= [2 = cota] 
3 cos @ 
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as 6) when cot a=V2 
da 


> a =cot! V2. 


Also dS/da changes sign from negative to positive as @ passes through the value cot! 


Therefore S has a minimum value at a = cot! V2. 

Hence, the height of the tent = r cot a = rV2 = V2 times the radius of the base. 
1.4 In most cases the conclusion of § 1.2 suffices to determine the points of extreme values but to 
simplify the matters, recourse may be had to higher derivatives. In that context the following theorem 
will prove very useful. 
Theorem 2. Ifc is an interior point of the domain of a function fand f"(c) = 0, then the function has 
a maxima or a minima at c according as_f"(c) is negative or positive. 

The existence of f”(c) implies thatfand /’ exist and are continuous at c. Continuity at c implies 


the existence of fand f’ in a certain neighbourhood Je — 6, c + d[ ,6 > 0 of c, the neighbourhood 
being itself contained in the domain of /- 


Let f"(c)>0. 
This implies that f’(x) is an increasing function of c. 
=> f'(x)> f'(c) =0, Vxele,c+5,[,6,<6 


and 
f'(x)<f'(c)=0 Vxeje-6,e[ 
Thus first implies that /’(x) is positive and hence fis an increasing function in Jc, c + 6,[, ie., 
f@)>f(c) in Je, e + 6). 
Similarly f(x) >f(c) in Je — 6, e[. 
The last two results imply that 
f(x)>f(c), ¥xe]e-6,¢46 [.x#e. 
= f has a minima at c. 
Similarly f"(c) <0 = f(x) has a maxima at c. 
Example 3. Examine the function sin x + cos x for extreme values. 
a Let 
f(x) = sinx + cosx 
f(x) = cosx — sinx 
Sf" (x) =-sinx — cosx 
Jt'(x) = 0 when tan x= 1, so that 


au 
x=nt+— 
4 


where 77 is zero or any integer 
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1 . 1 1 
f" me +t) = sin mes ta] +008 mm +t 
4 4 4 


= (-1y"" (sin +005) = (ay 


Also {ne + ta) =sin [na + 5a] + 00s [na + ta)=(-1)"V2 


2 7 1 
When n is zero or an even integer, f"(nz + 7/4) is negative and therefore x = nz + ae makes 
f(x) amaxima with the maximum value V2. 


: 5 i bse 2g 1 
When n is an odd integer, f" (nz + Fi) is positive and therefore x = nz + rig makes f(x) a 
minima with the minimum value 2. 
1.5. Incases where the second derivative vanishes, the above theorem fails to give any result. In those 
cases, we make use of still higher derivatives, and the following theorem proves very helpful. 
General Theorem. Ifc is an interior point of the domain [a, b] of a function f and is such that 
(i) f'(c) = f'(c) = f"(c) =. f?(e) =(0,and 
(i) f'"(c) exists and is not zero, 
then for n odd, f (c) is not an extreme value, while for n even f (c) is a maximum or minimum value 
according as f"(c) is negative or positive. 
Condition (ii) of the existence of f”(c) implies that f, f', f",..., ”~' all exist and are continuous 
at c. Also continuity at c implies the existence of f, f’,..., f"~' in a certain neighbourhood 


Jc-6,,¢+6,[ ofc, 5,>0. 
As {"(c) #0 there exists a neighbourhood Jc — 6, c + 6[, 0 <6 < 6, such that for f"(c) > 0, 


f" '(x)< f" '(c)=0, xe]e-6,c[ 

and (1) 
f"'(x)>f" '(c)=0, xe ]e,c+6[ 

and for f"(c) <0, 

and (2) 


aa coe a | 
f(x) <f" '(c)=0,xe]e,c+ 5 


Again for any real number/, where |/| < 5, we have by Taylor’s Theorem 


po 


-1)! 


f’'(c+ 0h) (3) 


Flo+)- fle) M'()+% pro) ++ Hp (e408), 0<0<1 


Bical 
(n-1)! 


where c+@O0he]c-—6,c+6[. 


or f(et+h)-f(c)= 
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For n odd: Clearly h"~' > 0 for any real number /, and further: 
(7) When f"(c) > 0, we deduce from (1) that for / negative, (c + @h) is in [¢e — 6, c[, and so 
f"\(c + Oh) <0, and for h positive, f”~'(c + Oh) > 0. 
Thus from (3) 


f(c+h)< f(c), whene-S<c+h<e 
and 
f(e+h)> f(c), whene<ce+h<ct+6 
Thus f(c) is not an extreme value. 
(ii) When f"(c) <0, it may similarly be shown that f(c) is not an extreme value. 


Forneven: As h"~' is positive or negative according as / is positive or negative, we deduce as before 
from (1) and (3) that if f"(c) > 0 then for every point x=c +he]e—06,c+0| exceptc, 


Set h)> fe) 
i.e., f(c) is a minimum value. 
It may similarly be deduced from (1) and (3) that /(c) is a maximum value if f"(c) < 0. 


Notes: 

1. Asaconsequence of the above theorem, if f’ vanishes atc, then c is a point of maxima if Sf" (c) <0 anda minima 
if f"(c) > 0. 

2. Extreme value exists only if the first non-zero derivative is of even order. 


Example 4. Examine the function (x — 3)° (x + 1)* for extreme values. 
a Clearly / is derivable. 
Let f(x) = (x — 3) (x + 1)* 
f'(x)=(x—3)' (x41) [9x -7] 
f"(x)=8(x —3) (x +1) (9x? + 14x +1) 
f(x) =24(x 3) (x + 1)(21x° - 49x? + 7x +13) 
f? (x) =24(x — 3)(3x -1)(2105 - 492° + 7x + 13) 
+ 168(x +3) (x +1)(9x?- 14x +1) 
S” (x) = 48(3x — 5)(21x° - 49x? + 7x + 13) 
+ 336(x —3)(9x? = 14x + 1)(3x- 1) 
+ 336(x —3) (x +1)(9x - 7) 


‘ 4 
Now /” vanishes for x =—1, 3, = 
Let us now test these for extreme values. 
Atx =-l, f” is the first non-vanishing derivative and this is negative. Thus x =—I is a point of 
maxima. 
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Atx=3 the first non-vanishing derivative is the fifth which is of odd order. Therefore, the function 
has neither maximum nor minimum at x = 3. Such a point is called the point of inflexion of the function. 


Atxy= 3 J" is the first non-vanishing derivative and is positive and therefore it is a point of minima. 


EXERCISE 


3 
|. Show that the maximum value of the function (x — 1) (x — 2) (x — 3) is Or at x=2—-— ae 


Ta 


2. Show that x° — 5x* + 5x° — 1 has a maxima atx = 1 and a minima at x = 3 and neither at x= 0. 
3. Find the maximum and the minimum as well as the greatest and the least value ofx> — 12x” + 45x in the interval [0, 7]. 
4. Find the maximum or minimum of 
xt 
(x=) (2-3) 


5, Show that the maximum value of (1/x)* is e'”. 
6. Show that the maximum value of (log x)/x in 0 < x < & is I/e. 


7. Show that sin x(1 + cos x) is maximum at x = 77/3. 


8. If(v—a)?"(x—b)>"*!, where m and n are positive integers, is the derivative ofa function fthen show that x= b gives 
a minimum but x = a gives neither a maximum nor a minimum. 


9. Show that the semi-vertical angle ofa cone of maximum volume and of given slant height is tan! 2, 


10. Show that the volume of the greatest cylinder which can be inscribed in a cone of height 4 and semi-vertical angle 
a is (4/27)2h* tan” a. 


||. Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius ais 2a/V3. 


ANSWERS 


3. Max 54, min 50, greatest 70, least 0. 


6 
4. Max at ie min atx=0. 


2. INDETERMINATE FORMS 


We shall now discuss the evaluation of limits of functions generally known as /ndeterminate forms. 
They are not indeterminate but have acquired this name by usage of the word. 


In general, the limit of @(x)/y(x) when x > a, in case the limits of both the functions exist, is 
equal to the limit of the numerator divided by the limit of the denominator. But what happens when both 
these limits are zero? The division (0/0) then becomes meaningless. A case like this is known as 
Indeterminate form. Other such forms are 20/00, 0 x 20, 00 — 0, 0°, 1”, and 0°. Ordinary methods of 
evaluating the limits are of little help. Particular methods are required to evaluate these peculiar limits. 
We shall now discuss these particular methods, generally called L’ Hospital rule, due to the French 
mathematician L’ Hospital (also called L’ Hospital). 
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It should, however, be clearly understood, that in what follows, we do not find the value of 0/0 or 


of any of the other indeterminate forms. We only find the limits of combinations of functions which 
assume these forms when the limits of functions are taken separately. 


2.1 


It will be of help to remember the following points concerning the limits and continuity: 
(i) lim f (x)=1 
xa 
i.e., the function fis defined for every point ¢ of the deleted neighbourhood Ja — 6, a+ 6[ 
ofaand f(€) 91 as Ga. 
(ji) Continuity of f(x) at x =a => lim f(x) = f(a), 
xa 


ie., the function fis defined for every point § ofa neighbourhood Ja — 6, a+ 6[ ofaand 
f(O) > f@ as § >a. 


(iii) lim —~< £ ‘) 


=! (#0ore), then 
re B(2) 


(a) lim g(x) #0 (or -) = lim f (x) exists finitely 
xa xa 


(b) lim g(x)=0 (or ce) = lim f (x)= 0 (or ~) 


for 
lim f (x etn G ae g(. o}tm( 3 im g(x) =1- (lim g (x)) 


Indeterminate Form, 0/0 


We shall now discuss some theorems concerning the indeterminate form 0/0. The reader will do well to 
note the differences in the hypothesis and the line of proof of the theorems. 


Theorem 3. Iff, g be two functions such that 
(0) lim f(x)= lim g(x)=0 and 
(ii) f’(a), g(a) exist and g’(a) #0 then 


one) /@) 
xa g(x) g(a) 
Since the functions fand g are derivable at x = a, therefore, they are continuous there at, i.e. 
lim f (x)= f(a) and lim g(x)= g(a) 
Thus from condition (i), f(a) = 0 = g(a). 
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Also 
F)- £4) _ jpg LO) 


xa x-a 


f’(a)= lim 


and 
£(a)= tin = 8) 
£0) _ jy £9 
g(a) g(x) 


Note: Condition (/) can be replaced by f(a) = g(a) = 0. 


Theorem 4. L* Hospital’s Rule for 0/0 form. Iff, g are two functions such that 


(9 Him £(s)= tim (x)= 0, 


Nw 
iam 
Ww 
= 
o 
<= 
<= 
O 


(ii) f’(x), g(x) exist and g’(x) #0. V xe Ja-6,a+ 5[,6 >0 except possibly at a, and 


, 


(iii) lim —_~ exists, 
xa g (x) 


tn ay re) 


Let us define two functions F and G such that 


then 


f (x), V xe Ja-5,a+6[ except a 
F(x)= lim f (x), at x=a 


g(x). V xe Ja-6,a+6[ except a 
OU) Sais g(x),atx=a 


Clearly F and G are continuous and derivable on Ja— 6, a + d[ except possibly at a. 
Also, since 


lim F (x)= lim f (x)= F (a) 
and 

lim G(x) = lim g(x)=G(a) 
hence F and G are continuous at a as well. 


Let x be a point of Ja—6, a + O[ other than a. 
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For x > a, F and G satisfy the conditions of Cauchy’s Mean Value Theorem in [a, x], so that 
F(x)-F(a)_ F'() 
G(x)-G(a) G() 


But Fla) = 0 = Gla) 
F()_F@) 
G(x) GE) om 


Proceeding to limits, 
a0)», FO) 5, EO 
jy G(x ‘yo Aim, GS "6 ) x3a10 G “(x :) 
FE) jig LC) 
its g(x 9) xat g “(x) 
For x <a, we can similarly prove that 


Ome) 


xa-0 g(x) xa-0 g A(x ) 


=> 


Hence 
Pe ee 
xoa g(x) Ee g(x) 


It may be noted in the above theorem that if g’(x) = 0 at any point of the interval Ja-d, a + d[, 
then f’(x) also vanishes there at so that f’(x)/g’(x) then takes up the indeterminate form 0/0. In such 
situations we have to proceed to the next two theorems which may be considered as generalisations of 
these theorems and may be proved by repeated applications of the above theorems. 


Theorem 5. Generalised L’ Hospital’s Rule for 0/0 form. Iff, g be two functions such that 


() f°), g(x) exist, and g'(x) #0 (r = 0, 1, 2, ..., n) for any x in ja—6,a+ 6[ except 
possibly at x = a, 


‘ vs Mtn: PAS... Lien HOSS 
in =. lim f(x) =lim f’(x)=...=lim f"~'(x)=0 
lim g(x) =lim g’(x)=...= lim gtet (x) =0 
and (iii) lim f (x) exists , then 
xa g "(x) 
L(y C0 


Theorem 6. Iff, g be two functions such that 


lim f (x) = lim f’(x)=...= lim f"~'(x) = 


()) whenx > a, 
lim g(x) =lim g ‘(x)= 


[Hint: Using Theorem (3) it can be easily seen that 
nt n 
jn 7) _ (a) 
xa g ( x) g (a) 


Also repeated applications of theorem (4) gives 


NG tah 


re g(x) g(a) 


Remark: The rule in the form of theorem 4 or 5 is more useful than the other forms because we may cancel out 
common factors or affect any other simplification in the quotient "(x)/g'(x) before proceeding to the limits. Also 
repeated application of the rule is possible in this form. 


L? Hospital's rule holds even in the case when each f(x) and g(x) tends to «6 when x > a or when x > ©. Theorems 
7 and 8 will show how these cases can be handled in an exactly similar fashion. 


Example5. If f" exists inthe nbdofx=aand f(a) exists. Show that 
fim f(a+2h)-2f(a+h)+ f(a) 


10 he 


exists and is equal to f(a). Give an example to show that the limit may exist even though /"(a) does 
not exist. 


Hence 


tim 2£ (4+ 2h) -2F'(a+ I) _ tiry lee +2h) Ae -( +h) =) 


hv 2h h0 


Then by theorem 5, 


it (2 + 2h) - ats + Asa) 


exists and is equal to f(a). 
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Theorem 7. L? Hospital's rule for infinite limits. If f, g be two functions such that 
(i) lim f (x) = lim g(x) = 0. 
X00 X00 
(ii) f’(x), gd) exist, and g(x) #0, Vx>0 except possibly at -, and 


(iit) tim 2 ‘() 
= PG) 


exists, then 


in Fe ‘() 
woe g(x) = g’(x) 
Let us put z = I/x so that z-40+0 as xo, and define two functions F and G where 
F(z) =f (1/2) and G(z) = g(1/z). 


We see that the functions F and G satisfy the conditions of Theorem 4, viz., 


(i) lim F(z Sy lim, (ok )=0, 


230+0 


(ii) F(z), Gz) existand Gz) #0, V z in J—6, d[ except possibly atz=0, and 


F(z) 


(iii) jim: ca 
Consequently, 
Bie, 2 
Barly G(z y- 390+0 G’(z) 
£0) _ i, £0) 
=> 


ga) 3) 


2.3 Indeterminate Form, 00/c 

If f(x) and g(x) both tend to © as x > a then lim FG) 
x9a g(x 

rule for this indeterminate form when x tends to a finite limit a. The rule, however, holds good even for 

infinite limits, x — co and may be deduced from the following theorem by the procedure indicated in 

Theorem 7. 


takes ce/eo form. We shall prove L’ Hospital’s 


Theorem 8. L’ Hospital’s rule for -/-> form. If f, g be two functions such that 
(i) lim f(x) = lim g(x) =, 
xa xa 


Gi) f(x), g(x) exist and g(x) #0, V xin ]a-65,a+6[,6>0 except possibly at a, and 


(ii) Tim 
xa g 7 ) 


Applications of Taylor's Theorem 


then 
im £&) 
i 
roa g(x) 


=! 


Consider the function 
6(x)= f (x)-Ig(x) (1) 
[Division by g(x) would indicate that f(x)/g(x) 31, if @(x)/g(x) > 0. With this in mind we 
proceed to prove that the latter limit is actually equal to zero.] 
Clearly, in view of condition (ii), @(x) is derivable and continuous in Ja — 5, a + 6[, except possibly 
atx =a. Also g’(x) #0 there at. 
o)_ £0), 
g(x) g’(x) 
But condition (ii/) implies that 3a positive 5, < 6 and € >0 such that 
£@) 
s(x) 


v4) <=, for|x-a|> 6, (2) 
g(x)} 2 
Let x #a bea point of Ja—6,,a+6,[. 
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-l 2, when |x — a] <4, 


vA 


Forx> a, @(x) and g(x) satisfy all the conditions of Cauchy’s Mean Value Theorem in [x, a + 6], 

so that 
9(x)-9(a+6)_ 9'(6) 
g(x)- g(a+6) 8’(6) 


when x<&<a+6, (3) 


Now in view of (2), 
¥(6) 
8(é) 


é 
a= 
2 


Also since g(x) — ee as x > a, wehave 
() J apositive 6, < 6, such that 


g(x)>0 
#(s)> Qe) o(a+6)| 
(ii) J apositive 5, < 6, such that 
g(x)>g(a+6,), when (x -a)< 6, 
Thus for 6, = min (,, 6,), we have 
g(x)> 0 
8(x)- g(a+5,)< g(x) 


and 


| we (x-a)< 6, 


when (x —a)< 6, 
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Accordingly (3) gives 
|9@) - o(a+6)|_€ 
aa aaa 

Now, 

o(x) <|t- eer) ,|g@+6) 

gs) 0) 8) 

< +5 =e, for(x-a)<6, 
Thus, lim OC) _ 
xa+0 ae 


But since (x) = f(x) —Ig(x), and g(x) #0 for any xe Ja—6,,a+6,[ by (@), therefore 


dividing by g(x) and taking limits, 
| f(x) _ O(x) _ 
lim | ——~ -/]= lim 
im] £09 xa @(x) ) 


so that lim £@) =e 
xa g(x 


£@) 
« g'(x) 
The auxiliary function @(x) reduces to f(x), so that we have to proceed without introducing any 


9 (x) _ 
g(x) 


Particular case. /= 0, ie., lim =0: 


such function. And we shall have the simplification, lim f a <0. 
x 


So proceeding in a similar way, we may prove the theorem: 


If f, g be two functions such that 
(i) lim f (x)= lim g(x) =e 
(i) f’(x), g(x) exist and g'(x) #0, in a deleted neighbourhood of a, and 


ae F's): 
Bae x) 


Applications of Taylor's Theorem 


then 


F(x)_ 


lim 


soa g(x) 
Remarks: 
1. lim = when f(x) and g(x) both tend to infinity, can be dealt with in the same way as 0/0 form. 
xa 
2. The above theorem holds good in the case of infinite limits x — oo as well. 
3. Sometimes repeated applications of L’Hospital’s rule may be necessary to evaluate a limit. We must then ensure at 


each step that the expression to which the rule is applied, is actually an indeterminate form. 
The forms 0/0 and ce/ee can be interchanged and so care should be taken to select the form which would enable us 
to evaluate the limit most quickly. 


2.4 (a) Form 0x 00 
When f(x) > 0 and g(x) 4 ce as x > a, f(x) - g(x) takes 0x co form. 
However f(x) - g(x) may be expressed as 
fF) 4, s@) 
Ve (x) WF() 


which has respectively 0/0 and co/co forms. 


(b) Form oo = co 


This can be reduced to the form 0/0 or co/oo, For 


1 


f)-2@)= 78) (om) 
Fae 


(c) Form 0°, 1°, 00” 
These forms can be made to depend upon one of the previous forms by putting k = {f(x)}*, so 
that 
log k = g(x)- log f(x) 


-, lim log k= lim {g(x) log f(x)} 


Also lim k= lim e2* = el oes 


Thus the limit may be evaluated by one of the previous methods. 


2.5 Let us now evaluate some limits which take up these forms, we shall not hesitate to make use of 


x 
. es . sinx |, tanx ,. 1 2 a 
certain known limits, such as lim , lim slim] 1+ etc. or expansions of functions such 
x90 x 0 x x00) x 


as log (1 + x), sin x, etc. either in the beginning or at some intermediate stage because it simplifies and 
shortens the process of evaluation of a limit to a considerable extent. 
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Example 6, Evaluate lim ya. 
x 
x-tanx_ f(x) 
. Le #0) % where f(x) =x — tan x and g(x) =x°. 
x 
Now 


lim at (x - tanx)=0 


lim g(x)=lim x 3=0 


x30 


Hence, lim f(x); is of ° form, so that L’Hospital’s rule is applicable, i.e., 
x90 g(x) 


xe*— log (1 + x) 


Example 7. Evaluate lim 
x30 x 


a It is a 0/0 form and therefore 


1 
xe* + e* — —— 
Ge xe*— log (1+ x)_ me l+x (j fom | 
=) xe x30 2x 
xe*+2e*+ J z 
1+ 
= lim a) a 
x30 2 2 


(I+ ay = e 


Example’. Find lim 
x30 x 


Tix 


= Since lim (1+ x) "=e, therefore it is a 0/0 form 
x 


(i+x)*- Lexy" 
m = lim 


x30 ® x0 1 


Applications of Taylor's Theorem 


(1+ ae {x — (1 + x) log (1+ x)} 


=i = 
fa) x" (1+ x) 
- x)I l+x 
eri SSE) D sis 
x90 x°(1+x) 0 
—log (1+ x 
=e-lim ate) sien 
x90) -2x4+3x° 0 


an 
x90(2+6x)(I1+x) 2 


Aliter. Let us first find an algebraic expansion for (1 + x)!*. 
Let y=(1 +x)" 
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log se be (1+ x) 
x 


a 3 4 
=fs-F5-4+-| it |x|<1 


x 2 3 @ 
ee oe 
2 3B 


log (I- 
Example 9, Find lim Bens) 
x31-0 cot (zx) 


a It is a cofeo form and therefore 
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-l 
13 ae 
eas ad ba 
xI-0 cot (zx) x3I-0 —7t cosec” (zx) 
2 
. sin’ (4x 
= lim sin’ (zx) ) Ose 
x 31-0 x(I = x) 0 
=e zsin (27x) z 
x 31-0 —T 
H 1 1 
Example 10. Evaluate lim ke — } 
x90\ x" sin" x 


mn Itisa (co—ce) form, we therefore write as 


igh. 
i (5 I rig x [Bem 


72 
x30) x" sin” x 


i sin 2x — 2x 
Sli 5 ee 
x30 2x sin” x+x° sin 2x 


cos 2x —1 


( 
Se (2m 
( 


ao (sin? x + 2x sin 2x + x cos 2x) 


—2 sin 2x 


= lim . ye 
x0 3 sin 2x + 6x cos 2x — 2x° sin 2x 


—cos 2x 1 
=lim : - = ead 
+9 3 cos 2x — 4x sin 4x — x" cos 2x 3 


Aliter. 


Dies 
x90) x" sin” x 


im (5 1 ria rare 


Applications of Taylor's Theorem 


2 
sin x= 

= lim 
x30 x? 

a sin 2x — 2x 
+30 4x3 

a cos 2x —1 
x30 6x2 


Note: It should be noted that when a given function can be put as a product of two or more factors, the limit of each 
of which can be easily found, then limit of the entire function can be determined by evaluating the limit of each factor 


separately, provided that the product of these limits is not an indeterminate form. 


Example ll. Evaluate lim (sin x log x). 
x3040 


a Itisa (0X9) form. Let us write 


log x 


lim (sin x log x)= lim 
x0+0 x30+0 Cosec Xx 


se finy ea (S)= x=0 


x30+0 cosec x cot x x0+0 


Lx 
5 tan 2 

Example 12. Evaluate lim [ za | 
x30 x 


1 /x- 
ti 
a Itisa (I~) form. Therefore, let K -( ea - , so that 
x 


log [ 
lim log K = lim = 


nN 
ec 
= 
a 
< 
ae, 
(5) 


Ba 


tanx x 
x30 x90 x x30 x 
2 2 
. xsec x-tanx sec” x tanx 
= lim = = lim 7 
30 -2x° tan x x0 2tan x +x sec x 
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. tan x F sec? x 1 0 
= lim — = lim == — form 
x90 sin 2x+x x50 2cos2x+1 3 0 
ie limlogK =—= => lim K =el3 
: 
x0 x90 


Example 13, Evaluate lim (1 — x7)!2-), 
x 1-0 


= It isa (0°) form. Therefore, let K = (1 —x°)"“°2"-), so that 


log (1 — x" 
log K = ( ) 

log (1 - x) 

log (I - x) 2x(1- x) 2x 
i = li =f = i <i be 
ie log K ila log (1 = x) Povey 1-x ano l+x [ fom 
> lim log K=1=> lim K =e. 
x10 x1-0 


EXERCISE 


Evaluate the following limits: 


:. Y= sinx . x-—log(l+x 
|. lim = 2. lim  ( ) 
x30 x x30 = 1—cosx 

ee 
3. ‘1. lim — 
xe @ 
= . 1 
5: 6. lim x tan — 
xe x 
te 8. lim (sec x — tan x) 
xo 
9. lim (cot x)"* 10. lim_ (sin x)"* 
x 040 xm 
Hx 1 Ux 
(I+ x)" -e+—ex _ (sin x 
a 12. lim 
x90 x x90( x 


[Hint: Use algebraic expansion of (1 +x)'*.] 


Applications of Taylor's Theorem 


. 4. e-2cosxt+e* 
13. ica ——————— 
x90 x sin x 


ae Vix 
| es 
2 bey Oe) 


Vin (8/20) 
‘7 lim (2 = 2) 


xa a 


|°. Find the values of a and b in order that lim : 
x30 


io. lim (1+ a/x)',a#0 
xe 


18. lim x!-) 


xo 


x(1+ a cos x) —b sin x 
> ay be equal to 1. 
. 


sin 2x + asin x 


20. Find the values of a and the limit in order that lim ————,——— be finite. 


=) x 


2\. If f(x) exists and is continuous in a neighbourhood of x = a, then show that 


im f(at+h)-2f(a)+ f(a-h) 


h0 he =) 
| L Boalt 1 4.0 5. 0 (i 
e 2 
2 ; 11, 
= 9 ( — > 
3 8. 0 1 10. 1 1 24 12. 
182 40 15. €7 16. & Tieets 18 


19. a=-5/2,b=-3/2 


20. a=—2, limit =-1. 


NS 
c 
te} 
E 
a 
< 
ae 
oO 
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In this chapter, we propose to introduce the so-called Elementary functions. 
e*, logx, a“, sinx, cosx 


The reader is already familiar with these functions but this acquaintance is based on a treatment which 
was essentially based on intuitive and less rigorous geometrical considerations. Even the question of existence 
was ignored. 

We shall base the study of these functions on the set of real numbers as a complete ordered field, the 
notion of limit and the convergence of series. Starting from the definitions of these functions, their basic 
properties will be studied. No attempt, however, will be made to make the discussion exhaustive. 

We shall consciously accept an abuse of language in as much as notation for a function will not be 
distinguished from that for the functional value. Thus instead of denoting the function by cos we shall 
denote the same as cos x and so on. 

Functions of bounded variation and the vector-valued functions have been considered towards the 
end. 

As the definitions of function will be based on Power series, we start our discussion with a brief 
(very brief!) study of power series. A detailed discussion will be found in Chapter 14. 


The series of the form 


2 : 
A +axt ax +..44,x" +..= »y a,x" or simply Za,x" 
n=0 
are called power series (in x) and the numbers a,, are their coefficients. 


For such series we are not concerned simply with the alternatives ‘convergent’ and ‘divergent’, 
but the more precise question: For what values of x is the series convergent and for what values is 
divergent? 


1.1 Some simple examples have already come before us: 
1. The geometric series Zx" is convergent for |x |<1, divergent for | x| 2 1. 


For|x|<1, indeed, we have absolute convergence. 


Functions 


n 


2. r— is (absolutely) convergent for every real x; likewise the series £(—1)' 
ne 
yantl 
x(-1) ——.. 
i) (2n +1)! 
4 


n 
For x= 1, diverges (reduces to divergent harmonic series) 
x=—l, converges 


|x| <1 absolutely convergent (< comparison test) 


|x|> 1 diverges 
4. Zn"x" converges for x =0, but diverges for x #0. 


n 


1.2 For x = 0, obviously every power series a,x" 
coefficient a,,. The general case is evidently that in which the power series converges for some values 
of x and diverges for others; while in special instances, the two extreme cases may occur, in which 
the series converges for every x or fornone x #0. 


is convergent, whatever be the value of the 


In the first of these special cases, when the series converges for every x, we say that the power 
series is everywhere convergent, while in the second (leaving out of account the self-evident point of 
convergence x = 0) when the series converges for no value of x we say that it is nowhere convergent. 
The totality of points x for which the series converges is called its region of convergence. 

For a power series Za,x", which does not merely converge everywhere or nowhere, a definite 
positive number R exists such that the series converges for every | x | < R (indeed absolutely), but 
diverges for every |x| > R. The number 2 is called the Radius of convergence, and the interval |-R, R [, 
the Jnterval of convergence of the given series. The behaviour of the series is much more varied at x = +R 
and is beyond the scope of the present discussion. 


1.3 For the power series a,x", put 


lim 4 J oad Re 


nee 


g 


where R=+e9, for @=0 and R=0, for @ =e. 
By Cauchy’s Root test, it follows that if 
(i) R=0, the series is nowhere convergent; 
(ii) R =e, the series is everywhere convergent; 


(iii) 0< R<., the series converges absolutely for |x |< R, and diverges for |x |> R, i.e., Ris the 
radius of convergence. 


Ex.l. 1+x+x°+... converges for |x| <1 and equals (1 —x)". 
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2. EXPONENTIAL FUNCTIONS 


The power series 


x ro x x" 
14+—+—4+—4+..4—+... sale) 
62! 3! nt 


is everywhere convergent for real x. We proceed now to examine in detail the function represented by 
this series. 


2.1__ Definition 


The function represented by the power series (1) is called the Exponential function, denoted, provisionally, 
by E(x). Thus 


x x x" 
E(x)=l+t—+—+..+—+.. we 
ae TRY nl “) 
E(0)=1 
and 
1 1 1 
EQ)=ls +5 tet at (3) 


The series on the right hand side of (3) converges to a number which lies between 2 and 3. This number 
is denoted by e, the Exponential base and is the same number as represented by 
Thus E(1)=e 


lim (! + 4 
is= Fe 
2.2 The Additional Formula 


The function Z(x), defined by (2), is continuous and differentiable any number of times, for every x. 
By differentiation, we get 
E'(x)= E(x) 


E*(x)= E(3) 
E"(x) = E(x) 
Further we state (justification may be seen expanding by Taylor’s Theorem)* that 
E(x, + x2) = E(x)).£Q) 


*“ E(x) = E(x,)+ Fe), — x,) +... forall values of x and x,. 
Replacing x by x, +x, we get 
2 


E(x, +n) Eta) aed etoeG): E(x) 


I! 2! 
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This formula is called the Addition formula for the exponential function. It gives further 
E(x + x) +33)=E(% +%)- E(x) 
= E(%)- E()- EQ) 
and repetition of the process gives, for any positive integer gq, 
EQ xy +0. X,) = E(x) - E(x) ..- E(x,) (4) 
IfX, =X) =X3 =... =X, =X, we get 
E(qx) = (B0x)}! (5) 
Hence, for x = 1 
E(q)= {E(1)}" =e’, for any positive integer q 
But since E(0) = 1, therefore the above relation holds for g = 0 also. 
Hence E(qg) = e! holds for all integers > 0. 
Again replacing each x by p/q in (5), we get 


4 
ofa? ) = (2) for positive integers, p, g 


E(plq)={E(p)}"=e" — [+ E(p)=e"] 


Hence E(m) =e”, for all rational numbers m > 0. 
For any positive irrational number & there always exists a sequence {x,,} of positive rational terms, 


or 
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converging to &. 


Now for each n 
E(x,) = en. 


When n —> +0, the left hand side tends to E(&), and the right hand side to e*, so that we get 


E()=e& 
3 E(x)=e*, forreal x20 (6) 
Again by Addition formula, 
E(x): E(-x)=E(x-x)=E(0)=1 (7) 


Thus we conclude that E(x) # 0, for any real x, and that for x > 0, 
ie 


Es E(x) ~e 


Consequently, E(x) = e* holds for all real x. 


2.3 Monotonicity 


By definition, 


E(x)>0, Vx>0 
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so that from (7) it follows that 

E(-x)>0, Vx>0 
Hence, E(x) > 0, for all real x. 
Again by definition, for real x, 

E(x) > +00, as x > +00 

Hence, (7) shows that 

E(x) 0as x > -ce 
Also by definition, 

0<x, <x, => E(x)< E(x) 
Also it follows from (7) that 
E(-x) < E(-x,), when -x, < —x, < 0 


Hence, the function £ is strictly increasing from 0 to +°° on the whole real line. 


os sae _, _ (n+)! 
Note: By definition e* > ———., for x > 0, so that x"e™* < (ae 
(n+1)! x 
lim x"e“*=0, foralln 
x $00 
This fact we express by saying that e* tends to +00 “faster” than any power of x, as X 4 +e. 


3.__ LOGARITHMIC FUNCTIONS (base e) 


Since the exponential function £ is strictly increasing on the set R of real numbers (i.e., E: R > R® is 
one-one onto), it has inverse function Z (or log.) which is also strictly increasing and whose domain of 
definition is R™ (= E(R )). the set of positive reals. Thus L is defined by 


E{L(y)}=y. (> i 
L{E(x)}= Xs (x real) 


or eld) 


or equivalently, for any real x, 


or wikify 


E(x)=y=>L(y)=x 
e=y=> log, y= {| 
Thus the logarithmic function L (or log.) is defined for positive values only of the variable. 
By definition, 


«(iii) 
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Again 
E(x) +02 as x > +00 
and 
E(x) 30 asx -co 
L(x) +00 as x > +e0 
L(x) 3-2 asx30 
Writing w = E(x,), v = E(xy) or L(u) = x,, L(v) = x, in (4), we get 
E(x, + X,) = uw 
> L(uv) = x, + x, = L(u) + Lv) 
which is a familiar property of the logarithmic function and which makes logarithms a useful tool for 
computation. 


Since, the function £ is differentiable, therefore. its inverse function L is also differentiable. 
Hence differentiating (i), we get 


L{E(x)} : E(x) =1 
Writing E(x) = y, we get 
i 1 
L'(y)=— iv) 
y 
which implies that 
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tdx 
L(x)= Jo (8) 
ie 


Quite often (8) is taken as the definition of the logarithmic function and thus the starting point of the 
theory of the logarithmic and the exponential functions. 


Note: In theoretical investigations. it is always more convenient to use the so-called natural logarithms, that is to say, 
those with the base e. Hence in our further discussion, log x shall always stand for L(x) or log. x. 


3.1 Generalised Power Functions 


The meaning of a’ is well understood when a is any positive real number and x is any rational number. We 
shall now give a meaning to a* when x is any real number whatsoever. We define thus: 


Definition. a‘ = E(x log a), for allx and a>0. 
Evidently the range of a’ is the set R’ of positive reals, i.e., 
a“ >0, Vx «l(9} 
Now a" - a’ = E(x log a): E(y log a) 
= E{(x+ y)log a}=a‘*” 
a‘ -a’ =a*‘** (10) 


Let us now verify that this definition of a’ is consistent with that already known to us forx, an integer or 
arational number. 
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(i) Let x =n, a positive integer. 

a’ = E(n log a) = E{log a+ log a+... n times] 
= E(log a) - E(log a)... n times 
=a-a...n times 

(ii) Now let x =—n, n being a positive integer. 
a” = E(-n log a) 
= E{(-log a) + (log a) + ... n times] 


= el toe + es Pasi times 
a a 


= #2) #(Wet | ntimes 
a a 


Thus E(x log a) has the same meaning as a‘ when x is an integer. 
(iii) Let now x = p/q, where p, q are integers, and q is positive. 


Now 
E Piog a |=a’!4 
q 


[-{ Lie «| =a!’ =E(p log a) 


so that o{ Pn “| is gth root of E(p log a). 
q 


Thus a?” is a gth root of a’. 
Hence the definition holds good when x is a rational number. 
Thus the above definition of a‘ agrees with what is already known to us about a’. 


3.2 Logarithmic Functions (any base) 


Definition. a*= y eS log, y axe 


Since y is always positive, therefore the logarithmic function, log,, is defined for positive values 
only of the variable. 


Evidently 
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Also, from definition, 
log, 1 =0, log, a=1 
It may be easily shown that 
log, x + log, y= log, (xy) 
log, x — log, y = log, (x/y) 
log, x" = y log, x 
log, x - log, b = log, x 


ea 


log, a- log, b=1 


log x 


Ex. Show that lim ——=0, a>0. 
X00 x" 
[Hint: Use lim x"/e* =0.] 
noo 


4. _TRIGONOMETRIC FUNCTIONS 


We are now ina position to introduce rigorously the circular functions, employing purely the arithmetical 
methods. For this purpose, we consider the power series, everywhere convergent (absolutely and 
uniformly) and the functions represented by them. 

Definition. 


CG)st-=4 =~. 4ey x 
a ai a Y Gay 
3 yntl 


Se)= 2-305 : pels oa 


Each of these series represents a function acetate continuous and differentiable any number of 
times in succession. The properties of these functions will be established, taking as starting point their 
expansions in series form, and it will be seen finally that these coincide with the functions cos x and 
sin x with which we are familiar from elementary studies, i.e., C(x)=cosx and S$ (x) =sinx. 


4.1 Properties of the Functions (C(x), S(x)) 


(i) The functions C(x) and S(x) are continuous and derivable for all x; in fact it may easily be 
seen that 


C’(x)=-S(x) and $’(x)= C(x) 
Also 
Cc" (x)= C(x) and S" (x)= S(x) 
(/i) From definitions, 
S(0)=0, C(0)=1 


OI ee ar a a 


es 
(2n + 1)! 


SL ae ey 
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(iii) 


=f 5 2n+1 


x 


(2n +1)! i -| =-S(x) Vx 


-|x-—+2-...+(-1)' 


Similarly, C(—x) = C(x) Vx 

The Addition Theorems. These functions, like the exponential function, satisfy simple 
addition theorems, by means of which they can then be further examined. 

First Method. By Taylor’s expansion for any two variables, x, and x, (since the two series 
converge everywhere absolutely). 


C'(a) c"(u) 2 


C(x, +) =C(x)+— > ™ + 
S(a x x, 
=C(x)- (4). - SG) + Stas tan 
1! 2! 3) °= 


As this series is absolutely convergent, we may rearrange it in any way we please. 


= (CG +n)=C(s){ -2.3..| st) 2...) 


2 4! 3L 5! 
=C(x;)- Cs) ~ $(3i) 8(2) ay 
Similarly, 
S(x, +4) =S(x,)- C(x) + C(m) - S(x2) (12) 


Second Method. For any fixed value of x,, consider the functions 
f (4) =S(x ie St a 
g(x) = C(x, +») - C(m)- C(x») + $(m)- S() 
Differentiating with respect to x,, we get 
f'(m) = C(% +22) — C(m))-C(p) + 8(m1)- S02) = 80%) 
8'(m) =-S(x +) + S(x1)-C(a) + C(m1) SQ) =-F(m) 
al) +9°()]=24(4)F (am) + 28()8'(x) 
=2f(x,) g(x) - 2¢(™)f(™) =0, Vx 
=> f° (x) + g?(x) isaconstant, ¥ x, 
Hence for all x,, 
P7(m) + 8°(4)=F7(0) + 8°(0)=0 
> f(x) =0, g(x) =0 
C(x, +) =C(m)-C(m)- S(4)- S(x3) 


and 
S(x, + x)) = S(x,)- C(x.) + C(x,)- S(x2) 
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The form of these theorems coincides with that of the addition theorems for the functions cosine and 
sine, with which we are clearly acquainted from an elementary standpoint. With the help of these 
theorems, we shall now show that the functions C and S satisfy all the other so called purely 
trigonometrical formulae—in fact C and S are same as the functions cosine and sine. We note, in 
particular: 


(a) Changing x, to —x,, 
C(x =) =C(m)- C(x) + S(m)- Sa) 
S(4 =) = S01): C(m)- C(a)- S(a) 
(b) Writing x, =-x,, we deduce that 
C(x) +S? (4 )=1 or C(x) + S?(x)=1, Vix 
= |S(x)|<L|c()| <1. Vx 
(c) Replacing x, and x, by x, 
C(2x) = C(x) — S°(x) 
S (2x) = 25 (x)- C(x) 
4.2 The Number x — The Smallest Positive Root of the Equation C(x) = 0. 
Theorem lL. To prove that there exists a positive number x such that 
C(a/2)=0 and C(x)>0, for 0S x<a/2 ah 1D) 


Consider the interval [0, 2]. 
We know C(0) = 1 > 0, we shall now show that C(2) < 0. 
Now 
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Since the brackets are all positive, we have 
es 2 
CO)xi= 2 e= le 
2! 3.4 3 
so that C(2) is negative. 
Thus, the continuous function C(x) is positive at 0 and negative at 2. 
«. C(x) vanishes at least once between 0 and 2 (by the Intermediate-value theorem). Further, since 


S(x) is positive in [0, 2], where 
2 5 2 
S(x)=af 1-2 J+} 1-= Je... 
2.3 5! 6.7 


therefore, the derivative (—S(x)) of C(x) is always negative for all values of x between 0 and 2. Consequently 
C(x) is a (strictly) monotonic decreasing function in [0, 2], and can therefore vanish at only one point in 
(0, 2]. 
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Thus there exists one and only one root of the equation C(x) = 0 lying between 0 and 2. Denoting 
this root by 7/2, we see that 7/2 is the least positive root of the equation C(x) = 0. 


Clearly C(x) > 0, when 0 < x < 7/2. 
Using the above results, we deduce that 
(a) S(x)> 0, when 0<x< 2/2. 
Since the derivative of S(x) is non-negative in [0, 2/2], therefore S(x) is a strictly monotonic 
increasing function. Also since S(0) = 0, therefore S(x) is positive for 0 < x < 7/2. 


(6) As C? (a/2) + S*(a/2) =1 and C(#/2)=0, 
a S? (a/2)=1= S(a/2)=+1 
But, by Lagrange’s Mean Value Theorem, 
S(a/2) -— S(0) =(a/2)C(a)>0, where 0< a < 2/2 
> S(a/2)=1 
(c) C(#)=2C? (#/2)-1=-1 
S(z) = 2S (a/2) C(x/2) =0 
(d) C(2x)=1, S(2x)=0 
(e) C(m/2) = 2C?(m/4) -1 
C(@/4) = 2 
Rejecting the negative sign, as C (7/4) is positive. 


Similarly, § (7/4) = //2 
(/) It finally follows from the addition theorems that for all x, 


s(3"-+}- C(x), c(7-s}-509) 
s(jxtx Jee, [pets] 
S(#+x)=-S(x), C(a#+x)=-C(x) 
S(z-x)=S(x), C(a#-x)=-C(x) 
S (2x +x)=S(x), C(2a+x)=C(x) 


Thus, we see that the functions C(x) and S(x) exactly coincide with the functions cos x and 
sin x respectively, and so we shall henceforth use cos x and sin x in place of C(x) and S(x) 
respectively. 


4.3__The Functions tan x and cot x 


The function tan x and cot x are defined as usual by the ratios: 


sinx 
tanx= , cotx = — 
cosx sinx 
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and as functions they, therefore, represent nothing new. The expansions in power series for these 
functions are also not so simple. A few of the coefficients of the expansions could be easily obtained by 
division, but that gives us no insight into any relationships. 

Clearly tan x is defined, continuous and derivable for all values of x except those for which the 
denominator, cos x, vanishes, which is the case for x = 5 (2n +1)z, n being any integer, positive, 
negative or zero. ~ 

From § 4.2 (f), we have 

tan (a + x) = tan x, 


so that, tan x is a periodic function with period z. 


1 
Also we may easily show that when x # y(n +1)n, 


Theorem 2. Show that 


lim tanx=o, lim tanx=—% 


xolz-0 xolze0 © 
oc 
Let & be any positive number. w 
a 
As lim_sinx=1, 36, >0 such that (taking € = bi 4 
xon/2 2 = 
1 1 1 o 
—<sinx, Vxe |-x7-6,,-7+ 6, (i) 
2 2 2) v1 
Again, since lim_cos.x = 0, therefore 3 6, > 0 such that 
xan se 
pa <cosx < u , Vxe Leia Ld 
2k 2k 2 2) | 


As cos x is positive for x € [0, 2/2[. and negative for x 7/2, 7], we have 


Nea Vxe eure (ii) 
2k 2 2 

a asec0) Vxe ae ey iii 

2k cs 35 > = (ii) 


Let 5 = min(6,, 6, ) therefore from (i) and (ii), 


tanx = * SK, Vie e040 
cos.x 2 2 
and from (i) and (iii), 
tanx = S0* <-k, Vxe ee 
cosx 23 32 
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4.4 Inverse Trigonometric Functions cos“ y, sin” y, tan 


cos” y. Since, as may be easily seen, cos x strictly decreases from +1 to —1 as x increases from 
0 to 2, the function cos is invertible and its inverse, denoted as cos ', is a function with domain [-1, 1] 


and range [0, 7]. We write 
y=cosx © x=cos!y. 


Definition. Given y (where —1 < y <1), cos y is that x which lies between 0 and 7(0 < x $7) and 
cosx=y. 


cos yis derivable in the open interval ]-1, I[ with —1//1 — y? as its derivative. In fact, we have 


1, and x=cos"' y, y=cosx 


1 = 
; = : sy#ti 


£ (cos" y) = =- = 
dy cos sinx  Ji-y? 


sin” y. Since sin x is a strictly increasing function in [-7/2, 2/2] with range [-1, 1], therefore the 
function sin is invertible and its inverse function is denoted by sin'', with domain [-1, 1] and range 
[-a/2, x2]. 
Also 
y=sinx @ x= sin”! y 
Definition. Giveny where -1 < y <1, sin'yis thatx which lies between —7/2 and 7/2, (-/2 < x $ a/2) 
and sin x = y. 
It may be shown as before that sin’ y is derivable in the open interval ]-1, 1[ and 
4 sin" y) = i 
dy Vi-y? 


»y#Hl 


tan‘y, Since tan xis strictly monotonic with domain |-7/2. 2/2[ and range |-2, 2 [ , the function 
is invertible, we have 
y=tanx ©& x=tan’ y 
so that tan y is a function with domain ]-»e, e[ and range ]—z/2, x/2[. 
Definition. For any number y, tan y is that x which lies between 1/2 and 2/2(-1/2 < x < a/2) 


and tan x = y. 
It may be seen that 
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5. FUNCTIONAL EQUATIONS 


In this section we shall discuss the solutions of certain functional equations which, together with 
continuity, suffice to characterize the so-called elementary functions. 


First we note that the continuous function f(x) = cx, x € R, c being constant, satisfies the functional 
equation, 


f(xt+y)=f(x)+ f(x) Va,yeR ail) 
The interesting fact is that every continuous function satisfying the functional equation (1) is of this 
form. 


In order to prove this, let f : R > R_ be continuous and satisfies the functional equation (1). Then 
we have, 


(0) =0, and f(—x) =-/(x), for all xe R 
Also, for each positive integer n, we have by induction on n, 
F (nx) = nf (x), for all xe R 
Replacing x by x/n in above, we obtain 
F (xln) = (1/n) f (x), for all xe R 
Thus, for any pair of integers p, g (q being positive), we have 


s(2s]-2 50 forall xe R 
q q 


CHAPTER 8 


In other words, f (rx) = rf (x), for any rational number r. 
If we put x = 1 and f(1) =c in above, then we obtain 
J (r) = cr, for every rational number r. 


Now, let ¢ be any irrational number, then there always exists a sequence {r,,} of rational numbers, 


converging to . 
F(6)= lim f (7, ) = lim cr, = ¢ ¢, by continuity off 
Hence, f(x) = cx, forall xe R. 


Note; If f:R — R satisfies the functional equation (1), then the assumption that fis continuous at a single point 
implies that fis continuous everywhere on R. 


Now, for a > 0, the continuous function f(x) = a*, xe R, satisfies the functional equation. 


S(x+y)-f(x) f(), for all x, ye R (2) 


|. The only non-zero continuous function f on R that satisfies the functional equation (2) is the 
exponential function. 


By hypothesis f(x) #0, for any x. Moreover, from (2), we obtain 
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f(x) = [F@/2)F > 0, for all xe R. 

We may, therefore, take the logarithm of f(x), (say, to the base e). and so taking g(x) = 
log. f(x), xe R , it follows that g(x + y)=g (x) +g (1). Vix, yER and g, being composition 
of two continuous functions f(x) and log, x, is itself continuous on R. 
Thus g(x) = cx, V xe R, c being constant. 
Hence f(x) = e* = (ey =a’, forall xe R. 
The continuous function f(x) = log, x (a>0,a# 1), x> 0, satisfies the functional equation. 

fv) =f(x) +0). for all x, y> 0 aatay 
This relation, together with continuity, is enough to characterize the logarithmic function. 


The only non-zero function f continuous on R° that satisfies the functional equation (3) is the 
logarithmic function. 


i) 


For x > 0, we put x = ¢', i.e., ¢= log, x, where re R. 
Moreover, we define another function g on R by. g() =/(e'). r€ R. 
Then g is continuous on R and satisfies. for all , se R. 
att safle )=fee=fe)+fed=8 +8). 
and so g(f) = ct, 1€ R, c being constant. Thus f(x) = ¢ log e’, xe R*. Butc cannot be zero, 
since fis non-zero. Therefore, by taking a= e!, we get 
f (x)= log, x, xe R* (a>0,a #1). 


The proofs of the following are left as an exercise to the reader. 


te 


The only non-zero continuous functions on R that satisfy the functional equation, 
f(xty)+ f(x-y)=2f(a)f(y), Vx. yeR 

are the trigonometric and the hyperbolic cosines. 

4. The only non-zero continuous functions on R that satisfy the functional equation, 


f(xt+y)f(x- y)= (f (oy - (FO) , forallx,yEeR 


are the scalar (f(x) = ex), the trigonometric and the hyperbolic sines. 


6. _FUNCTIONS OF BOUNDED VARIATION 


In this section we shall discuss the concept of the functions of bounded variation. The concept is 
closely associated to that of monotonic functions and has wide application in Mathematics. Presently 
we shall use these functions in Riemann-Stieltjes integrals and Fourier series. 


A finite set P of points, x9, x), ¥>, 


x,, Where 
@=% Sh Sys. S35, =P 
is called a partition of the interval [a, b]. Clearly any number of partition of [a, b] are possible. 
The intervals [xp, x]. Dy. Xo]s ---» [X,,_1+X,] are the sub-intervals of the partition. The ith sub-interval 


[x, 1.x, as also its length x,—.x,_,, is denoted by Ay;. 
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Let a function / be defined on an interval [a, 5] and P = {a = Xo, Xy, .... X,, = b} be a partition of 
n 
[a, b]. Consider the sum ys lf (4) -f 4 )I. 
i=l 
Since one such sum corresponds to each partition of [a, b], the set of these sums is infinite. If this 


set of sums is bounded above, the function f is said to be of bounded variation and the supremum of the 
set is called the total variation of f on [a, b}, and is denoted by the symbol, V (f, a, b). Thus 


V(f.a,b)=Sup YI Fe) - F(%-1)| i 
the supremum being taken over all partitions of [a, b]. 


If there is no scope for confusion and the interval in question is clear from the context, we shall 
abbreviate the symbol to V (f). 


Thus the function fis said to be of bounded variation on [a, 5) if and only if its total variation is 
finite, i.e., 


V(f, a,b) <+00 
Note: Since for x<c< y, 
IfO)-FMs|F)-FO©l+|FO-F(9)| 
the sum 5 | f (x ) -f (x; -)| cannot decrease (it can, in fact only increase) by the introduction of additional points 


to a partition of the interval. 
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6.1 __ Illustrative Examples 


Example 1. A bounded monotonic function is a function of bounded variation. 


a Let be monotonic increasing on an interval [a, b]. and P = {d= Xp, X), «+ X,, = b} be any partition 
of [a, b]. Then 


= |F()- F(%-1)|= Yh (%:)- F(%-)} =7)-4@ 


V(f, a,b) = Sup =| f(x) = F(x-,)| = f(b)- f(a) 

Thus, a monotone increasing bounded function is of bounded variation on [a, 4]. 

Similarly, it may be shown that a monotone decreasing bounded function is of bounded variation, 
with total variation = f(a) — f(b). 

Thus for a bounded monotonic £ 

VA)=|f@)-fal 

Example 2. To show that a continuous function may not be a function of bounded variation, consider 
a function £, where 


x sinz/x, when 0<x<1 
r)={ 


0, when x = 0 


= Clearly fis continuous on [0, 1]. 
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Let us choose the partition 
p=4o, ee 33 
2n+1 2n-1 5° 3 
2 2 2 2 
-Z[e)-r-IF|/0-1(5) (3}G-aa}-] 
2 (3 :) (2 ;) 2 2 ) 2 
ee ea a ee + + 
B 3° SY 2n-1 2n+1 2n+1 


aig tet Ber 
ae: 


+ 


7 2n+1 
Since the infinite series L + : + 2 +... is divergent, its partial sums sequence {S,}, where 


1 1 
at..+ 
7 2n+1 


S2= 


1 
n ae + 
3 


uy 
5 
is not bounded above. 


Thus » | f(s) - f(x-1)| can be made arbitrarily large by taking sufficiently large. 
Consequently, V(f, 0, 1) — © and so fis not of bounded variation on (0, 1]. 


Remark: It may also be seen that a function of bounded variation is not necessarily continuous. The function 
S (x)= [x], where [x] denotes the greatest integer not greater than x, is a function of bounded variation on [0, 2] but is not 
continuous. 


Example 3. If the derivative f’ exists and is bounded on [a, b], then the function f is of bounded 
variation on [a, 5]. 


= Since f’ is bounded on [a, 5], therefore there exists K such that 
| f/(x)| SK, V xe [a,b] 


Let P= {a=Xp, x), ...,X, = 5} be any partition of [a, 5]. 
py |F(2)- (8a) |= Ds -x)[F'8| Ee]a,d| 


<K (b-a) 


= V(f,a,b)is finite and therefore fis of bounded variation. 


Note: Boundedness of f’ is a sufficient condition. It is not necessary. 
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Example 4. A function of bounded variation is necessarily bounded. 
= Let a function f be of bounded variation on [a, b]. For any xe [a,b], consider the partition 

{a, x, b}, consisting of just three points. Now 

IF (s)- £(@)|+|£0)-F@)|s V4.5) 
= |f(x)- F(a) V(F. 4,8) 
Again 
If |=|f@+ F)- F@| 
<|f(@|+|F@)-F@|<s|f@|+V(F. 4,5) 


= fis bounded on [a, b]. 


6.2 Some Properties of Functions of Bounded Variation 


We shall see later (§ 6.3, Th. 3) that there is a close relation between functions of bounded variation and 
monotonic functions but there is one difference which is worthy of note. The functions of bounded 
variation are closed with respect to the arithmetic operations of addition and multiplication whereas the 
sum or the product of two monotonic functions need not be monotonic. For example, x and x* are 
monotonic in [0, 1], but x —x° is not. Similarly, x is monotonic in [-1, 1] but x” is not. In this section, we 
shall consider some properties of the functions of bounded variation, and in particular the arithmetic 
operations of addition and multiplication on them. 


1. The sum (difference) of two functions of bounded variation is also of bounded variation. 


Let fand g be two functions of bounded variation on [a, 5]. 
For any partition P = {a = Xo, x), ..., x,, = b} of [a, b], we have 


Le +)ls)- r+ a) N= [ir )+ eh {1 (s-1)+ (a) 
3 | f(%-)|+ X |s@)- 8(x)| 


<V(f, a,b)+V(g,a,b) 


> V(f +g.a,b)<V(f,a,b)+V(g, a,b) 
and (f+ g) is of bounded variation. 
Similarly, it may be shown that (f— g) is of bounded variation and its total variation, 
V(f-s)sV(F)+V(8) 
Corollary. Iffand g are monotonic increasing on [a, b), then f— g is of bounded variation on [a, b]. 
The converse of the corollary is also true (see § 6.3). 
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Note: IfCisaconstant, the sums © | f(%)-f (x-1)| and therefore the total variation function, V(/) are same for 


fand f—C. 


2. The product of two functions of bounded variation is also of bounded variation. 
Let fand g be two functions of bounded variation on [a, 5]. 
Evidently fand g are bounded and therefore a number k exists such that 
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8( (x)|<k, V xe [a,b] 


|F@)|sk. 


For any partition {a = Xp, x), .... x, = 5}. we have 


cies =X |£6) 8@)-76.)e(s)| 
=E |Poe)- es hel om siete 
>y at s)- e(s4)|+/e@-)||F@)-F(s-)]] 
s(s)~ 94-1) +4 D [Fe)-F(5-4) 


<kV(g)+kV(f) 


> the function (fg) is of bounded variation on [a, 5]. 


Note: Theorems like the above, could not be applied to quotients of functions because the reciprocal of a function of 
bounded variation need not be of bounded variation. For example, if f(x) 0 as x x, then I/fwill not be 
bounded and therefore cannot be of bounded variation on any interval containing x). Therefore, to consider quotient, 
we avoid functions whose values become arbitrarily close to zero. 

3. If fis a function of bounded variation on [a, b] and if there exists a positive number k such that 


| if (x)| 2k, forall xé [a b], then \/fis also of bounded variation on [a, b}. 


For any partition {a = Xp, x), .... X,, = b}, we have 


- (= )eo-(F ona Ino 


<V(f, a, b)/k? 


> I/fis of bounded variation on [a, 5]. 


4. If fis of bounded variation on [a, 6] then it is also of bounded variation on [a, c] and [e, b], where c is 
a point of [a, b], and conversely. Also 
V(fa, b)=V(fiac)+V (fe, b) 


(/) Let, first, /be of bounded variation on [a, 4]. 
Let P) = {a=xy X50 %_—c} 
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(ii) 


(iii) 


and 
Py = {€ = Voy Vys +05 Vy = 5} 
be any two partitions of [a. c] and [c, 4] respectively. Evidently, 
P= PU Py = {a = Xp, one Xys Yor os Yy = OY 
is a partition of [a, b]. 
We have 


> Fo)-Fs)+d [f()-F(%-)|P SV 4.5) 


= > |/G)- FSV G00) 


and 
by lf) -f(4-)|/<V(f-4.8) 


=> _ fis of bounded variation on [a, c] and [c, b] both. 

Let, now, f be of bounded variation on [a, c] and [c, 5] both. 

Let P = {a = 2p, 2), 25, ... Z, = 5} be any partition of [a, b]. If it does not contain the point c, 
let us consider the partition P* = P U {c}. Let ce Az,, ie, z,_)<SeSz,.r<n. 

We have 


¥ | re)-1J-¥ |F@)-sF(z-.)|+|4@)-F(z-)| 
25: y f@)-F(4-)| 


i=r+l 


{5 |10-16-01e\r0-16-)f 


foo) 
i 
Ww 
= 
a 
<= 
aS 
(S) 


{lrer-rel* S \re)-ste-f 
<V(f.a,c)+V(f.c.b) 


=> fis of bounded variation on [a, b] if it is of bounded variation on [a, c] and [c, 5] both, and 
then 

V(f,a,b)<V(f.a,c)+V(f,c,b) sufi 
Let € > 0 bean arbitrary number. 


Since V (fa, c) and V(f; c, b) are the total variations of fon [a, c] and [c, 4] respectively, there 
exist partitions 
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Pea farg sXe M ces Sy: =ieh 
P, = {c= yo. Ys 20 Yn =b} 
of [a, c] and [c, b], respectively, such that 


Y [F6s)- F(s-a)[> Vn) Ze 0) 


> | F(v) f(x- (x-)|>V(F-6.8)-3e aA) 


From (2) and (3), we have 


> |70)- F(%-1)|+ +E yoo F(i-a)|>Vf-ac)+V(f.c.b)-€ 


= V(f,a,b)2V(f,a,c)+ V(f.c,b)-€ 
But since ¢ is an arbitrary positive number, we get 


V(f,a,b)2V(f,a,c)+V(f,¢,b) Pe 5) 
Thus, from equation (1) and (4), we get 
V(fia, b)=V(fiacyt+V (fe, b) 


6.3 Variation Function 


Let f be a function of bounded variation on [a, b] and x, a point of [a, b]. Then the total variation of 
f#,V (fa, x) on [a, x], which clearly is a function of x, is called the total variation function or simply the 
variation function of f and is denoted by v(x), and when there is no scope for confusion, simply by 
v(x). Thus, 
v,(x)=V(f,a,x),@ <x<b 
Ifx,, x, are two points of [a, b] such that x, > x,, then 
0<|f(m)-F()| <V(f.%.%) 
=V(f,a,%)-V(f, 4,5) = V7 (%2)- v7 (%) 

=> v5 (%)2 vy; (i) 

i.e., v(x) isa monotone increasing function on [a, 5]. 


Remark: —Iffis of bounded variation on [a, b], then vy + f isamonotone increasing function on [a, b]. 


The following theorem characterizes the functions of bounded variation. 
Theorem 3. Jordan Theorem. A function of bounded variation is expressible as a difference of two 
monotone increasing functions. 
or 

If fis a function of bounded variation on [a, b], then there exist monotone increasing functions p and 
qon [a, b] such that for aS x<b, 


Functions 


F(x) = PX) — g) 
vy (x) = p(x) + g(x) 


Let us define p and g by 
1 
=—(v, + 
p=5(r; +f) 
1 
o=4(/-1) 
so that equation (1) and (2) hold. 
Now for x, >x,, we have 


pa) pei)=5[% (x) + Fea)]-3[%, (a+ £04) 
= S[y, 64)-% a] + 5[F G)- F)] 
=3[vu. a.m) + {F(m)- FH] 
But, since V(f, 4, ))2|f(m)- F(x) 


, we get 


P(%)- pP(a)20 = p(x») 2 p(m) 
so that p is monotone increasing on [a, 5]. 
Again, we have 


co 
oc 
r= 
a 
< 
= 
©) 


> g(2)2 4(%) 
so that q is monotone increasing on [a, 5]. 

Hence the result. 

With the help of the result proved above and that of § 6.1, Example 1 and § 6.2, we may state that 
a function is of bounded variation on an interval if and only if it can be expressed as the difference of 
two monotone increasing functions. 


Note: The functions p and q are respectively called the positive and the negative variation function of f- 
We shall now prove that the variation function of a continuous function of bounded variation is itself continuous, and 
conversely. 


Theorem 4. Variation function of a continuous function. The variation function of a function f of 
bounded variation is continuous if and only if f is a continuous function. 


Necessary. Let the variation function v(x) of fbe continuous at a point c of [a, 5]. 
Let € > 0 bean arbitrary number. 
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Because of continuity of v (x) atc, 6 >0 exists such that 


|v(x)-v(c)|<e. for |x-c|<6 (1) 
Also 

\f (x)= f(c)|< v(x)-v(c) if x>c whe) 

\f (x)-f (c)|s v(c)—v(x) if x<e ailB) 


Hence, from equation (1), (2) and (3), we get 
| F(x) - S(e)\< e€, for|x-—c|<6 
which implies that fis continuous at c. 
Sufficient. Let now fbe continuous at c. so that for an arbitrary € > 0 there exists 6 > 0 such that 
| f(x) - F(c)| aoe for |x-—c|<6 
Again since V (f, c, 4) is total variation of fon [c, 5], there exists a partition P = {¢ = Xp, Xy, «5 
X,, = b} of [e, b] such that 
Hi F I 
Y | fOs)=F(4-)|>V(f6.4)-se a4) 
i=l ~ 


Let us assume that the length of the first sub-interval x, —c is less than 6, for, otherwise we make 
it so, by introducing additional points to the partition P. Also, (§ 6, note) the sum 5 | f (x)— f (x; a )I 
cannot decrease by the introduction of more points to P, so that the inequality (4) remains unaffected. 
Thus, let 0 < x, —¢ <6 so that 


Ir(u)-s(0)|< se (3) 


Again (4) gives on using (5), 


V(f,ce.b)- se < xe +>] £03) - f(%4)|< te +V(f,1.5) 


2 


> V(f.c.b)-V(f. 4. b)<é 
V(f.c.™)<é 
v(a)—v(c)=V(f.a.4,)-V(f.a,c)=V(f,c, 4) <é 


Thus 
-€<0<v(x,)-v(c)<e, when 0<x,-c< 6 
= tim v(x)=v(c) 


Similarly, it can be shown that 


lim v(x) =v(c) 


xe 


Hence, v (x) is continuous at c. 


Functions 


Again, since ¢ is any point of [a, b], we deduce that v, (x) is continuous on [a, 5] if and only if fis 
continuous on [a, 5]. 


Corollary. Continuity of fimplies the continuity of v, (x) and therefore of the positive and negative 
variation functions p and g conversely. 


Thus, a continuous function is of bounded variation if and only if it can be expressed as a difference 
of two continuous monotonic increasing functions. 


Example 5. Determine whether or not the following function fis of bounded variation on [0, 1]. 
f(x)=x sin(I/x), if x #0. f(0)=0 
a Clearly. fis continuous on [0, 1], and 
f’(x) = 2x sin (I/x) — cos(I/x), if x #0 
x° sin (I/x) - 0 
P(O)=tim = 5 
x30 x 


Also 
|r’ (x)[s 3, for all xe [0,1] 

Thus we find that f’ exists and is bounded on [0, 1]. So that (by the hypothesis of example 3, 
§ 6.1) the function fis of bounded variation on [0, 1]. 
Example 6. fis a function of bounded variation on [a, 5], and p and g are its positive and negative 
variation functions. If p,, q; are two monotone increasing functions on [a, b] such that f= p, — q,. then 
show that V(p)< V(p,) and V(q)< V (q, ). where V denotes total variation on [a, 5]. 
a With usual notation, we have 


p=4(vy + f)and g=4(v, -/) 
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Given that f= p, —q;. therefore for x € [a, b], we have 
2p(x) = V (f. a, x) + p\(x) — g(x) 
a 2p(b) — 2p(a) = V (fa, b) + p\(b) — pa) — tay) - g(a} 
ie., 2V (p)= VP) + Mp) — Hq) Al) 
But V(f)=V(y-aH)SV(~)tV (4) (2) 
From (1) and (2), it follows that 
2V (p) S$ 2V(p,). andso V(p)<V(p,) 


Similarly, V (q) < V (q,)- 
Example 7. Compute the positive, negative and the total variation functions of 
f (x)= 3x? - 22°, for-2<x<2 
a Here 
f’(x) = 6x(1- x) 
which vanishes for x = 0, | and is negative for -2 < x <0 or |< x $ 2, and positive for0<x<1. 


Hence, for —2 < x < 0, (when/is monotone decreasing) 


Mathematical Analysis 


v @)=V(F2.9)=F(2)-F@) 
= 28 - 3x7 + 2x7 
Fe V(f,-2, 0)=28 
For 0 <x <1 (when fis monotone increasing) 
V(f,0, x)= f(x)- f (0) =3x?- 2° 
v, (x)=V(f,-2, x) =V(f,-2,0) + V(F, 0, x) 
= 28+ 3x -2x° 


and 
V(f,-2, 1) =29 


For 1 <x <2 (when fis monotone decreasing) 
V(f. x)= f(I)-f(x)=1-3x7+ 22 
vp (x)=V(f, -2,x)=V(f,-2, 1)+V(f,1, x) 
= 30-3r + 2x7 
Thus the total variation function on —2 < x < 2 is defined as: 

28 — 3x° + 2x°, for-2<x<0 

vp (x)= 28+ 3x°- 2x3, for O<x<1 
30 -3x°+2x°, for 1<x<2 


Since the positive variation function p is defined as: 


p(s) = af, (x) + £0} 


14, for -2<x<0 
p(x)=4144+3x°-2x°, for O<x<1 
15, for 1<x<2 


Similarly, the negative variation function, 
14 - 3x7 + 2x7, for-2<x<0 
q(x) = 3414, for O<x<l 


15-3x?+2x°, for 1<x<2 


Example 8. Compute the positive, negative and the total variation functions of f where 

f (x)=[x]- x (0s x2) 
The function fis monotone decreasing from 0 to | and from | to 2 and has discontinuities at 1 and 2. 
It may be restated as 


—x, forO<x<l 
f(x)=41-x, forl<x<2 
0, for x =1, 2 


Functions 


For 0<x<l, 
v, (x)=V(f,0, x)= f(0)- f(@)=x=[x]+* 
V(f,0, I)=Lub.[V(f, 0, x) +V(f, x,1)] 
=a Ae tl) 
=Lub.[x+]0-x[]=2 


[»,(*)],,=V(F.0.1)=2 
For 1S x<2, 
V(f.l x)= f(D-f(@)=-1+x 
v (X)=V(F,0, )=V(F.0,1)4V(F.1, x) 
=l+x=[x]+x 
V(f.1,2)=Lub [V(f.1, x) +V(f,x, 2)] 
=Lub[-1+x+]4(2)- F@)|] 


=lub.[-1+x+]0-(I1-x)|]=2 


lexe2 
[vy (@)]_,=V (4.0. 2)=V(F,0.)+V(F.1,2)=4 
Thus the total variation function is defined on [0, 2] as 
v, (x)= [x] + x, for 0< x<2 
Accordingly the positive and negative variation functions, p and q, are defined as: 
p(x)=[x], forO<s x <2 
q(x) =x, for0<x<2 


eo 
cc 
Ww 
Ee 
a 
< 
= 
() 


Ex. 1. Show that sin x and cos x are of bounded variation over a finite interval. 
Ex. 2. Show that a polynomial function is of bounded variation over any finite interval. Describe a 
method for finding the total variation of fon [a, 5], if the zeros of the derivative f’ are known. 


Ex. 3. Determine whether or not f is of bounded variation on [0, 1], where, 
() f (x)= Vxsin (1/x), if x #0, f(0)=0, and 
(i) f (x)= *sin (I/x?), if «#0, f (0) =0. 


7... VECTOR-VALUED FUNCTIONS 
7.1__The Euclidean Space R” 


The set of all ordered n-tuples of real numbers is denoted by R”. Thus 
R" ={(t, t,t, ):t; € R for j=1,2,..., n} 
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The n-tuples (¢,, 4, .--. ,), Where f;, 6, ..-. 4, are real numbers, are members or points of R”, and t,, 
hh, «.-, f, the components or the coordinates of the points of R’. Members of R” will be denoted by bold 
faced letters x, y, z, ... So that each of x, y, z, etc. stands for an ordered n-tuple of real numbers. 

0 denotes the point (0, 0, .... 0). 


Ifx = (x), x), .... ¥,,) and y = (1),..V>. «... V,,) be two points of R”, then we define addition and scalar 
multiplication by 
i eb ey = tah 2 Hp EVs 


(ii) cx = (cx, cy, ..., cx, ), cE R. 
(iii) Distance between two points x and y, denoted symbolically by d(x, y), is defined as 


d(x, y)= VG -y, y +(%- y> y Fat (GOI \ 


then | x | denotes the distance between x and 0, and is called the Norm of x. Also 

d(x, y)=|x—-y| 
The set R” equipped with the properties (i), (i) and (ii/), mentioned above, is called the Euclidean 
space R" of n dimension. 


Cauchy-Schwarz Inequality 


Ifx =(x),%5, .....X,,) and y = ().), «....);,) be two points of R", then 


n 


We note that 


It follows that 


i=l i=l i=l 


Taking positive square root of both sides, the Cauchy-Schwarz inequality is established. 


Functions 


Ex. For x,y,ze R", show that 


(i) d(x, y)=d(y, x)20, 
(i) d(x, y) = 0 iffx=y, 
(iii) d(x, y)<d(x,z)+d(z. y) (Triangle inequality). 


7.2 _Vector-Valued Functions 
If f,. fs ++ f,, be m real-valued functions on an interval [a, 4]. then the corresponding mapping f = (f), 
Ay. +s fy) Of [a, b] into R” is called a real vector valued function® of R into R”. 

The domain of such a function is a subset of R and range, a subset of the m-dimensional space R”. 
The functions |. 5. .... f,, are called its components. 

Vector valued functions with domain R* and range, R” are also defined in a similar way. 

The vector valued functions satisfy the following relations. 

If f= (fF. A «Sis & = (S. BS» «+ Z,) be two vector valued functions, then 

|. f=g if and only if, 


f;= gp forj = 1, 2,....m 

2. f+ 8=G+ 8A +t 8x tn + Sm) 

3. af = (af, af, .... af,,), a any real number 

Of = (05 03.4155 '0) = 0 

f is said to be continuous if and only if each 7, is continuous 
f is differentiable when each /, is differentiable, and then 


=H. Bo In) 


7.3 Vector-Valued Functions of Bounded Variation 


= 


wn 


x, 


Let f be a vector-valued function with domain [a, b] and range R”. If P = {a = Xp, x), .... x, = b} is any 
partition of [a, b] and Af, = f (x,)-f (a4 ) denotes the oscillation of fon Ax, , then the fofal variation of 


fon [a, b] is defined as 
V(f,a,b)=Sup> |af,|=Sup > |f(x;)-£(x.4)}, 
i=l i=l 


the supremum being taken over all partitions of [a, b]. 

f is said to be of bounded variation on [a, b] if and only if V(f.a.b)<+, ie. V(f, a, b) is 
finite. 

The function 


ve (x)=V(f.a,x),aSxsb 


is called the /otal variation function of f. 


* The reader is already familiar with the vector functions in space (3-dimensional), where a vector function P can be 
expressed as P = iP, + jP,+ kP; or equivalently as an ordered triplet (P,. P,. P;). The definition given here is a generalisation 
of the same. 
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Note: V(f, a, b) or v, (x) are non-negative and can be zero only when f (x,) = f (x,_,) for all i, that is only when f is a 
constant function. 


We shall now prove some theorems for the vector valued functions of bounded variation. As many 
properties of such functions can be reduced to that of the real-valued functions, we shall give the outline of 
the proofs, details may be provided by the reader himself. 


1. fis of bounded variation on (a, b) ifand only if each component function f, is of bounded variation on 
[a, 5]. 
For any partition {a= Xp, x), ..., x, = b} of [a, b]. 


| f:(%)- f(%-1)|s|f@)-t(%4)|s 2 14i)- fi(%-)| 


If we add these inequalities for i = 1, 2, ..., n and take the least upper bound over all partitions of 
[a, b], we get 


V(fj.4.b)<V(f, a,b) Sy (f;.4,6) 


which proves the theorem. 


Corollary. Since each real-valued function of bounded variation is necessarily bounded, it follows that 
each function f, and consequently f is bounded. Hence a vector valued function of bounded variation is 
necessarily bounded. 


2. If f exists and is bounded on [a, b] then f is of bounded variation on [a, b]. 
Since fis derivable, therefore each f; is derivable. 


Also, i )|<™, forall xe [a, b], then 
<|f’(x)|<mM 
Hence for any partition ‘ =Xp,X), -.-X,, = 5}, we have by Lagrange’s Mean Value Theorem, 
fi (x) - Sy (% ,1)|= ee wa|| 7) a << x $M (x - 4,4) 


Y|He)- (ss)|s™ Di -x,)=M(b-a) 


Taking the supremum over all partition of [a, b], we get 
V(f;,4,b)<M(b-a) 
so that each function fis of bounded variation on [a, b]. Consequently (by 1) fis of bounded variation on 
[a, 5). 
3. If f and g are of bounded variation then f + g is also of bounded variation, and 
V(f tg,a,b)<V(f,a,b)+V(g, a,b) 
Let £=(f,f5 Sn)» & = (815 Bo» +++ Bn) 


Since f and g are both of bounded variation, therefore each J, and g; is of bounded variation over 


[a, 5). 


Functions 


> each f; + g; is of bounded variation on [a, 5] 
=> f + g is of bounded variation on [a, 6] 
For any partition {x9, x), X2, ..., X,} of [a, b], we have 


AG +)(x)-(f +g)(x.)| 
= Seo = f(x, yes {g(x) = g(x; I 
< > |f(x) - £(x.)| + y3 |e(x) ~ g(x, 


<V(f,a,b)+V(g, a,b) 


<s 


> V(f +g,4,b)<V(f,a,b)+V(g.a,b) 


4. For aS x yb prove that 
V(f.a, y)<V(f.a,x)+V(f, x, y) (1) 
If x =a ory =x, the result is trivial, for, V (f, x, x) = 0. 
Leta<x<ysb. 
Let € > 0 be given. 
There exists a partition P = {a = Xp, x, ..., X,, = y} of [a, y] such that 


V(f.a, y)-e< > |f(%)-f(44)/sV 4, y) OQ) 
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where y denotes the summation over all points of P. 
P 
If x is not a member of P, we consider the partition P* = P U {x}, for which (2) still holds. 
Evidently P* gives rise to the partitions P, and P, of [a, x] and [x, y] respectively such that 


P*=P UP. 


Now from (2), 
Efe) -thallsvea. 
DIF)- £(x.)|+ DIre)- £(s;4)|$V(.a, y) 
=> V(t.a,x)+V(f.x, 9) <V (f.a, y) 3) 


From (2) and (3), for any € > 0, we get 
V(f,a, y)—-e<V(f,a,x)+V(f,x, y)SV(f,a, y) 
and since ¢€ is arbitrary, result (1) follows. 
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5. The total variation function v,(x) is monotone increasing. 


For a< x, Sx, <b, we have 
O<V(f, x, x) 
=V(f,a,x,)-V(f,a, x) 
=v (4) v4 (4) 
= ve (2) 2 ve (a4) 
Corollary. —v,(x) is a strictly monotone increasing function over [x,, x]. unless f is constant on [x), x]. 


ve (%)=ve(4) = V(f. xy.) =0 


0<V(f,.x.%)SV (Fy. )=0, forf= 1.2, 


> Vf. X. X>) = 0, for all j = 1, 2, .... m 
= all the components /,. f, .... f,, are constant over [x,, x5] 
= fis constant over [x,, x5] 


6. Ifa vector valued function f, with domain (a, b] and range a subset of R", is of bounded variation 
on [a, b], then vx) is continuous at ce [a, b] if and only if f is continuous at c. 


(/) Let, first, f be continuous at ce [a, b]. 
Consequently each f, and therefore each v,,(x) is continuous at c. 
Thus for € > 0,5 >0 can be found such that for j = 1, 2, .... m 


lv, (c+h)-v, (c)| < elm, when |h| <6 
Now, for h > 0, 


O<y(c+h)-y(c)=V(f.c.c+h) 


= V(f,-c.¢+h) 


=>, (c+ h)— vy ()} i, 


Similarly for h <0, 
<u (c)-y(c+h)< ¥ {r, (c)-v, (c+ m)h (2) 
j=l 


so that from (1) and (2), for \h| <6, we have 


|v (c + h)- Vp (c)| < Y | Vp (c + h)- Vp (c)| SS 


=> vp (x) is continuous at c. 


Functions 


(7) Let, now, vy (x) be continuous at c € [a,b], so that for € > 0,36 >0 such that 


v(x) — 1 (c)| <e, for |e] <5 iB) 
Again 
|f(x)-£(c)|<V(f.¢. x), if x>e 
=V(f.a,x)-V(f. a,c) 
=y,(x)-y(c), if x>c wi(4) 
and 
|f£(c)-£(x)|< (c)- (x). if x<E cata) 


Hence for (3), (4) and (5), we get 
|f£(x)-£(c)| <e. for |x—c| <6 


=> f is continuous at c. 


Integration of Vector-Value Functions 


7.4* If @ is a monotonic increasing function on [a, b], then f € A(o) means that f; € R(o), for 
j= 1,2,....mand we define 
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[rae = fr da@, fr dO, ie da 


b b 
Thus fe d@ isa point in R” whose jth component is fr da. 


a a 
The following results are easy consequences of the definition: 


(a) iG +g)da= [rac + fada 
a a 


a 


(b) For a<e<b,f €A(q) on[a, 4] ifand only if f ¢ R(c) on [a,c] and [c, b] both and then 


frac = [rac + fe da 


(c) If f © R(cr), then f? « A(a),|£]e R(a), and 


b 
frac 


a 


< fit|aa, 


a 


(d) f € R(a,) and f ¢ R(o,), then f ¢ (a, + a), and 


* See, The Riemann-Stieltjes Integral. 
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b b b 
fed(@ +a,)= fraq + fraa, 


(v) If f is continuous then f e A(a). 
(/) If £ € Ron [a, b] and a<x<b, we define 


F(x)= fe (t) dt 


then F is continuous on [a, 5]. Further if f is continuous at a point xy of [a, b] then F is 
differentiable at x, and 


F(x) =£ (4). 
(g) If £ € Ron [a, 4], and if there is a differentiable function F on [a, b] such that F’ = f, then 


rae = F(b) = F(a). 


(h) Iff © Rand a € R on[a, b], then £ € R(o), and 


The Riemann Integral 


(Integration of Bounded Functions on R) 


At elementary stage, the subject of integration is generally introduced as the inverse of differentiation, so 
that a function F is called an integral of a given function £ if F (x) =/(x), for all values of x belonging 
to the domain of the function #- Historically speaking the subject arose in connection with the evaluation 
of areas of plane regions and thus amounted to finding out the limit of a sum when the number of terms 
tended to infinity, each term tending to zero. Realisation that the subject could be looked upon as inverse 
of differentiation came afterwards. The reference to integration from summation point of view was 
always associated with the geometrical concepts. 

To formulate an independent theory of integration, the German mathematician, Riemann, gave a 
purely arithmetic treatment to the subject and thus developed the subject entirely free from the intuitive 
dependence on geometrical concepts. Many refinements and generalisations of the subject followed, the 
most noteworthy being Lebesgue theory of integration. 

The present chapter is, thus, based on a definition of the Riemann integral which depends very 
explicitly on the order structure of the real line. Accordingly, we begin by discussing the integration of 
real bounded functions on intervals. Integration over sets other than intervals is beyond the scope of the 
present discussion. 


The function will always be assumed to be bounded unless otherwise stated. 


1. DEFINITIONS AND EXISTENCE OF THE INTEGRAL 


Let [a, b] be a given closed interval. 
Partition. By a partition of [a, b], we mean a finite set P of points x9, X1,.X>, .-.5 Xj» 
where 
a=X) Sx, S... Sx, Sx, = 5 
The partition P consists of n + 1 points. Clearly any number of partitions of [a, b] can be considered. 
[Xo. X], Dy. Xo], «5 Pty 1 X,], - [x,,— 1 X,] are the sub-intervals of [a, 5]. We shall use the same 
symbol Ax, to denote the ith sub-interval [x, ,, x,] as its sub-length x,—x, ,. 
Thus, 
AX;=%j—Xaq C= 1, 2,285") 
Let f be a bounded real-valued function on [a, ]. Evidently f is bounded on each sub-interval 
corresponding to each partition P. Let M,, m,be the bounds (supremum and infimum) of fin Ax,. 
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From the two sums, 
n 
U(P.f)= > MAy; = My Ay + M7 Avy +...+ M, Ax, 
i=l 


n 
L(P, f) = > MjAy, =m Ay +b =m Avy +...+ m,Ax, 
t=1 
respectively called the Upper and the Lower (Darboux) sums of f corresponding to the partition P. 
If M, m are the bounds of fin [a, 5], we have 
msm,<M, <M 
> m Ax, Sm, Ax, <M, Ax, <M Ax, 
Putting i= 1, 2, .... 2 and adding all the inequalities, we get 
m(b—a)< L(P.f)<SUP.f)<M(b-a),b2a pea 
Now each partition gives rise to a pair of sums, the upper and the lower sums. By considering all 
partitions of [a, 5], we get a set U of upper sums and a set LZ of lower sums. The inequality (1) shows 
that both these sets are bounded and so each set has the supremum and the infimum. The ifimum of the 
set of upper sums is called the Upper integral and the supremum of the set of lower sums is called the 
Lower integral over [a, b]. Thus 


b 
J fdx=infU or inf {U(P,/): Pisa partition of fa, 5]} 


u 
pp 

J fdx=supL or sup {Z(P./): Pisa partition of [a, b]} 
w 


These two integrals may or may not be equal. 


Definition | (Darboux s condition of integrability). When the two integrals are equal, i.e., 


il ie [par = ) "fax 


we say that fis Riemann Integrable (or simply integrable) over [a, b] and the common value of these 
integrals is called the Riemann Integral (or simply the integral) of f over [a, b]. 
The fact that fis integrable over [a, b], we express by writing 


f €R[a,b] or R simply. 


Evidently from equation (1), 


b 
m(b-a)< | fades M(b-a),b2a a 
a 
Thus, the upper and lower integrals are defined for every bounded function but they may not 
necessarily be equal for every bounded function. There exist functions for which these integrals are not 
equal, such functions are not integrable. Thus the question of their equality, and hence the question of 
the integrability ofa function, is a more delicate one and will be our main concern in the next few pages. 
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Note: For the sake of convenience, whenever the scope for confusion is not there, we shall omit the limits of 
integration and write simply. 


[ras frav. frac 
Remarks: : 


b 
|. The statement that J f dx exists, implies that the function fis bounded and integrable over [a, b]. 


a 


2. We have introduced the concept of integrability of a function subject to two very important limitations, viz. (i) the 
function is bounded, (i) the interval is finite. 


3. From equations (1) and (2). it follows that when b > a, 


b 
m(b ~ a) < L(P.f) < | fdx SU(P.S) S M(b-a) 
4. Since the upper integral is the greatest lower bound of the set of upper sums, therefore corresponding to any 
€, > 0, 4 an upper sum (or J a partition P, ) such that 
Tb 
U(Pf)< J fdx+e, 
Similarly, 
b 
L(P, f) >f fdx-e, 
5. U(P,f) — L(P,f) == M, Ax, — Xm, Ax; = X(M; — m,) Ax; 
i it i 


(M, — m,;) being the oscillation of / in the sub-interval Ax;,U(n, f) — L(P,f) is called the oscillatory sum 
denoted by @(P, f) and is non-negative. 


Example 1. Show thata constant function k is integrable and 


b 
fear =k =a) 


a Forany partition P of the interval [a, b], we have 
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L(P, f) =k Ax, +k Ax, +...+k Ax, 
=k(Ax, + Ax, +... + Ax,) 
=k(b-a) 


b 
% J ax = sup L(P, f) =k(b-a) 


pb 
J kdx = inf U(P.f) 


inf (k Ax, +k Ax, +...+k Ax,) 
k(b-a) 
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Thus, 
b Te 
J kar= [kar =kb-a) 
Ja a 
which implies that the function & is integrable and 
b 
fear = kb -a) 


Example 2. Show that the function f defined by 
0, when x is rational, 
1, when x is irrational 


roo={ 


is not integrable on any interval. 
= Let us consider a partition P of an interval [a, 5]. 


U(P,A)=Y MAX, 
i=l 


=1Ax,+1Ax,+...+1Ax,=b-a 


J rae=int U(P.f)=0-a 


Ji fare sup LOP.f) 
= sup {OAx, + OAx, +...+ OAx,} =0 
Thus, 
J fart J fdx 
Hence, the function fis not integrable. : 


Example 3. Show that x’ is integrable on any interval [0, k]. 


= Let us consider the partition P of [0, k] obtained by dividing the interval into m equal parts. Thus 
[0, k/n, 2k/n, ..., nk/n] is the partition P, [(i — 1)(k/n)P and [i(k/n)}’ are the lower and upper 
bounds of the function in Ax; , and the length of each such interval is k/n. 


3 
U(P,x°) == (7? +27 +3? +...4n7) 
n 


Ron 
a gts 1)(2n + 1) 


“Elder 
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and 


3 
up.) =4 (0+? +2? 4+...4+(n-1)7} 
n 


Eb-Ye-y 


3 


inf U(P, x?) -<- sup L(P, x?) 


Hence, the function x7 is integrable and 
3 
Jeaares 
0 
Ex. 1. Show that (3x + 1) is integrable on [1, 2] and 


Z 
3x + I)dx = — 
[es dds => 


Ex. 2. A function fis bounded on [a, b]. Show that 
(7) when k is a positive constant, 


[oo acakf’ fa; Pip dr=k ff ax 
and (ii) when k is a negative constant, 

(ef dx=k f dx; kf dx= kf” f dx 

[apde=a fr ds [arama 


Deduce that if fis bounded and integrable over [a, b], then so is kf, where k is any constant and 
then 


b b 
Jupax=k fax 


[Hint: If M,,m, M;, m; are bounds of f in Ax,, then k M;, km,, are bound of kfin Ax;, ifk is positive. 
But if kis negative, the bounds of kfare km,, kM,] 
1.1__A Definition 


b 
The meaning of j f dx when b < a. Iffis bounded and integrable on [}, a], for a> b, we define 
a 


[ete wea 
a b 


Also 


o 
o 
Ww 
= 
oO 
4 
35 
(S) 
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b 
Jrax =0 whena=h 


a 


1.2__ Inequalities for Integrals 


In an earlier section we have proved that for a bounded integrable function /, 


b 
mb—a)< ff dx < M(b-a), whenb>a 


) 


If b <a, so that a > b, then as proved above 


m(a — b) <ff dx < M(a—b), whena>b 


b 


= - mab) >= | f dx>- M(a-b) 
b 


b 
> mb -a)> | f dx=>M(b-a), whenb<a w(4) 
We shall now make some interesting deductions from these two inequalities. 


Deduction 1. Iffis bounded and integrable on [a, b], then there exists a number 4 lying between the 
bounds of f such that 


b 
Jfax=20-a) 


Deduction 2, If fis continuous and integrable on [a, b], then there exists a number c between a and b 
such that 


b 
Jfar=6-a seo 


Deduction 3. If fis bounded and integrable on [a, b] and & is a number such that |fQ)| <k forall 
x €[a,b], then 


<k|b-a| 


b 
Jfax 


Let M, m be the bounds of f(x). Now 
|fQ)| Sk, Vx e[a,b] 
-ksf(x)sk = -ksmsf(x)SM<k 


which for b 2 a, implies that 
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b 
- k(b- a) Smb-a)< | fdx< M(b-a)<k(b-a) 


b 


Jrax 


a 


ay <k(b-a) 


If b < a, so that a > b, we have 


<kla-b| = <k|b-a| 


[rax 
b 


b 
Jrax 


The result is trivial for a = b. 
Deduction 4. If fis bounded and integrable on [a. 5], and f(x) 20 for all x € [a, b], then 


' >0, if b>a 
aces ae 
J <0, if b<a 


Since f(x) 20, for all x €[a, b], therefore, the lower bound m2 0. 
The result follows from the inequalities (3) and (4) above. 


Deduction 5. If f g are bounded and integrable on [a, b], such that f > g, then 


b b 
frac feax when b2a 


and 


b b 
fracsfeax when b<a 


a a 
Now 


f2g>f-—-g20, Vxrel[ab] 
Hence using Deduction 4, we have 


o>) 
oc 
Lu 
= 
a 
< 
= 
(S) 


b 
Jura >0 if b2a 


or 


b b 
Jfac> fear if b2a 


Similarly 


b b 
Jracs fear if bea 
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Note: We have assumed the result fu —g)dx= fr dx - fe dx. \t will however be proved in § 5, Theorem 6. 


2. REFINEMENT OF PARTITIONS 
Definition. For any partition P, the length of the largest sub-interval is called the norm or mesh of the 
partition and is denoted as yz (P) (or simply 1). 
te M(P) = max Ax, (1 Si <n) 
A partition P* is said to be a refinement of P if P* 2 P, i.e., every point of P is a point of P*. 
We also say that P* refines P or that P* is finer than P. 


If P, and P, are two partitions, then we say that P* is their common refinement if P* = P, U P. 

Theorem 1, If P* is a refinement of a partition P, then for a bounded function f, 
(i) L(P*, f) 2 L(P, f), and 
(ii) U(P*, f) <U(P, f). 

To prove (i), suppose first that P* contains just one point more than P. 

Let this extra point be €, and suppose that this point is in Ax,, that is, x); < $< %- 

As the function is bounded over the entire interval [a, b], it is bounded in every sub-interval 
Ax, (i =1,2,...,n).Let w;,, w>, m; be the infimum (g.1.b.) of f in the intervals [x;-), $1, [6 4], by. 4), 
respectively. 

Clearly m; < w,,m; Sw. 

L(P*, f) — LP, f) = wy (E = 1) + we (aj — 6) — m2; — 4-4) 
= (w, — m,)(E — x41) + (W, — m) (Gj - &) 20 
(« each bracket is positive) 
If P* contains p points more than P, we repeat the above reasoning p times and arrive at 
L(P*, f) 2 L(P, f) 
Similarly, we can prove that 
U(P*, f) <U(P, f) 
Corollary. [farefinement P* of P contains p points more than P, and | F@) | <k, forall x €[a, b], then 
L(P, f) < L(P*, f) < L(P, f) + 2pku 
U(P, f) 2U(P*, f) 2U(P, f) — 2pku 
Proceeding as in the above theorem, when P* contains one point more than P, we get 
L(P*, f) — LP, f) = (, — m)(F — x4) + (w, — m,) (x; - 4) 
Since | f (x) |< k, forall x € [a, b], therefore 


—ksm<sw, sk 


=> O< w, —m, < 2k 
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Similarly, 
O<w, —m, <2k 
L(P*, f) — L(P, f) $ 2k(E = x)_,) + 2k(x; - 6) 
= 2k Ax; 
<2ku, where / is norm of P 
Now supposing that each additional point is introduced one by one, by repeating the above reasoning 
ptimes, we get 
L(P*, f) S L(P, f) + 2pku 
Also LP. f) = Lf) 
L(P, f) < L(P*, f) $ L(P.f) + 2pku 
Similarly, the other result may be proved. 
Ex. IfP* is arefinement of P then 


U(P*, f) — L(P* f) SU(P, f) - L(P.f) 


Theorem 2. For any two partitions P,, P,, 
L(R, f) <U(Py, f) 
i.e., no upper sum can ever be less than any lower sum. 
Let P* be acommon refinement of P,, P,, so that 
p*= RUP 
Using Theorem 1, we get 
L(P, f) S$ L(P*, f) SU(P* f) SUP, f) afl} 
L(R, f) SUC, f) 
Corollary. For any bounded function f, 


Jracs | fax 
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By keeping P, fixed and taking the |.u.b. overall partitions P,, (1) of Theorem 2 gives 


If dx <U(P,,f) (2) 


Taking the g.l.b. overall P, in equation (2), we get 


Jracs[pac 
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3. DARBOUX’S THEOREM 


Iffis a bounded function on [a, b], then to every €> 0, there corresponds & > 0. such that 


() UPS)< [face & 
‘ b 
(ii) L(P,f)> [fa-e 


Jor every partition P of (a, b| with norm wW(P) <6. 
Let us first attend to (i). 
As f is bounded, therefore 3 k > 0, such that 
|fQ)|<k, Vxe [a, 5] 
Again, since the upper integral is the infimum (g.1.b.) of the set of upper sums, therefore to every 
& > Othere exists a partition P, = {%9,X),.%5,.. X,} Of [a, 5] such that 


5 1 
UPD) < ffx +528 Al) 


The partition P, has p— 1 points besides Xp (= a) and x, (= b). 


eis ae 
Let 5 bea positive number such that 2k(p—l)d == 


Let P be any partition with norm “(P) < 6. 
Let, further, P* be a refinement of P and F,, so that P’=Pu Rs 


As P* is a refinement of P having at the most p — | more points than P, therefore (using Corollary, 
Theorem 1), we get 


U(P, f) — 2k(p — 1)6 < U(P*, f) 


<U(R, Sf) 
=F 1 
cK [ fac+ ne {using equation (1)] 
oY i i 
z, UPS)<[fdrrse-se= [fdc+e [using equation (2)] 


for any partition P with norm y(P) < 6. 
Similarly, we can prove the other part. 
Note: The definition of infimum also leads to the fact that 


ra 
UP. A\<J fac+e 


but this implies that for every € > 0 there exists at least one partition P with this property. The importance of 
Darboux’s Theorem lies in the fact that it asserts the existence of an infinite number of partitions which have this 
property, with the only restriction that their norm s(P) < 6, depends on the choice of ¢. 
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4. _ CONDITIONS OF INTEGRABILITY 


We have stated earlier that a bounded function is said to be integrable when the upper and the lower 
integrals are equal. We now formalise and give the necessary and sufficient conditions for the integrability 
of a function in two forms. 


Theorem 3. First form. A necessary and sufficient condition for the integrability of a bounded 
function f is that to every € >, there corresponds 6 > 0 such that for every partition P of [a,b] with 
norm L(P) <0, 

U(P, f) — L(P, f) <€ 


The condition is necessary. The bounded function / is integrable, 
“b pb 
[fac=[rar= [yr de 


Let € be any positive number. By Darboux’s Theorem there exists 6 >0 such that for every 
partition P with norm “u(P) < 0, 


UP.N< [fate [fderte A) 
. b 1 Bi 1 
LP, f)> [f de—Se= [fde—Se 02) 
or 
“UP, f)<-['f dee (3) 


From equations (1) and (3), we get on adding 
U(P, f): — LCP, f) <€ 
for every partition P with norm y(P) < 0. 


The condition is sufficient. Let € be any positive number. For any partition P with norm su(P) < 0 
(depending on ¢ ), we are given that 
UP, f) -— L(P, f) <«é 
Also for any partition P, we know that 


LPNS [favs {iv ax <U(P, f) 


om [yr ee i dx <U(P,f)-L(P.f)<¢é 


Since ¢ is an arbitrary positive number, therefore we see that a non-negative number is less than every 
positive number. Hence it must be equal to zero, 


= [rac f fde=0 
*) [rac= [ras 


so that fis integrable. 
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Note: The theorem can also be stated as follows: 

A necessary and sufficient condition for the integrability of a bounded function fis that 
lim {U(P,f) -—L(P, f)} =0 

when the norm L(P) of the partition P tends to 0. 


Theorem 4. Second form. A bounded function f is integrable on [a, b] iff for every €>0 there 
exists a partition P of (a, b], such that 
U(P,f)- L(P, f)<eé 


The condition is necessary. Suppose the function fis integrable, so that 
b fo 
[fae [fac= rac 


Let € be a positive number. 


Since the upper and the lower integrals are the infimum and the supremum, respectively, of the 
upper and the lower sums, therefore 3 partitions PR and P, such that 


UR.A< [fdcrse=Pfderse 
L(P,,f)> [irarse= [face 


Let P be the common refinement of A and P,,i.e., P=PRUP,, 
b 
U(PA)SU(R.S)< [fart tec L(B.f)+e 
a 


<L(P,f)+e 
Thus J a partition P such that 
U(P,f) - L(P,f) <é 
The condition is sufficient. Let € be any positive number. 


Let P be a partition for which 
U(P,f) - L(P,f) <é 
For any partition P, we know that 


L(P,S)s [Pf des [racsucp,s) 
[fac Pf acsU(P,f) -LPf\<e 
The non-negative number, being less than every positive number ¢, must be zero. 


Py [ra 


so that fis integrable. 
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Note: Comparison of the two forms indicates that from the necessary point of view, the first form is stronger than 
the second but from the sufficiency view point the second form is stronger than the first. 


4.1 Deduction 6. A function f is integrable over [a, b] iff there is a number I lying between L(P,f) 
and U (P,f) such that for any € > 0,4 a partition P of [a,b] such that 
|U(P,f) - I< 6, and |I — L(P, f)|< é. 
Necessary: As f €R [a, b] therefore for ¢ > 0, 3 a partition P of [a, b] such that 
UP, f)- LPS) <é 
If/is anumber between L(P,/f) and U(P, f), then 


|U(P,f)-1\<|U(P,f)- LIP.) |<é 
and 
|1-L(P,f)|<|U(P,f)- LPP) | <é 
Hence, the result. 


Sufficient: For ¢ > 0,4 a partition P such that 
UPN -H<Ze and [1-L(P,f)\<he 
|U(P,f) - L(P.f)|<|U(P.f) -1|+|1-LP.f)| 
I 1 
<—s+—e=6 
2 2 
=> f €R[a, 6] 


Deduction 7. A function fis integrable over [a, 5] iff there is a number / such that for any ¢>0,36 
such that for all partitions P with mesh y(P) < 0, 


|U(P,f) -T|< e,and|1-L(P,f)|<é 


The proof is similar to that of deduction 6 and is left to the reader. 


Note: We know that U(P", {) <U(P,f) when P* > P. Therefore, the upper sum becomes smaller and smaller 
as the partition gets finer and finer. Thus the upper integral if Ff dx, which is the g.1.b. of the set U of upper sums, 
can be looked upon as in U(P,f) or that for ¢>0,35>0 such that for all partitions P with mesh 
MP) < 6,|U(P, f) - fren < ¢, Thus Deduction 7 merely states that the upper and the lower sums converge to the 


6 
same quantity / and moreover [ = J Sf dx. 
a 
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5. INTEGRABILITY OF THE SUM AND DIFFERENCE OF INTEGRABLE 
FUNCTIONS 


Theorem 5. Jf f, and fy are two bounded and integrable functions on [a, b], then f = f, + fy is 
also integrable on [a, b], and 


b b b 
ffar+ [rac= fra 
Clearly f is bounded on [a, 5]. ' : ' 
Let P= {a =X, Xy,..., x, =} be any partition of [a, b] and M/, m!; M/" mj, M,, m, be the 
bounds of /,, 5 and f respectively in Ax,. 
[M; + Mj‘and m! + m;" are rough upper and rough lower bounds while M; and m;,, the supremum 
and the infimum of fin Ax;.] 
mj) + mj'<m, < M, < Mj + M}' mail) 
Multiplying by Ax, and adding all these inequalities for i = 1,2,3,...n, we get 
L(P,f,) + L(P.f,) < L(P.f) S U(P.S) < UP, A) + UPA) wl) 
Let € be any positive number. 


Since /;, f> are integrable therefore, we can choose 6 > 0 such that, for any partition P with norm 
u(P) < 6, we have 


UPA) LP.) <6 


1 
U(P, f:)-L(P, fa) Saf 
Thus for any partition P with norm u(P) < 6 we have, from (2) and (3), 
U(P,f) — L(P,f) S$ U(P.f,) + UPA) - (PA) - (PA) 
<set+ Ds =e 
2 2 
Thus, the function f is integrable. 
Now we proceed to prove the second part. 
Since f,, f; are integrable and ¢ is any positive number, therefore, by Darboux’s Theorem, 3 6 > 0 
such that for all partitions P whose norm yu(P) < 6, we have 


)< hares e,and U(P, fa) < )< [ae € (4) 
Also, 


b 
Jfae< UPA) < UPS) + UPA) {using (2)] 
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b b 
< fi dx + Ja dxt+e [using (4)] 
Since ¢ is arbitrary, we conclude that 
b b b 
Jracs fides [fae me) 
Proceeding with (—/,),(—/2) in place of f;,f, respectively, we get 


b b b 
Jars [fae + [fae 


or 


b b b 
Jrace [hac [ha (6) 


From equations (5) and (6), 


b b b 
Jrac= [fades [fae 


Note: When f, is integrable, for ¢ >0,36, >0 such that for u(P)<6,,U(P, N-UP, A) <z6 Similarly 
4.6, > 0 for the functions /,. However, 6 = min (6,, 5,) works for both the functions. It is this 6 which was used 
for (3) above, 6 for (4) was also selected by a similar reasoning. 

Ex. Prove the above theorem by using Theorem 4 for condition of integrability. 

Theorem 6. If f,, 4 are two bounded and integrable functions on [a, b], then f = f, — fy is also 


integrable on [a, b] and 


6 b 6 
Jrac=[ha- fra 
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Let f = f, +(—f)), so that fis bounded on [a, 5]. 
Let P= {a =Xy, X,,X5,..., X, =} be any partition of [a, b] and Mj, m!; M/" mj, M,, m, be the 
bounds of f,, f, and / respectively in Ax;. Clearly the bounds of (—f,) are —m!’and — Mj! 
m; — Mj'< m, <M; < Mj -m? wl) 
Multiplying by Ax, and adding all these inequalities for i= 1, 2, ..., 7, we get 
L(P,f\) — U(P. fx) $ L(P,f) S U(P.S) SUP, A) - LP.) (2) 
Let ¢ > 0 bea given number. 


Since f,, f, are integrable, therefore 3 6 > 0 such that for any partition P whose norm y(P) < 6, 
we have 
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UPA )- UPA) < 58 


UP. fe) LP A)<56 


Thus for any partition P with norm s(P) < 6, we have from equations (2) and (3), 
UP, f) - L(P,f) SUP. f,) — LPS) — LPL) + UP. Ar) 
ia | 
<rét+ré=eé 
a) 
Thus, the function f is integrable. 
Let us now prove the second part. 


Since /;, fy are integrable and & is any positive number, therefore, by Darboux’s Theorem 3 6 > 0 
such that for all partitions P with norm y(P) < 6, we have 


b b 
U(P.f) < | fide +46, and L(P,f,)> | fede Se 4) 
b 
frac <U(P.f) 
" <U(Pf)- L(P.Ay) {using (8)] 


b b 
<Jfia-Jhasre 
Since ¢ is arbitrary, we conclude that : . 
b b b 
Jracsfhac-Jha 
Proceeding with (— f,) and (— f,) in place of f, and /, respectively, we get 


b b b 
Jracz ffiar-Jfa 


b b b 
Jrac=J fae - Jha 
Ex. Prove the above theorem by using Theorem 4. 


Theorem 7. Ifa bounded function f is integrable on [a, b], then it is also integrable on (a, c| and 
[c, b], where c is a point of [a, b). 


Conversely, if fis bounded and integrable on{a, c], [c, b], then it is also integrable on{a, b}. 
Also in either case, 


[atom pc fs a<e<b 


The Riemann Integral 


(i) 


Since f €R [a, b] therefore for ¢ > 0,3 a partition P such that 
U(P.f)- LIP. f) <é 
Let P* be a refinement of P such that 


P*=PU fe} 
a L(P,f) < L(P’,f) SU(P",f) < UPS) ay 
> U(P’,f) - L(P’.f) <U(P,f) - L(P.f) 


<eé aie) 


Let A, P, denote the sets of points of P* between [a, c], [c, b] respectively. Clearly P, P, are 
partitions of [a,c], [c, b] respectively and P* = RUA. 


Also 
UCP’, f) =U(R,f) + UPS) «i(3) 
and 
LP’, f) = (Pf) + LPS) (4) 
{U(B,f) - LBS} + UPS) - LPB, SY} = UPS) - LPS) 
ie 


Since each bracket on the left is non-negative, it follows that partitions P,, P, exist such that 
UP, f)- LB f) < 62 
U(P,, f) — LP, f) < €/2 

= Integrable / is on [a, c] and [c, b] 


) Let f €R over [a,c] and [c, b]. 


Therefore for € > 0, we can find partitions P,, P, of [a, c], [c, b] respectively such that 
UP. S)- LP A <8 AS) 


U(P, f) - Pa f) <6 (6) 
Let P= PUB. 
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Clearly P” isa partition of [a, 5]. 
U(P’f) ~ LP’. f) = UP, f) + UPS) ~ LPS) ~ LPS) 
< Lesa =é 
2 2 

Thus for ¢ > 0, J a partition P* of [a, b] such that 

UP’, f) - LP’. f) <e 
> ft €R over [a, b] 
We know that for any functions S and 7, if W=S+ T, then inf W> inf S+ inf T 
Now for any partitions P,, P, of [a,c], [c, b] respectively, if P” = P, U P,, then 

U(P’,f) =U(P,f) + UPS) 
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Hence, on taking the infimum for all partitions, we get 
[ira > fi fax i fax 
a y a a ° 
But since fis integrable on [a, c], [c, 5], [a. 4], 


b c b 
frave [rare frac aD 
Proceeding with (—/) in place of f ioe get 
b ¢ b 
Jracs [pars [par (8) 
Equations (7) and (8), Biiply that : ° 
b c b 
frac=frac+ [fax 
Ex. Do the above theorem by using thane 3 for sa of integrability. 


5.1*  Integrability of the Product, Quotient and the Modulus of 
Integrable Functions 


Before taking up the main theorems, let us prove a simple but useful lemma. 
Lemma. The oscillation of a bounded function f on an interval [a, b] is the supremum of the set 
{I f(y) — f(x )It x, x) € La, b]} of numbers. 

Let M, m be the bounds of f on [a, b]. Now 

ms f(x), f (4) <M, Vix, x Ela, b] 

> | FQ) = fOy)|< M =m, Vx, x, € [a,b] wa) 

> M — m isan upper bound of the set in question. 

Let € > 0 be any given number. 

Since Mis supremum off, therefore 3 x’ € [a, b] such that 


j 1 

f(x)>M— Je wi(2y 
Similarly, 3 x” € [a, b] such that 

P(x')<mase 3) 


Equations (2) and (3) imply that 4 x’, x” €[a, b] such that 
f(x’)-fQ@")>M-m-e 
=> | f(x’) - f(x") |>M-m-e AA) 
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(1) and (4) imply that M — m is an upper bound and no number less than M— m can be an upper 
bound of the set in question. 


Ss M — m= sup {| f(x) — f(2)|: 41% € La, b]} 
Theorem 8*. If f, and fy are two bounded and integrable functions on [a, b), then their product 
tf, > is also bounded and integrable on [a, b). 

Since f,,f are bounded therefore, 3 k > 0,such that for all x €[a, 5], 

ACS hk, | AQ | sk 

> IAA OIA AMISH, Vx ela, b] 

> St, « f is bounded 

Let P = {a = Xp, X,, Xp,..., X, = 5} be any partition of [a, 5]. 

Let Mj,m/; M/\ m!, M,,m, be the bounds of f,,f; and f, /, respectively in Ay;. 

We have for all x,, x, €Ax;, 

(HAC) — KAI) = ACI AC) - ACVAGD 
= AMINO) - AVI + AQVIAC2) -— AO)] 
=> (AAO) - (Kh ACD S| AC) || AG) - AED! +1 AG)!| AC) - AG)! 
< k( M} — m!) + k(M/'— m/) 

= M, — m, < k( Mj} - mj) + k(M;'- mf aah 

Now let ¢ > 0 bea given number. 

Since f,,f are integrable, therefore J ¢ > 0 such that for any partition P with norm su(P) < 6, 

U(P,f,) — L(P.f,) < 62k, U(P.f,) — L(P. fy) < €/2k 

Hence, from (1), multiplying by Ax; and adding all such inequalities, we have for any partition P 

with norm s(P) <6, 
UP. fh) -— LP. Afr) < MUP. A) - LP A+ MUP. A) - LP AD 
< k(e/2k) + k(é/2k) = € 

implying that ff, is integrable on [a, 5]. 
Theorem 9. If f,,f) are two bounded and integrable functions on [a, b] and there exists a number 
A>0 such that | f,(x)|2 A, for all x in [a, b), then f,/ f, is bounded and integrable on [a, b}. 
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Since f,, f, are bounded, therefore, 4 positive number k such that 
\AMIS4,45|AO)| Sk, Vx ela, 5] 
> \A/AIO)|=|ACVAG)Sk/A, V x La, 5] 
> Fi /fy is bounded 
Let P = {a = Xo, X;,..., X, = b} bea partition of [a,b] and let Mj,m!; Mj"1m)’; m,, M, be the bounds 
of fi, fa, f/f. respectively in Ax;. We have for all x,, x, €Ax;, 
AG) _ AGD| 


IA!) Ga) — AAIOVI= FF KG) 
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_|ACDIAG2) = ACD = ACVIAC2) - HEV] 
A(X) fr(m) 
< (KIM) i029) - f+ KA?) FOr) - AC) 
<(k/2?)(M! — m!) + (k/2)(M!'— m'’) 
> M, — m, < (k/#)( Mf — m!) + (k/2)(M1"- m!) wcll) 


Now, let ¢ > 0 be a given number. 
Since /,,/> are integrable, therefore 3 5 > 0 such that for any partition P with norm s:(P) < 6, 
U(P,f,) -— L(P,f;) < €# 2k 
U(P, fy) — L(P, fo) < €# 2k 
Hence from equation (1), for any partition P with y(P) <6, we have 
UP. Afr) ~ LPAI) <(W/P YUP) ~ LPAI 
+ (KP) [U(P.f2) ~ LPAI 
<(k/2 (EF? 2k) + (K/IP EF 2k) = € 
implying that f/f is integrable on [a, 5]. 
Theorem 10. [ffis bounded and integrable on [a, b), then \f\ is also bounded and integrable on [a, b]. 


Moreover 

b 

je 

a 

Since fis bounded, therefore 3k > 0, such that 
If@l<k, Vxela,b] 

= _ the function | | is bounded. 


b 
< fisias 


Again, since fis integrable, 3 a partition P = {a = Xp, Xy,..., x, = b} of [ a, b] such that 
U(P,f)- L(P.f)<é 
Let M;,m,; Mj, mj be the bounds of fand | f| in Ax;. 
We have for all x,, x, € Ax; 
[11 (2) IF) /=11FGa)1- FILS 1/2) — FDIS M, — my, 
> Mj; —m! < M, —m, 
This implies that for any partition P, 
U(P| FI) - LPF) <U(P. A) - LIPS) <eé 
Hence, | /| is integrable on [a, b]. 


Since f(x), — f(x) <| f(x)| =| f| (2), forall x in [a, b], therefore by Deduction 5, we have 


b b 
fra < fitiae 
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b b b 
and - fac =f(—sars [|p| ax 
= [ra < {irl 


Note: The converse of the above theorem is not true. Consider, for example, the function, 


fa) 1, when x is rational 
x)= 
—1, when x is irrational 
Here 
[far=b-a.f’ fdx=-(b-a) 
= Fis not integrable 


b 
But | £09| — 1, for all x, so that Jielax exists and is equal to (b— a). 


Thus, | /| is integrable while is not. 


Theorem ll. Iffis integrable on [a, b], then f? is also integrable on [a, b). 

Since fis bounded on [a, 5], therefore | /| is also bounded on [a, 5]. 

Thus J M > 0, such that | f(x)|< M, for all x in [a, b). 

Again, since fis integrable, therefore | /| is also integrable on [a, b], and therefore for ¢ > 0,4 a 
partition P of [ a, b] such that 


é 
UPS) - LPS) <s55 


Again, since |/709| = [foo < M’, therefore f? is bounded. 
If M,,m, be the bounds of | f| and Mj, mj those of f?in Ax,, then M} = M?, m! = m. 
Also 


U(P,f?) - L(P.f?) = "3 (M, ~ M))Ax, 
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n 
= L(M,-m,)(M, + m,)Ax; 
isl 


<2M { y (M, —m;)Ax;} 
i=l 


=2M (U(P,|f |) - LP, Sp} 


<2M——=e 
2M 


> f’ €Ria, b] 
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Corollary. If f, and /, are both integrable on [a, 4], then /, f, is also integrable on [a, 5]. 


Since /;, f) are integrable on [a, 5], therefore, f?, f3 and (f, + fy)° are all integrable on [a, 5]. 
Also 
1 
fhi=5\(it ny -#-#} 
therefore, /,/, €R [a, 5] 


6. THE INTEGRAL AS ALIMIT OF SUMS (Riemann sums) 


Earlier, we arrived at the integral of a function via the upper and the lower sums. The numbers M,, m; 
which appear in these sums are not necessarily the values of the function / (they are values of /if fis 
continuous). We shall now show that frac can also be considered as the limit of a sequence of sums in 
which M, and m, are replaced by the values of f 


Corresponding to a partition P of [a, 5], let us choose points ¢,, f,,..., 4, such that X;_) St; $x; 


(i= 1, 2, ..., 2) and let us consider the sum 
n 
S(P,F)=X fG)Ax; 
i=l 


The sum S(P, f) is called a Riemann sum of f over [a, b] relative to P. 
It may be noted that ¢, are arbitrary and that ¢, can be any point whatsoever of Ax, . 


We say that S(P,f) converges to A as u(P) > 0, i.e., 
lim S(P,f)=A 


H(P)>0 
if, for every ¢ > 0, there exists 6 > 0 such that 

|S(P, f)- A|<e 
for every partition P = {xp, x,,...,.x,} of [ a, b] with norm “(P) <6 and for every choice of points 
tin [Xj1. X;]} 
Definition 2. (Second definition of integrability). A function f is said to be integrable on [a, b] if 
lim S(P,f) exists as uP) +0, and then 


H(P)>0 


b 
lim S(P.f) = J fae. 


Note: Since 4(P)—>0 when n— o, therefore lim canbe replaced by lim in the above definition. 
B(P)>0 n> 


We have, thus given two definitions of integrability. The equivalence of the two will now be established. 
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Def. | = Def. 2. Let a bounded function /be integrable according to the former definition, so that 
"bh fe b 
[fac=far= [sade 
Let € be any positive number. 


By Darboux’s Theorem, there exists 6 > 0 such that for every partition P with norm p(P) < 6, 


b b 
UPS)<[fdrte=[Sdr+e AN) 


a "bh 
Bail LP, f)> [fdv-e= [fadv-e 2) 
If t;is any point of Ax,, we have 
n 
L(P,f) s & f(t) Ax; <U(P.f) (3) 


From equations(1), (2) and (3), we deduce that for any ¢ > 0, 3.6 > 0 such that for every partition 
Pwithnorm “(P) < 6, 


b b 
frac -e<d f(t) Ax, < frac +68 
ist 


db 
¥ f(y) dx, ~ [far 
bas! a 


Thus, the function is integrable according to Def. 2 also. 


=> <é 


Remark: Thus f €R => lim S(P,f) exists. 


Def. 2 => Def. |. Let a function /be integrable according to the second definition, i.e., 
lim S(P,/) exists 


HP) 
In other words, to every number ¢>0, there exists 6>0 such that for every partition 
P= Yoc9 s Xpinins2 x,,} with norm 4u(P) < 6 and for every choice of points ¢;in Ax;, J a number A, such 


<é 


¥ f(y) Ax, - A 
f=] 


It will first be shown that fis bounded. 

Let, if possible, fbe not bounded. 

Taking ¢ = |, there exists a partition P such that for every choice of ¢;in Ax; 
[DZS (t,)Ax, - Al <1 

> |DS(,)Ax;|<| A] +1 
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As fis not bounded in [a, 4] it must also be so in at least one subinterval, say Ax,,,. 
Let us take ¢; = x, when i # m so thatevery 1; except f,, is fixed and accordingly every term of the 
sum Litt) Ax, exceptthe term f(t,,) Ax,, is also fixed. Since fis not bounded in Ax, 


m ‘m we can choose 
apoint ¢,, in Ax,,, such that 


m? 


m ‘m? 


|Df(t;)Ax;|>]A]+1 
and thus we arrive at a contradiction. 
Hence, the function fis bounded on [a, 5]. 


Now, let € be any positive number. Thus there exists 6 >0 such that for all partitions P with 


U(P)<6, we have 
1 1 
A-Ze<S(P.f)<Atce (4) 


We choose one such P. If we let the points 1; range over the intervals A.x; and take the |.u.b. and the g.1.b. 
of the numbers S(P, /) obtained in this way, (4) yields 


A-He<L(P,)SU(P,f)< Atte hy 
=> U(P, f)-L(P, f)<é 
Also 


b ra 
UP.S)< J favs f dx <U(P, f) 


fe b 
fac-[ fds U(P.S)- LP. fy <e 


so that a non-negative number is less than every positive number. 


& le fdx- i fadx=0 


ee [i tar=f? fax 


so that, the function is integrable. 


F 1 
6.1 Example4. Show that frac =o where f(x) = 3x +1. 
f 2 


a Let P= {l= Xo, X), Xy,..., x, = 2} bea partition which divides [1, 2] into 7 equal sub-intervals, each 


2 


=—, so that 
n 


of length x 
1 
H(P)=——> Oasn>ao 


be xs 
x, =1+—,i=1,2,....0 
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Let t; = x;, when i = 1, 2,..., n. 


S(P, f) = oF lt;) Ax; = 3 f(x) Ax; = x (3x, + I) Ax; 
i=l i=l i=l 


2 $f(1 +4). doy dS Wi 


i=l n i=l n° i=l 


a4 2? OED, 8. 
n- 2 2 2n 
Proceeding to limits when “(P) > 0, 
‘ 11 
lim S(P,f)=— 
M(P)30 2 


Since, the limit exists, the function is integrable and 


=) 


J fae =lim S(P.f) = 


i 
2 


1 
Example 5. Compute Jr dx, where f(x) = |x|. 
-I 


a The function fis bounded and continuous on [ — 1, 1], and 
Fo —-x, x<0 
x)= 
x, x20 
Let the partition P = {—1= x9, x), ...,%, =O= Yo, Yj, -+5 Y¥, = 1 divides [-— 1, 1] into 2n equal 


sub-intervals each of length I/n, so that 


o7) 
oc 
Lu 
= 
a 
<= 
= 
(S) 


M(P) = In > Oasn > &; 
ES — Te. THD yh 


D2. 7 


Let t,¢Ax, and | : 
vl 


and lett; =; and t; = y; 
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SPA) = E46) Ax, +E fH) dy, 


= ~ (— x;) Ax, + ty Ay; 


lim S(P.f)=1 


u(P)>0 


and since the limit exists, the function is integrable and 


fistax= limS(P,f)=1. 


6.2 Some Applications 

| If f, and f, are functions and where f= f, + f, are bounded and integrable on [a, b], then 
b b b 
Jra=Jract [pa 


Let € be any positive number and f = /, + fy. 


Since /;, / are integrable, therefore 3 6 > 0 such that for every partition P = {x9, x), .X),...,.X,} 
with norm y(P) < 6 and for every choice of points ¢; in Ax;. 


b 
Be Ailt)as [i de <se 
E A(t )ax -[s de <3e 
b b 
- Dh + AMG) Ax; {fides jal <e 


b b b b 
frac=Jui+ Arae=frde+ [fa 


a 


The case of f = f, — f, may be discussed similarly. 
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Corollary. If f, ¢R and f, ER over [a, b], and c,, cy any two constants, then c, f, + ¢, fr ER 
[a, b] and 


fer + Cy fy) dx =c, [idee fra 


Let f=a fit fr. 
For any partition P, we can write 


S(P,S) = Z(t) Ax, = qT A(t) Ax; +e DAa(t,) Ax; 
=¢,S(P,f\) + S(P. fy) 


Since f,,/; are integrable, for ¢>0,we can choose 6>0 such that for all partition P with 


H(P) <6, wehave 


<é 


b 
S(P.Ai) - hide 


a 


b 
S(P.f.) - [fra 


a 


and <é 


b b 
S(P.f) -¢ fi dk - ¢, Ja dx 


a a 


<CE+ QE 


b b 
=> lim S(P,/) exists and equals ¢, fr dx + cy Ja dx 
u(P)—0 


a 


Hence, (¢,/, + ¢,f,) eR and 


fen + Cy fo) dx = c, fr dx + cy fr dx 


1. Ifa function f is bounded and integrable on each of the inter vals [a, c], [c, 6], [a, b] where c is a 
point of (a, b], then 

b c b 

frac = frac + frac 


Let € > 0 be given. 

As fis integrable on each of the intervals [a, c], [c, b] and [a, 5], there exists 6 > 0 such that for 
every partition P = {a = Xp, X,,..., x, = 5} containing the point c, with norm y(P) < 6 and for every 
choice of points ¢, in Ax;, 


1 
<6 
3 


Iz fan [ra 
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b 
| ace 
3S la)as ~ [ras <3é 
H l 
3, fa)as- Ir dk |< 36 


But 
LX f(t) Ax, + XL f(t) Ax, = Xe f(t) Ax; 
] [c.6] [a, 6] 


la,e 


Therefore, we deduce that 


<é 


[rae [rrae-f ra 


=> [rae [race [ree 


IML. A function f is integrable over [a, b] iff for €>0,36>0 such that if P, P' are any two 
partitions of (a, b| with mesh less than 6, then 
|S(P,f) - SPD) <€ 
[This is the analog for Riemann sums of the Cauchy property of sequences.] 


First, let f eR [a, b], and fr de=l 
“. For €>0,3.6>0 such that forall partitions P, P’ of [a, b] with mesh less than 6 and all positions 
of ¢, in Ax,, 
Is(.n)-a<5e att 
Is(p.n)-a< se PAC) 
= (SP) - SPN] [SPA = 1 +|UP) = 1] <zetzene 
Conversely, for ¢ > 0 3.6, > 0 such that for any partitions P, P’ with less than 6, we have 
Is(P.)-S(P.n<z6 0) 


We know that fora given partition p’ and every choice of ¢, in Ax;, S(P', f) is bounded by L(P', f) 
and U(P',f), which for all partitions of [a, 5] are, in turn, bounded by m (b — a) and 
M (b—a), where m, M are bounds of f. 

Thus, the sequence {S(P',f)} of Riemann sums is bounded. As every bounded sequence has a 
limit point, let the sequence have a limit point /, mesh so that 

ee Pe | 


Hence, for ¢ > 0,36, >0 such that for partition P’ with mesh 
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u(P') <b> 
Is(P.s)-1<56 A) 
Let 6 = min (6, 6). 
|S(P,f) - 1 S| S(P.£) - SCP. P)| +| SCP) - 1| 


1 1 
Spetgen& for uw (P) <6 


aR lim S(P,f) =1 


H(P)>0 


Thus, iin oot P,f) exists and hence, the function fis integrable. 
HP) 


7. SOME INTEGRABLE FUNCTIONS 


Theorem 12. Every continuous function is integrable. 
We shall prove that a function which is continuous on [a, 4] is also integrable on [a, 5]. 
Let €> 0 be given. 
Let us choose a positive number 77, such that 
n(b-a)<eé 
Since fis continuous on the closed interval [a, 5], therefore, it is bounded and is uniformly continuous 
on [a, 6], which implies that there exists 6 > 0, such that 
| F(4) - £(6)| <n, if [fq - | <5, and 4, €[a, b] atl) 
We, now, choose a partition P with norm y(P) < 6. 


Then by equation (1), we have oD 
M, —m, <1 (i=1,2,...8) i 
U(P.f) - L(P.f) = & (M, ~ m) Ax, e 
i=l 
<n by Ax; 5 
i=l 
=n(b-a)<e ai(2) 


Thus, fis integrable [§ 4 Theorem 3]. 


Corollary. Ifa function fis continuous, then to every € > 0 there corresponds 6 > such that 


<é 


b 
E f(G) Ax, ~ [fade 
i=l 4 


Jor every partition P = {X, X,, Xz, ---. X,,} Of [a, b] with w(P) < 6, and for every choice of points t, in 
[4s 

Follows from (2) above, since the two numbers } f(¢;) Ax; and frac lie between U(P, f) and 
L(P, f). 
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Remark: For continuous functions, lim > /(t;) Ax, exists and equals 
M(P)0 


Jfac. 


a 


Note: Continuity is a sufficient condition for integrability. It is not a necessary condition. Functions exist which are 
integrable but not continuous. See examples 6, 7 and 8. Many more may be constructed. 


Theorem 13. Ifa function fis monotonic on [a, b], then it is integrable on [a, b). 
We shall prove the theorem when fis monotonic increasing (the proof for the other case is analogous). 
Clearly fis bounded. 
Let € > 0 be given. 


Let us choose a number 77 < 


é 
f(b) - f(a) +1 
We, now, choose a partition P = {xg, x,,..., x, } of [a, b] with norm p(P) < 7. 


Since fis monotonic increasing, therefore 
M, = f(x;),m, = f(%4), @=1,2,...) 


U(P,f) - L(P.f) = & (M, — m) Ax, 
j=] 
= ¥ tf) ~ $1) As, 
<9 Es) ~ £0} 


€ 
<FH-f@r YO-7} 


<é. 
Hence, fis integrable. 


Note: f(b) — f(a) + | have been taken to cover the case when f(a) = f (4). 


Theorem 14. A bounded function f, having a finite number of points of discontinuity on [a, b), is 
integrable on [a, b). 

Let M, m be the bounds of /: 

Let ¢ > 0 bea given number. 

Let there be p points of discontinuity of fon [a, 5]. 

We now consider a partition P of [a, b] such that all the points of discontinuity get enclosed in p 


: 5 1 a i 
non-overlapping sub-intervals, the sum of whose lengths < 5 eM m). The oscillation of fin each of 


these sub-intervals being < (M — m), their total contribution to the difference {U(P,f) — L(P,f)} is 
less than 
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eae, 
2(M —m) 
The function fis continuous in the remaining portion of [a, 4], i.e., in the (p + 1) sub-intervals of 
[a, b] excluding the sub-intervals considered above. 


1 
M-m)=~e. 
( m) oh 


As in Theorem 12, the contribution to the difference {U (P, f) — L (P, f)} from each of these 


(p + 1) sub-intervals can be made < , so that the total contribution to {U (P.f) — L (P, f)} 


24(p+l - 1 
by these (p + 1) sub-intervals is less than Apa ?* 1) =5é 
2(p 2 
Thus, for the partition P of [a, b], 
OCP, fF) = LB Ff) es 
Hence, the function fis integrable. 


Theorem 15. A bounded function f is integrable on [a, b], if the set of its points of discontinuity has 
only a finite number of limit points. 


Let the set of points of discontinuity of f have a finite number p of limit points. Let M4, m be the 
bounds of 7 


The limit points may be enclosed in p non-overlapping subintervals of [a, 5], the sum of whose 
1 
lengths <te (M — m).So that their total contribution to {U(P, f) — L(P, f)} is < 5e 


Only a finite number of points of discontinuity of f can be outside these subintervals, i.c., the 
function fhas a finite number of points of discontinuity on [a, b] excluding the p subintervals enclosing 


the limit points. Therefore, as in theorem 14, the total contribution to {U(P,f) — L(P,f)} from these 


I 
portions of [a, b] can be made < rhe 


Thus for such a partition P of [a, 5], 
U(P,f)- L(P,f) <€. 
Hence, the function fis integrable on [a, 5]. 
Example 6. A function fis defined on [- 1, 1] as follows: 
k, positive constant when x # 0 
f(x) = 


0, when x = 0. 


Show that fis integrable on [— 1, 1] and that the value of the integral is 2k. 


a The function has only one point of discontinuity, 0, and is therefore integrable (Theorem 14). 
Proceeding as in § 1.1 Example 1, it may be shown that the value of the integral is 2k. 


Example 7. A function fis defined on [0, 1] as follows: 
: 0, when x is irrational or zero, and 
iay= ie when x is any non-zero rational number p/q with least positive integers p and q. 
Show that fis integrable on [0, 1] and the value of the integral is zero. 


a The function fis bounded with bounds 0 and 1. 
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Let & be any positive number. 


There exists the largest integer g € N such that I/g > {3 or q < 2/e, so that there are only a finite 
number of points p/q for which //g > ae. Let us call ak points as exceptional points. 

Thus at those rational points which are exceptional points, fhas a value 1/q > Ln while at the other 
rational points, the value of fis l/g > se . The function is zero at the irrational siti 


Also, every interval contains rational as well as irrational points. 


Thus the oscillation of fin any interval which includes no exceptional points is less than — ¢ and 


that in an interval which includes the exceptional points it is at the most equal to 1. 


Let us consider a partition P of [0, 1] so as to enclose the exceptional points (finite in number) in 
1 ee 
subintervals, the sum of whose lengths is less than —¢. Thus the contribution to [U(P, f) — L(P./)] 
2 


. 1 
made by these is less than — ¢. 
2 
1 


The contribution to [U(P, f) — L(P,f)] by the remaining portion of [0, 1] is evidently less than 5 é. 
Hence, U(P,f) — L(P,f) < é, so that the function fis integrable. 


Note: The above function has a discontinuity at each rational, while continuity at each irrational. 


Example 8. Show that the function / defined as follows: 


1 1 
"(x) =—, when <x<—,(n=0, 1, 2,...), 
f= 5; aa ( 


gnel 


F(0) = 0, 
is integrable on [0, 1], although it has an infinite number of points of discontinuity. 
a Now 


1 1 
"(x) = 1, when —<x<- 
f(x) wpeniS x | 


1 1 1 
—, when — <xs— 
2 2° 2 


=, when 2x t 
2° 2 is 


= 0, when x = 0. 


Thus, we notice that fis bounded and monotonic increasing on [0, 1]. 
Hence, fis integrable [Theorem 13]. 
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Aliter. fis continuous on [0, 1], except at the set of points 


07().3) 


which have only one limit point, 0, and hence /is integrable. 


8. __ INTEGRATION AND DIFFERENTIATION (The Primitive) 


We shall first show that integration and differentiation are in a certain sense, inverse operations, then 
define the primitive of a function and go on to prove a theorem which is usually called the fundamental 
theorem of calculus. 


Theorem 16. Ifa function fis bounded and integrable on [a, 6), then the function F defined as 
F(x) = Jrod,a <x<b 
is continuous on [a, b], and furthermore, if f is continuous at a point c of {a, b], then F is derivable at 
cand 
F'(c) = f(c). 
Since fis bounded therefore 3 anumber K > 0, such that 


| S(@)|< K, Vx ela, b]. 
If x;, X) are two points of [a, b] such that a < x, <x, <b, then 


[F(x)- Fo) |=| fro 


af 
< K(x, —x,) (§ 1.3 Deduction 3) 
Thus fora given € > 0, we see that 
| F(x) - F(x)|<e, if |x — x, | <e/K. 
Hence, the function F is continuous (in fact uniformly) on [a, b]. 
Let fbe continuous at a point c of [a, b], so that for any € > 0 there exists 5 > 0 such that 
|f@) -f(o|<é for |x -—c|< 6 


Letc-O<s<c<t<c+6 
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F(t) — F(s) 
t-s 


- f( of E ;Jue- SO} ax 


aml If) - fO| dr <e. 


Pisa 
> Fc) = f(c), 


i.e., continuity of fat any point of [a, b] implies derivability of F at that point. 
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Note: Asc is any point of [a, b], we have for all x €[a, b], 


F(t) = f() >F =f 
i.e., continuity of fon [a, b] implies derivability of F on [a, b]. 
This theorem is sometimes referred to as the First Fundamental Theorem of Integral Calculus. 


Definition. A derivable function F, if it exists such that its derivative F' is equal to a given function /, 
is called a primitive of f. 

The above theorem shows that a sufficient condition for a function to admit of a primitive is that it 
is continuous. Thus every continuous function f possesses a primitive F, where 


F(x) = far 


Remark: We shall now show, with the help of an example, that continuity ofa function is not a necessary condition 
for the existence ofa primitive, in other words, “functions possessing primitives are not necessarily continuous”. 


Consider the function fon [0, 1], where 
2x, sin (1/x) — cos (I/x), if x #0 
f(x) = ae 
0, Th 10) 


It has a primitive F, where 


F(x) = x” sin I/x, if x70. 
if x=0. 


Clearly F(x) = f(x) but f(x) is not continuous at x = 0, .., f(x) is not continuous on [0, 1] [Example 4, Ch. 6]. 
In fact, all this amounts to saying that the derivative of a function is not necessarily continuous. 


9. _THE FUNDAMENTAL THEOREM OF CALCULUS 


Theorem 17. A function f is bounded and integrable on (a, b], and there exists a function F such that 
F' = f on [a, b), then 


b 
Jfar= FO) - F@. 


Since the function F’ = f is bounded and integrable, therefore for every given ¢>0,16>0 
such that for every partition P = {a = Xp, x, X>,...,X, =5}, with norm “(P) <6, 


b 
ba frac |<e 
i=l 
or 


b ohh 
lim ¥ f(t,) Ax, = Jfac, 


(P)0 i=1 
a 


for every choice of points f; in Ax;. 
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Since we have freedom in the selection of points r; in Ax;, we choose them in a particular way as 
follows: 
By Lagrange’s Mean Value Theorem, we have 


F(x;) — F(4;4) = F(t) Ax, @=1,2,...0) 


= f(t;) Ax; 
= & f(t) Ax, = & (FG) — Fi) 
= F(b) — F(a). 
b 
Hence, from (1) frac = F(b) — F(a) 


a 


It is sometimes referred to as The Second Fundamental Theorem of Integral Calculus. 


9.1 Solved Examples 


2 
Example9. Show that | f dv=—=, where /is the integrable function in Example 8. 
P - P 
0 


a The function fis integrable 


frac frace frace'f race. a 
12" 12 12? a 12" 
- fa +t Jace = j det ta iis 


172" 


o 
I Df 1 Lia 1 1 1 1 feat 
ee 52 | Ppa am oa) ce gal gal pa 
2 2X2, 2 22 2 2 2 2, hs 
I [ 2) envy i i o 
=e leat =| + 7 $e 32 xt 
1 ‘ 5 
j pe Biel 2 
-4—4 21-4) 
2 ica 3 4” 
4 
Proceeding to limits when n — 9, we get 
1 
2 
dx == 
Jrar=s 


0 


Example 10. Show that the function [x], where [x] denotes the greatest integer not greater than x, is 
integrable in [0, 3], and 
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= The function is bounded and has only three points of finite discontinuity at 1, 2, 3. 


Let € be a given positive number. 
Consider a partition P where, 


P= (OS 9 5:Xjsecen Ayr Vor Vises Nya Sgr Siacse Sa oh 
where yy = 1, Z = 2. 
Now 
U(P,f) =X 0-Ax, + 1-(y9 — X)) +L 1L-Ay; + 2(2 - Yn) 
+2 2-Az; + 3(z, — 2-1) 
=14+2 +4 {(¥9 — 4) + Zp — Yn) + Ge — Zn) 
Let us select P such that 
(Yo — %;) + y — Ym) + Sn — Zn-1) < E 
a U(P,f)<3+€ 
Again, 
L(P, f) = X0-Ax,; + Z1-Ay; + (2 — Yn) + X2-Az; =3 
U(P,f)- L(P,f)<é 
so that the function is integrable, and therefore 
3 3 
fitiar= fo bade=3 


Aliter. Since the function is bounded and has only three points of discontinuity therefore it is integrable, 
and 


fi dx= fle] dx+ {ts dx+ ies dx 


1 2 3 
= fodx + fdv+ frax=3 
0 1 2 


1,2 and 3 being respectively the points of discontinuity of the three integrals on the right. 


Example 11. Let fisanon-negative continuous function on [a, 5] and 


b 
frac =0. Prove that f(x) = 0, for all x € [a,b]. 


a Suppose that, forsomec € Ja, b[, f(c) > 0. 


Then, for ¢ = 3 f(c) > 0, continuity of fat c implies that, there exists a 6 > 0 such that 


ro> tf. V xele-6,c+6[ 
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Now, 
b c-6 etd b 
Jfeoar = froma + Jroar + Jrooa 
a a c-8 ctd8 
ct 
2 Jrovar (. f(x) 20, V x €[a, b]) 
c-8 
I ct 8 
> ath! ae 6 f(x)>0. 


which is a contradiction. Thus f(x) =0, Vx € Ja, bf. 


Similarly, f(a) + 0, and f(b) + 0. Hence, the result follows. 


3 
Example 12. Show that Join x dx =1—-cost. 
0 


= The function sin x is bounded and continuous in any interval [0, /] and is therefore integrable. 


[To be more specific, take ¢ < 2/2.] 


Consider a partition P = {0 ua ae ay “| of [0, r]. 
non n 
Now 
U(P, sin x) = s {sin ! + sin es + sin of +...4+ sin =} 
n n n n n 
[o>] 
oc 
=+ (cos —cos n+ “}/[25n Z| Ww 
n 2n n 2n = 
t t in 1/2 PA 
= {oos —— cos (n+ 1) — Sm Hen < 
2n n t/2n <= 
and o 
L(P, sin oat fins sin +. + sin = 14h 
n n n n 
t mu sin t/2n 
= 4cos — — cos — ——— }. 
2n n t/2n 
In the limit, 


U(P, sin x) = L(P, sin x) = 1—cost 
t 
Jain x dx =1~ cost 
0 
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t 


1 
Example 13. Evaluate f(2* sin = = 60s | dx 


x x 
0 


a The function 


x x 
0, x=0 


is not continuous on [0, 1] (it is discontinuous at x = 0), but it is bounded and continuous on ] 0, 1] and 
thus Riemann-integrable on [0, 1]. 
The function 


FQ e sin B - woe; xe 0, I[ 


p14 
g(x) = x sin Z x € ]0, 1) 
0, x=0 


is differentiable on [0, 1] and satisfies 


g(x) = f(x), Vx e[0, 1] 
\ 


I[2* sin + — cos +) dx = g(1) — g(0) =sin 1 


x x 
0 


Note: Iffis not integrable but f(x) = g’(x), V x e€[a,b], then 


b 
fra # g(b) — g(a). 


a 


This can be seen by the following example, which has a primitive without being Riemann-integrable. 


Example 14. Prove with the help of an example that the equation (1) 


b 
Jr@a = f(b) — f(a), is not always valid. 


a 


= Let fbe defined on [0, 1] as follows: 
f(x) =x cos (a/x), if 0< x <1, f(0) =0. 
Then fis differentiable on [0, 1] and 
f(x) = 2x cos (a/x?) + (2a/x) sin (z/x*), if O< x <1, 
f'(0) =0 
f’ isnot bounded on [0, 1] and therefore, it is not Riemann-integrable, i.e., J f(x) dx does not exist. 


0 
Therefore the equation (1) fails to hold. 
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Note: In fact, there are functions fwith bounded derivatives f’ that are not Riemann-integrable, but these are much 
more difficult to construct. 


Ex. Find the error in the following: 


(/) If fi)=—, f'Q ee es 
(x- 1° . 
2 
1 -1 24 
r= f(2)- =—— -|——__|=-2 
a fQ)-fO=—— (= 
(i): 1 $G@) =a , then FG's —_sthence 


x 


Note: In both the parts f’(x) is not bounded. 


10._ MEAN VALUE THEOREMS OF INTEGRAL CALCULUS 


We have two mean value theorems for derivatives. In the same way we have two mean value theorems 
for integrals as well. 


10.1 First Mean Value Theorem 


Theorem 18. Ifa function f is continuous on [a, b), then there exists a number & in [a, b] such that 


b 
Jra=fOo-a 


fis continuous, therefore f € R[a, b]. 
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Let m, M be the infimum and supremum of fin [a, b]. Then as in § 1.1, we have 
b 


mba) < f fdrs M(b—a) 


Hence, there is a number “ €[m, M], such that 
b 
ly dx = 1 (b-a) 


Since fis continuous on [a, ], it attains every value between its bounds m, M. Therefore, there exists a 
number & €[a, b] such that f (€) = 


b 
a fO(b-a). 
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Remark: The preceding theorem says that the condition of continuity is necessary for the function to assume its mean 
value in the given interval, for example the function f(x) is defined on [2, 5] as follows: 
l if2sx7<3 
seo={; if 3<x<5 
Now 


5 3 5 
Jfarefide+ [3ae=7 
2 2 3 


and so the mean value of the function is 


which the function fails to assume on the interval. 


10.2 The Generalised First Mean Value Theorem 


Theorem 19. Iffand gare integrable on (a, b] and g keeps the same sign over [a, b], then there exists 
anumber Lt lying between the bounds of f such that 


( =H ( 


Let g be positive over [a, b]. 


Ifm, Mare the bounds of f, we have forall x €|a, b|, 
ms f(x)<M 
=> mg (x) S f(x) g(x) S Mg(x) 
b b b 
m Jaco dx< Jreoecar <M Jecax, when b >a (1) 
a a a 
Let & beanumber lying between m and M. 
b b 
fiear=[eax 2 
a a 


Corollary. Ifin addition to the conditions of the above theorem, fis continuous on [a. b]. then 3 anumber 
& €[a, b], such that 


fiede= 66 fea (3) 


Notes: 
{. If g(x) $0, the sign of the inequality changes in (1) but (2) and (3) remain unchanged. 


2. If b <a, the sign of inequality changes in (1) but (2) and (3) remain unaffected. 
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EXERCISE 


I 
1 
!. Show that fe dx = 5 
0 


2. Iffis continuous and non-negative on [a, 6]. Then show that 


b 
J fdx>0. 
5. Determine whether fis Riemann-integrable on [0, 1] and justify your answer. 
@ f@= ale 
x+1 
(i) f(x) =|x a 
Pa) 


(iii) F(x) = xcos4, x#0 
x 


=0, x=0 


1 
(iv) FQ)= a x#1 


re We rave rg Ot 
(v) f(x) =sin—, if x is irrational 
x 


=0, _ otherwise 
2 
[Hint (v): Let P be any partition of [0, 1], then L(P, f) = 0. Suppose ie e[x,,, 4]. If Z <x <1, then 
a 


volo 
sin — > sin 1, and hence 
x 


U(P, f) 2 (sin 1) (1 — x;_,) 2 (sin 1) (1 - 2/2) 
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It follows that 
if 2 

J fac =0and Jfac> Gin n(i-2}>0 

/ u 
Thus, / is not Riemann-integrable. 

|. Prove that the function fdefined on [0, 1] as 
Ff (x) = 2n, if x = ul where n = 1, 2,... 
n 


= 0, otherwise 
is not Riemann-integrable on [0, 1]. 


(Hint: lim f (x) =, f isnot bounded above and so not Riemann integrable on [0, 1]) 
x90 


5 


6. 


10. 
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. Prove that the function fdefined as 


x, when x is rational 


r= 


is not integrable over [a, b]; but | /| is integrable. 
Integrate on [0, 2] the function /(x) =x[x], where [x] denotes the greatest integer not greater than x. 


—.x, when x is not rational 


. fand g are two bounded functions on [a, 5] such that f(x) = g (x) except fora finite number of points x in [a, b]. 


If gis integrable on [a. 5]. then prove that fis so and in this case 
b b 
frar=Jea 
a a 


[Hint: F (x) =f(x)—g (x) =0 except ata finite number of points of [a, b]. so that F (x) has a finite number of points 
of discontinuity on [a, b]]- 


. Iff(, x) = 1 + 2x, for y rational and f(y, x) =0, for y irrational, find F (y), where 


1 
Fi) = ff. ax 
0 


Is F integrable on [0, 1]? 


. Evaluate 


fr fx) de 


vue FOE 0, when x =n/(n +1), (n+ 1)/n, (n =1, 2,3...) 
1, elsewhere. 
Is fintegrable on [0, 2]? Examine for continuity the function fso defined at the pointx = 1. 
Fis bounded and integrable on [a, b], show that 
b 
JUrcoP ax =0 


if and only if f(c) = 0, at every point, c, of continuity of f 


_ Iffis integrable over [a, b], under what conditions is 1/fintegrable over [a, b]? State and prove a theorem about the 


integrability of 1/fover [a, b]. 


. A function fis defined on [0, 1] as follows: 


f(x) =; and f (0) =0, where <x<—4, for r=1,2,3,--- 
a a a 


where a is an integer greater than 2. 


1 
Show that fra exists and is equal to 4 
A atl 


_ A function fis defined on [0, 1], for positive integral value ofr such that 


fQ=C 1)"; where I/(r + 1) <x<1/r, (r= 1, 2, 3,...) 
£0) =0. 


if 
Show that J fax =tog 4- L 
0 
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!4. A function fis defined on [0, 1] by f(x) = 2rx, where Ir + 1) <x < Ir, (r = 1, 2, 3,...), then show that 
f€R (0,1) and its integral is 77/6, 


11. INTEGRATION BY PARTS 
Theorem 20. Iffand g are integrable on [a, b], and 


F(x) =A+ fro dx, G(x) = B+ few a 


a 


where A and B are constants, then 


b b 
J Fee ar = [Fm acnf, - [ew se ae 


[Here [ F(x) aw} denotes the difference F(b) G(b) — F(a)G(a).] 
Let P= {a = Xp, X), Xp, ..., X, =b} bea partition of [a, b]. 
We have 
[F(x) Gao = = [F(x;) GO) — FO) GO4_1)] 
=X Ga )[FO;) — FO) +E FOj)LGO;) — G(x_,)] 


=F G(x;) fre dx + F(x) Jew dx Al) 


=I Ai-1 
Let Af; = f0%) — fj), and Ag; = g(x) — g(4_1) be the oscillation of fand gin Ax,. 


Now forall x € Ax;, we have 
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|f@)- F@)|s| FO) - FO.-)|= AF, 
| so a 8(%;-)| Ag; 


f(x) - AF; SFOS FH) TAS, 
8(%;-,) — Ag; S$ g(x) S$ g(x_,) + Ag; 


LCi) - AFL Ax, < J FC) de <1f Cy) + Af Ax, 


[9(si1)~ Ag] Ax < J g(x) de SEg(y4) + Agi] Ax; 
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no) Jdv=[f (xj) + Af Jax 


x;-1 


Js x)dx = [g(x;) +; Ag; | Ax; 
4-1 
where —1< 6, 0; <1. 
Hence, from equations (1), (2) and (3), we get 
[Fo Goo] = ¥ G(x) f(x) Ax, + D FQ) gQi1) Ax +o (4) 
where 
o=D[G(x;) Af, 6 + F(x.) Ag; 9] Ax; 
Since F and G, being continuous, are bounded, therefore a numberk exists such that 
|F(x)|<k|Go)|<k, Vxela, db] 
Jo|<k(Z Af, + D Ag;) Ax, 
In the limit when (P) > 0, o > 0, and (4) gives 
[Fa], - fow) f(x) de + freee de 


a 


or frets dx = [FG], - Joc ro dx 


Hence, the proof. 


Corollary. If a function g is bounded and integrable on [a, 6] and if a function fis derivable and 
its derivative f' is bounded and integrable on [a, 5], then 


x ta x 
freveco dk = [rn Jew a - jroo Je a| dk 


= f(b) fecore - f {r9 few a dr 


If, however, both the derivatives f’ and g’ are assumed to be bounded and integrable, a much 
shorter and simpler proof exists, which follows. 
Theorem 21. A particular case. Iffand g are both differentiable on (a, b] and if f' and g' are both 
integrable on [a, b] then 


b b 
Jres'eo de =[2@-e0]} - [ese ae 
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Since fand g are differentiable and hence continuous on [a, 5], therefore tg €R[a, b]. Again, 
since f, g, f' and g’ are all integrable over [a, b], therefore fg’, g f’ER [a, b]. 


Let F(x) =f (x) g (x), for all x €[a, b] 
F(x) = f(x) g'(x) + a(x) f(x) 


b b 
JP a= freee + eo) fide 


= frevero de + few f(x) dx (LD) 
Also by Fundamental Theorem (17), 
few dx = F(b) ~ F(a) =[f(x) a(x)? (2) 
From equations (1) and és, we get 


b b 
Jrere'@ & = [Fe aoht - fe sar. 


a a 


12. CHANGE OF VARIABLE IN AN INTEGRAL 


Theorem 22. Jf (i) f ¢R[a, b], (ii) ¢ is a derivable, strictly monotonic function on [a,, f], where 
a= $(a), b = $(f), and (iii) g’ ER [@, A], then 


b B 
Jr a = [7606 & 


CHAPTER 9 


b 
Change of variable in fre dx by putting x = ¢(y). 
a 
Let ¢ be strictly monotonic increasing on [a, ]. 
Since ¢ is strictly monotonic, it is invertible, i.e., 
x= ¢(y) >y=¢"(x), Vx ela, d] 
so that 
a=¢'(a) and B=9"'(b) 


Let P= {a =X, x), Xp, ..., X, = b} be any partition of [a, b] and 


= {@ = Yo, Vis Vase Yn = B}, vy, =O '(x;) the corresponding partition of [a@, BI. 
09 Vi» V2 n Ji i 
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By Lagrange’s Mean Value Theorem, 

Ax, = (0) — Pi) = O'CI) AY.) E AY; (1) 
Let 

&, = 0(7;), where €, € Ax; (2) 
Now, 


s(P.f) = ¥/G) Ax; = E £(6n))0'n) Ay G) 


Uniform continuity of ¢ implies that 4(Q) > 0as 4«(P) > 0 


Also f €R implies Ji SPF) exists, and therefore the limit of the R-H.S. of (3) as “(Q) > 0 
HP) 


B 
also exists and equals the integral Jreoy ¢'(y) dy. 


a 


Hence, letting 4( P) > 0 in (3), we get 


b B 
fre a= [/GO6'O) a, 


1. If #'(y) £0 forany y €[a, ], then ¢ isstrictly monotonic in [a, /]. Hence, the condition of strict monotonicity 
of ¢ in the statement of the theorem, may be replaced by 
$'(y) 40, Vy ela, A] 
2. The theorem holds even if ¢’ (y) = 0 fora finite number of values of y. For, in that case, the interval [@, £\can be 
divided into a finite number of sub-intervals, in each of which @ is strictly monotonic. Repetition of the argument 
for each of the sub-intervals in turn and the addition of the results, gives the required result. 


13. SECOND MEAN VALUE THEOREM 


The theorem is due to the great German mathematician, Karl Weierstrass, and the proof depends upon 
the Abel’s Lemma and the Bonnett’: Theorem. The theorem in fact is a generalisation of the Bonnett’s 
Theorem, which, in reality, is the second mean value theorem under slightly more restricted conditions. 


Abel's Lemma. If {b,} is a positive monotone decreasing sequence and k, K denote respectively the 


Pp 
least and the greatest values of the sums & u,, for p=m,m+,...,n, then 


r=m 


Dyk < X b,tt, < by K 


m 
r=m 


Pp 
Let Sp = ¥ u,, then 


r=m 


The Riemann Integral 


LY bu, = Dy, thy +B, 


mem mm 
r=m 


ney bot BU, 


= Py Sm + Omi (Sins — Sy) # 22+ By (Sy — Sp) 


m ‘m 


= nm — Bsr) Sm + Ons — One2) Sms + 


+ Oy By) Sra + PySy 


All brackets on the right are non-negative. 


Ky, —Byst + et ~ Bugg + one + By ~ By + By) 
SX by, $ K (by ~Byay + 2b, +B,) 
: 
4 yk < ¥ bt, Sb,K 


r=m 


In particular (m = 1), the lemma may be stated in the form: 


If b,, by, ..., b, is a positive monotone decreasing set and k, K denote respectively the least and the 
P 
greatest values of the partial sums, Y u,,1< p <n of the numbers, Uy, Uy, «+., U,, then 
r=] 
n 
bk < & bu, SK. 
rl 


b b 
Theorem 23. Second mean value theorem. If J f dx and fe dx both exist and f is monotone on 


a a 


[a, 5], then there exists E € [a,b] such that 


fra= se le ax+ 50) fe ae 
a a é 


We first prove the Bonnett s form of the theorem, where in addition to the hypothesis of the theorem, 
the monotone function is positive and monotone decreasing on [a, 5). 
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b b 
If Jo dx and fe dx both exist and ¢ is positive and monotone decreasing on [a, b], then there 
exists a point € €[a,b] such that 
b g 
Jos dx= o(a)| g dx 
a a 
Let P = {a = Xo, %),..., x, =b} be a partition of [a, b], and M,,m, the bounds of gin Ax,. 


Let ¢; =a and 1; (i # 1) be any point of Ax;. 
In the sub-interval Ax;, we know 
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xj 
m, Ax; $ Jears M, Ax; 


Xia 


and 


m, Ax; S g(t;) Ax; < M; Ax; 
Letting i = 1, 2, 3,..., p, (p $m) and adding vertically, we get 


PR a Pp 
m, Ax; < fears x M;, Ax; 
i=l i=l 


and 


P P 
x m, Ax, < X g(t;) Ax; S 2 M; Ax; 
i=l i=l 


which gives 


< s (M, - m;,) Ax; < @(P,g) 
i=l 


fe P 
Jea- % alt) Ax 


xp , 3p 
a Ja dr—o(P.g)s® at) Ax s [gar + oP.8) 


where @(P,g) denotes the oscillatory sum, U(P,g) — L(P,g). 


1 
Now, Je dx, being a continuous function (§ 8 Th. 16), is bounded. Let A, B be its bounds, so that 


a 


we have 
B-@(P,g)< z g(t;) Ax; < A+ @(P,g) 
i=l 
Using the Abel’s lemma, where 
b;, = 9(t;), u; = g(t;) Ax; 
k=B-O(P,g), K=A+O(P,g) 
we get 
9(a)[ B - @(P,g)]S z O(t;)g(t;) Ax; $ G(a)[A + OCP, 8)] 
Taking the limit when 4(P) — 0, we get 
b 
Bola) < [dg dx < Ala) 


foe dx = g(a) 
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where // is some number between B and A. 


The function J g(x) dx being continuous, must assume, for some & € [a,b], the value “ which 


a 


lies between its bounds. Thus, we get 
b g 
Joe ax = oa) [ig ax (3) 
a a 
Let us now prove the theorem proper, due to Weierstrass. 
Let, first, fbe monotone decreasing, so that the function ¢ where ¢ = f — f(b) is positive and 


monotone decreasing. Therefore, by what has been proved above, there exists a number & between a 
and b such that 


fer - fdr =[f(@) - FOI fe a 
a ee * Le 
Jie ar= fra) jou 105 fear fess 


=o frac fea (4) 


Let now /be monotone invests so that (—f) is monotone decreasing and therefore from (4), 


fc fg dx =— f(a) je dx - fb) fe dx 
a a é 


g 
= [ieae= rte [ees Hy [oe 
a a 6 


Hence, the theorem. 


CHAPTER 9 


Itn a be easily verified that the theorem holds for a> b also. 


13.1 Second Mean Value Theorem (A particular case) 


Theorem 24. Jffis monotonic and f, f’ and gare all continuous in [a, b], then there exists E € [a,b] 
such that 


b é b 
Jide d= s@ | ex ae + FO) | g(a) ax 
a a § 


Let G(x) = J g(t) dt 
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Clearly G(a) = 0, and under the given conditions, G(x) is differentiable and G’(x) = g(x). 


b b 
fresco as= Jrooc dx 


b 
=[fown]’ - Jaw f(a) de 
on integrating by parts. 
Since G, being continuous, is integrable and fis monotone and continuous on [a, b], therefore on using 
generalised First Mean Value Theorem, 3 & € [a, b] such that 


b b 
J feng) de = FOG) - GEO J fC) dx 


a 


= f(b)G(b) - G(s) { f(b) - f(a} 
= f(b) {G(b) — G(d)} + Fla) GS) 


b € 
= F) | g(x) de + fla) | g(x) de 


Example 15. Ifa function /is continuous on [0, 1], show that 


a 
Ix =— f (0) 
d at ) 


2 
x 


a = Let us put 


a 22 22 
ltnex yg Ate 
By generalised first mean value theorem, 
Wn In 
J GO) a= FO J 0 a wre ees 
° l+n°x" A ben x” n 


= f(® tan! Jn > FLO as n —> 60 
Again, since fis continuous on [0, 1], itis bounded and therefore there exists K such that 


[fils kK, Vxe[0,1] 


dx 


\ 1 
J nf (x) al=K n 


2,2 Wie 
fab te Walt 
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= K| tan”! n— tan! Vn 
> 0asn> 
Hence, the result. 


Example 16. Riemann-Lebesgue Lemma. Ifa function fis bounded and integrable on [a, 6], show 
that 


b b 
lim } f(x) cos nx dx = Oand lim | f(x) sin nx dx = 0. 


no n> 
a a 


b 
a Let/,= fro cos nx dx. 


Let, further, € > 0 be an arbitrary number. 


Since fis bounded and integrable on [a, b]. there exists a partition P = {a = x), X, X),--., X, =} 
such that the oscillatory sum 


U(P,f)- L(P.f) = x (M, —m;,) Ax; < 6/2 
i=l 


where M;,m;, are bounds of fin Ax;. 


Now 


Pp 
=2 froo cos nx dx 


ae 


P x; a4 
=> fq) J cos nx dx + > f (f(x) — f (a_))} cos nx dx 
i=l i=l 


4-1 Mi 


[Ln [<3 fe. »| [cosmsas 
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+f Jlue- f(%4)} cos nx| dx 


x ies 


But forall x € Ax;, we have 
| FO) - FOy4)| SM; —m, @= 1.2... p) 
so that | (F(2) — £0.) c08 nx| <M, - m, 


and z il (£(2) ~ FO) cos nx| dx < z (M, — m)(x; — x4) 


i= 
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Also x 
Jeos nx dx} = 


x, 
Mint 


ae eo whee 
= {sin nx; — sin nx;_)} 


2 
sin nx; aps? 


s— u | sin nx; |+ 
n n 


22 Bg 
lL ]s—2|fev|+ze 
For a fixed P, f(x;_,) is a fixed quantity. Also there exists a positive number m such that for all 


n>m, 


23 rey. vi<5 


N i=l 
|I,|<e, Vn2m 


b 
> lim | f(x) cos nx dx =0 
ne 
It may similarly be shown that 
b 


lim | f(x) sin nx dx =0. 
neo 


Notes: 


1. For another proof see Fourier series. 
1 
2. In particular, if,f(x) is bounded and integrable in [o 1,| . then 


a2 
lim J reo sin nx dx = 0. 
neo 
0 
1 
If we assign the value 0 at the origin to f Bo ot } it becomes continuous, bounded and integrable in [> 5 “| ; so that 
x sim x 
R/2 


jim [re (t-sifnmae= 0 


sin nx sin La 


a2 
=> lim Pe (x) 


neo 


dx = lim » [109 


sin ac 
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Example 17, Show that lim /,, where 


n> 


sinnx ‘ 
i= J dx,n€ N exists and equals 1/2 
x 
0 


é . sinnx 
a Since lim 
x900=X 


value n at x = 0. 


=n, the integrand becomes continuous for every value of x, if we assign to it the 


I. Let us first prove that the integral exists (is convergent). 

# sin nx 

Let J, = J 
0 

Putting nx =, we get 


dx 


x 


"© int 

IL =|—4 
ee Sa 

(n+p)6 

sint 
isi =| f dt|,p21 

ntp fn! = safe 

fn 


Since |sin f| keeps the same sign (positive) and 1/f is positive and monotonic decreasing in 
[n6, (n + p)d], using Bonnett’s form of the second mean value theorem, we get 


inp = 
n+p —Anl $ Fs Isintldt iT] 
~ Ons = 
oa 

= oe Yar = 

~ nd Se VBS Fx0) S 


Hence by Cauchy’s principle of convergence, {/,} converges. 


IL. It will now be shown that 


nl? sinnx 
lim 7 = lim f dx 
neo ne sinx 
Let us write 
*? sinnx 8 sin nx 2 sinnx 
J dx = f dx + f dx 
Oe 0 é 
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Using the preceding example, 


ne? sinnx 
j - dx 0 as n 00 
3 x 
d. 7 nz. 
= lim 1, = lim Jar — tim [| "ax 
neo m5 x oP x 


The function £ where 


0, x=0 


is continuous and therefore bounded and integrable in [0, 1/2], so that using the preceding example, 


we get 
n/2 1 
lim J —- ‘ = 
neo x sine Jom nx dx = 0 
sin nx *2 sinnx 
> lim J, =lim far = tim f = 
n> n> x n> 0 sinx 


IL. Let us now proceed to evaluate lim /,, and this we do by letting 7 — co through odd integral values. 


We know that 


in (2. 
sin(2n+1) _ a cos 2x+cos 4x+...+ COS ans} 


sin.x 


Integrating, we get 


Tt 
dx = = 


n/2 1 
J inlet) >» VneN 
5 sinx 2 


: BIR ios FO sinnx : 

im J, = lim =lim | -“—_% 

lim J, =1 * ax =1 — 
o> : 
2.: 

"2 sin(2x+1) 
= lim ! sinx ar 
‘j 2 


wla 
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Note: It will be defined later, in improper integrals, that 


Ny 


a 


b 
_ Iffis continuous and positive on [a, b], then show that ff dx is also positive. 


a 


Can the number € of the first mean value theorem always belong to Ja, b[ ? Find the function fon some closed 
interval which satisfies the conditions of this theorem but for which & must be an end point of the interval. 


How far can the Lagrange’s mean value theorem for derivatives be used to make the statement : If f is the 
derivative of some function on [a, 5]. then there exists a number & € [a,b] such that 


b 
Jfar=/® (b-a) 
a 
[Hint: In Lagrange’s mean value theorem, & € Ja, b[.] 
If fis continuous on [a, b] and F(x) = iro dt, for all x € [a, b]. apply (if possible) the Lagrange’s mean value 
theorem for derivatives to F over [a, bh. State the resulting theorem for F. Also state the first mean value theorem 
for integrals to i f dx, and compare the two statements. 


a 
Also try to relate Cauchy mean value theorem with the generalised first mean value theorem for integrals. 


. Iffand g are integrable and 


b 


(ham fs dx 


a 


then show that 
S(§) = 2(&), for some E € [a, 5]. 


. Inthe second mean value theorem show that fmust be monotonic, by proving that the theorem does not hold in 


[- ; T, ; x if f(x) = cos x, g(x) =2°. 


mR 
Note that J x cosxdx>0. 
-n/2 


Show that the second mean value theorem does not hold good in [- 1, 1], for, f(x) = g(x) =2°. Also test the validity 
of the first (generalised) mean value theorem. 
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8. Verify the two mean value theorems in [— 1, 1] for the functions f (x) = e*, g(x) =x. 
x 

9. If f ¢Rla,b] and F(x) = fro dt, for all x €[a, b], then show that F is of bounded variation on [a, b]. 
a 


10. If f,g €R{a, 5), then prove the following: 
b 
Ja 


b 12 b 12 
AT Wel 


» oa eT el 


(i) 


The Riemann-Stieltjes 
Integral 


Having discussed the Riemann theory of integration to the extent possible within the scope of the 
present discussion, we now pass on to a generalisation of the subject. As mentioned earlier many 
refinements and extensions of the theory exist but we shall study briefly—in fact very briefly—the 
extension due to Stieltjes, known as the theory of Riemann-Stieltjes integration. The most noteworthy of 
the extensions, the Lebesgue theory of integration will be however discussed later in chapter 19. 


It may be stated once for all that, unless otherwise stated, all functions will be real-valued and 
bounded on the domain of definition. The function @ will always be monotonic increasing. 


1. DEFINITIONS AND EXISTENCE OF THE INTEGRAL 


Let fand @ be bounded function on [a, b] and & be monotonic increasing on [a, b], b 2 a. 
Corresponding to any partition 
P= {a =X, X1,.---. X, = 5}, of [a, b] 
we write 
AQ, = O(x;) — (x,_,), 1=1,2,..., n- 


It is clear that Aa, 2 0. As in § 1.1 Ch. 9, we define two sums, 


U(P, f, a) = 3 M, Aa, 
i= 


L(P, f, @) = & m; Aa; 
i=1 


where m,, M,, are the bounds (infimum and supremum respectively) of fin Ax;, respectively, called the 
Upper and the Lower sums of f corresponding to the partition P. 
If m, M are respectively the lower and the upper bounds of fon [a, b], we have 
msm <M,;<M 
> mAa, < m, Aa, < M; Aa,< MAa;,, Aa, 20 
Putting i= 1, 2, ..., n and adding all inequalities, we get 
m{a(b) — a(a)} < L(P, f, @) <U(P, f,@) <M{a(b) - aa)} rer | 


As in Riemann integration, § 1.1, we define two integrals, which always exist by a similar reasoning, 
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[ir da =inf.U(P, f, a) 


b 
f da=sup. L(P, f. a) (2) 


the infimum and supremum being taken over all partitions of [a, 5]. These are, respectively, called the 
upper and the /ower integrals of f with respect to @. 


These two integrals may or may not be equal. In cases these two integrals are equal, i.e., 


[ fda = { fda, 


we say that fis integrable with respect to a in the Riemann sense and write f €R, [a,b] or simply 


R(@). Their common value is denoted by 
b 
fraa 
or sometimes by @ 
hb 
J7@ daw) 
and is called the Riemann-Stieltjes integral (or simply the Stieltjes integral) of f with respect to a, 


over [a, b]. 
From equations (1) and (2), it follows that 


b Pb 
m{a(b) — aa)} < L(P, f, a) < J fdas ) fda 
<U(P, f.a@) <m{a(b) - a(a)} me i) 


Remark: The upper and the lower integrals always exist for bounded functions but these may not be equal for all 
bounded functions. Such functions are not integrable. Thus the question of their equality and hence that of the integrability 
of the function is our main concern. 

The Riemann-Stieltjes integral reduces to Riemann integral when a(x) = x. 


1.1 Some Deductions 


(/) If f €R(@), then 3 a number Z lying between the bounds of f such that 
b 
Ir da = Malb) — aoa)} (using 3) 
a 

(ji) If fis continuous on [a, 6], then 3 a number & € [a, 5] such that 


b 
Jf da =f tab) - ata} 
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(iii) If f €R(a@), and k is a number such that 
| f(x) |< &, for all xe [a, 5] 
then 


b 


Jiao 


a 


(iv) If f €R(q@), over [a, b] and f(x) 20, forall xe [a,b], then 


v >0, b2a 
ff aa 


<0. b<a 


< k{a(b) — a(b)} 


Since f(x) 2 0, the lower bound m > 0 and therefore the result follows from equations (3). 


(v) If f € R(a@), g €R(q@) over [a, b] such that f(x) > g(x), then 


b b 
Jraaz[fda,b>a 


and 
b b 
Jfdasfgdab<a 


The result follows by reasoning similar to that of Deduction 5 § 1.4, Chapter 9. 


1.2_Refinement of Partitions 
Theorem 1. If P" is a refinement of P. then 
() LP’, f,@) >= L(P, f, 0), and 
(ii) L(P’, f,@) <U(2, f, a). 
Let us prove (ii). 
Let P= {a=X),), .....x,,= 5} be a partition of the given interval. Suppose first that P* contains just one 
point more than P. Let this extra point ¢ belongs to Ax,, i... x,_)<€ <x,. 
Asis bounded over the entire interval [a, b]. it is bounded on every sub-interval Ax, (i= 1, 2,....77}. Let 
W,, W, M, be the upper bounds (supremum) of fin the intervals [x,_,. €]. [€. x,]. [x,_1, x]. respectively. 
Clearly WsM,, W,<M,. 
© UP’, fa) UCP, f, ) = M fag) — ax, _1)} + Wfox,)— ay} — Mila) ~ 1} 
= (MW, — M,) a(S) — &(x,_))} + Wy - M,) {a(x,) - a()} $0 
= U(P’, f,@) SUP, f. a) 
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If P’ contains m points more than P, we repeat the above reasoning m times and arrive at the result (ii). 
The proof of (i) is similar. 


Theorem 2. For any two partitions P,, P, 


LR, f, 0) SU(P,, f,@) 
i.e., no upper sum can ever be less than any lower sum. 


Corollary. For a bounded function f, 
b Fb 
j fdax< j fda 


The proofs are similar to that of Theorem 9.2, Chapter 9. 
Ex. If P’2>P, then show that 


U(P’, f,@)-L(P’, f, a) < U(P, f,a)-L(P, f,@)- 


2. _A CONDITION OF INTEGRABILITY 


Theorem 3. A function fis integrable with respect to a on [a, b] if and only if for every € > 0 there 
exists a partition P of [a, b] such that 


U(P, f,@)— LP, f,a@)<eé 
Necessary. Let f € R(q) over [a, 5]. 


ie fda= [rao =| fda 


Let € > 0 be any number. 
Since the upper and the lower integrals are the infimum and the supremum, respectively, of the 
upper and the lower sums, therefore 4 partitions P, and P, such that 


= b 
b 
U(P, f. a<J fda+ze=| fdas xe 
ze b 1 


LP, fi. a> J faa -e= | fda- 3 


a 


Let P = PU P, be the common refinement of P, and P). 


U(P, f,a@) SUB, f. @) 
b 
<|fdat+e< LR, fia) +es LP, fare 


= U(P, f,@)-L(P, f,a@)<é 
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Sufficient. For € >0, let P be a partition for which 


U(P, f,a)-—L(P, f,a@)<é 
For any partition P, we know that 


b Pb 
LO, fas] fdas | fdas<U(P, fa) 


Jraa- faa <U(P, f, @)- L(P, f, a) <e 


But a non-negative number can be less than every positive number, if it is zero. 
<5 " 
f° fao-f faa 
la a 

so that f € R(a), over [a, 5]. 


3.__ SOME THEOREMS 


(a) If f,€R(a@) and f, € R(@) over [a, 5], then 
b b b 
fit fr€ R(a) and Juit fry) da =| fide +f hao 
(b) If f € R(@), and c is a constant, then 
b b 
cf € R(a) and Jer da= eff da 

(c) If fp € R(@), fy € R(@) and f,(x) < f,(x) on [a, 5], then 

b b 

fa das fda 
(d) If f € R(a@) over [a, b] and ifa < c < b, then 

c b b 
f € (a) on [a,c], and on [e, b] and fr da+|f aa=f da 


(e) If f € R(@) over [a, 5], then 


b 
<flflao 


a 


b 
fr aa 


a 


| f |@ R(@) and 
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(*) If f € R(a) on[a, b), then 
f?eR(a) 
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(g) If f € R(a,) and f € R(a,), then 


b b b 
f €R(a,+ a) and Jr d(a,+ @)= Jr da, + Jr da, 


and if f € R(@) and c a positive constant, then 


b b 
f €A(cor)and | f d(ca)=c Jr da. 
(a) Let f=f, +f. 5 
Clearly fis bounded on [a, 5]. 
If P = {a =X, X, .... X,, = b} be any partition of [a, b] and mj, M/; mj. Mj; m;, M; the bounds of 
J\, f: and f, respectively, on Ax,, then 
m+ my sm, <M;<M;+M! 


Multiplying by Aq, and adding all these inequalities for i= 1, 2, 3, ..., 7, we get 
L(P, fi, @) + L(P, fr, @) S(P, f,@) SU(P, f, a) 
=U, fe) +O, 6.) ay 


Let € > 0 be any number. 
Since f,¢ R(a). f,¢ R(a), therefore 3 partitions P;, P, such that 


- o 1 
U(R, ft.) - LR, fi. a)<re 


U(P, fy, &) — L(Py, fy. &) < 1, 


Let P=PUP,, arefinement of P, and P). 


U(P, f;, @) — L(P, fy, @) < 1. 


UP: fo.) = LCP, fyay<re aatel 


Thus for partition P, we get from (1) and (2). 
U(P, f,@)— L(P, f, a) <U(P, f,, @)+U(P, f,,@)— L(P, fi, @) -— L(P, fy, a) 


I 
<< -E+F—E=E 
2° 2 


> f € R(a@) over [a, b] 


Let us now proceed to prove the second part. 
Since the upper integral is the infimum of the upper sums, therefore 3 partitions P,, P, such that 


b 
1 
UR. f.0< | fida+—e 


b 
U(Py, fr, 0) < f fydor te 


a 
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If P= PU P,, we have 


b 
UCP, fu<ffda+te 


a 


wl) 


b 
CLEP, fra<[fdarte 


For such a partition P, 


b 
iF da<U(P, f. a) SU(P, fi, @) +U(P, fy, @) [from (1)] 
b b 
< Ja da+ J frao+ € [using (3)] 
Since € is arbitrary, we get 

b b b 
fdas | fida+ | fda AA) 

Jota janet] 


Proceeding with (—/;) and (—/;) instead off, and f,, we get 
b b b 
Jraaz [haar [pao 3) 
(4) and (5) give : P - 
b b b 
Jraa= | faa+ | faa 
(g) Since f € R(a,) and f € R(a,), therefore for € > 0, 5 partitions P,, P, of [a, b] such that 
1 
UR, f.0%)—- LR, fm) <5 
1 
U(P,, f, 0) — L(P,, f, O) <8 
Let P= PUP, 
rs . 1 
U(P, f,O%)— L(P, f. am) <—e moh 
U(P, f, &) — L(P, f, a,)<+e 


Let the partition P be {a =X, X,..X. ....X,, = b}, and m,, M, be bounds of fin Ax;. 
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Let @=@,+ @. 
A(X) = A(x) + A(x) 
Ax; = %(4;) — &%(4;_1) 


Ax; = 05 (4}) — (34-1) 

Ax, = O(x;) — a(%;_)) 
= &(%;) + 05 (%;) — & (45-1) — Qj _1) 
= Aq; + Aa; 


U(P, f, @) = M; Aa, 
= y M, (Aq; + Aay;) 


=U(P, f,0%)+U(P, f, &) 
Similarly, 
L(P, f, a) =L(P, f,a%) + LP, f, 05) -G) 
U(P, f,a@) — L(P, f, a) =U(P, f, a) -— L(P, f, %) 
+U(P, f,05)- LP, f, O) 
1 1 
<rE+r-E=E [using (1)] 
> f €R(a@), where a =a, + a, 


Now to prove the second part, we notice that 
b 
frau = inf U(P, f,@) 


= inf Ue, f,%)+U(P, f,a%)} 
2 inf U(P, f,@)+inf U(P, f, a) 


b b 
=| fda, + | fda, (4) 
Similarly, 


b 
J fda =sup L(P, f, @) 


b b 
< J fda, + [faa 5) 
From equations (4) and (5), “ 


b b b 
Jraa= | faa, +f faa, 


where @ = a, + @). 
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The proofs of the remaining parts are so similar to the above proofs and virtually identical to those 
of the corresponding theorems for Riemann integral that it is a mere repetition and are therefore left to 
the reader. 


Corollary. If f,¢ A(@) and f,¢ R(a@) over [a, 5], then 
fi fhe R@) 
We know that iff, f, are integrable then f,+ fA, fi- fi. fy, fe, are all integrable. 


Also, then (f, + BY (f- Ay are integrable. 
Now 


4h h= (it hY-(h- AY 
=> fi fre R(@) 


4. _A DEFINITION (Integral as a limit of sum) 


As an analog to the Riemann sum, we introduce a sum which will lead to a sufficient condition for the 
existence of a Riemann-Stieltjes integral. 


Definition. Corresponding to a partition P of [a, b] and t;¢ Ax;, consider the sum 
S(P, f, a) = & f(t,) Aa, 
We say that S(P, f, @) converges to A as u(P) > 0, ie., 


lim S(P,f,@=A 
u(P)30 


if, forevery € > 0 there exists 5 > 0 such that IS(P, f, @) — Al< e€, for every partition P= {a=Xp,x,, 
Xp, .) X, = D}, of [a, b], with mesh (P) < 6 and every choice of f, in Ax;. 


Theorem 4. /flim S(P, f, @) exists as u(P) > 0, then 
b 
f €R(a),and lim S(P, f,a) = Jraa 
H(p)>0 A 


Let us suppose that lim S(P, f, @) exists as “(P) — 0 and is equal to A. 
Therefore for € > 0,36 >0 such that for every partition P of [a, b] with mesh 4(P) > 6 and 
every choice of ¢, and Ax,, we have 
1 
IS(P, f, a) — Al< ae 


or 
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A-e<S(P, f.a< Arse ail) 


Let P be one such partition. If we let the points f, range over the intervals Ax; and take the infimum and 
the supremum of the sums S(P, f, @), (1) yields 


Mathematical Analysis 


A-Le< LP, f,a)SU(P, f,a)< Ate (2) 


> U(P, f, a) -— L(P, f,a@)<eé 
= f €R(a) over [a, 5] 
b 


Again, since S(P, f, a) and frau lie between U(P, f, @) and L(P, f, a) 


a 


b 


S(P, f.a)- fda 


a 


<U(P, f,a@)—-L(P, f,a)<eé 


b 
= lim S(P, f. a) =f fda 


H(p)30 
a 


Remark: The theorem asserts that the existence of the limit of S(P, f, @) implies that f € R(a@). The existence 
of the limit is a sufficient condition for f € A(a@) but as shown in Example 3 it is not a necessary condition, i.e., 
functions exist which are integrable but for which limit of S(P, f, a) does not exist. Thus, whenever lim S(P, f, @) 
exists, it is equal to freq. But when f € A(o) nothing can be said about the existence of lim S(P, f, @). 


Theorem 5, Iffis continuous on [a, b| then f € R(a) over [a, b]. Moreover, to every € > 0 there 


corresponds a 6 > 0 such that 


b 
S(P, f, ot) - fr da|<e 


a 


Jor every partition P = {a = Xo, Xy, X>. .. X,, = b} of [a, b] with uP) < 6, and for every choice of t, in 


Ax, ie, 
b 


lim S(P, f,a@) = fraa 
u(p)0 
i 


[We still assume that all functions are bounded and @ is monotonic increasing.] 
Let € > 0 be given, and let us choose 7 >0 such that 
n{a(b) - a(a)}<Ee wl) 
Since continuity of fon the closed interval [a, b] implies its uniform continuity on [a, b], therefore for 
7 > 0 there corresponds 6 > 0 such that 
| (4) — fly) 
Let P bea partition of [a, b], with norm “(P) < 6. 
Then in view of (2), 


<n, if |g—-|< 6,1, h¢ [a,b] (2) 
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M,—m,S7, i= 1, 2,...” 
U(P, f,@) — L(P, f, a) = X(M;— m,) Ax; 
<7 DAx; 
= n{a(b) — a(a)}<€ (3) 
=> f €R(a@) over [a, b]. 
Again if f ¢ R(a@), then for € > 0,36 >0 such that for all partitions P with w(P) < 6, 


|UCP, f.@)- L(P, f,@|<e 


b 
Since S(P, f,@) and fra both lie between U(P, f,a@) and L(P, f, @) for all partitions P 
a 


with “(P) < 6 and for all positions of ¢, in Ax,. 


b 
S(P, f.a-J| fda 


a 


<U(P, f,@)-L(P, f,a@)<e 


fs b 
lim S(P. f.@)= lim > f(t) Aq; = [faa 
= up)0 : u(p)30 2/ ( ) f 
a 
Notes: 
|. Continuity is a sufficient condition for integrability of a function. It is not necessary condition. Functions exist 


which are integrable but not continuous. 


2. For continuous function flim S(P, f, @) exists and equals Jr da. 


Theorem 6. Iffis monotonic on [a, b], and if @ is continuous on [a, b], then f € R(a). 


[Monotonicity of @ is still assumed.] 


Let € > 0 bea given positive number. 

For any positive integer n, choose a partition P = {Xp, x), .... x,,} of [a, b] such that 
= a(b) — aa) ji 
n 

This is possible because q@ is continuous and monotonic increasing on the closed interval [a, b] and 
thus assumes every value between its bounds, @(a) and ab). 


Aa, 


i 


=f, 2nagn 


Let f be monotonic increasing on [a, b], so that its lower and the upper bound, m,, M, in Ax; are 
given by 
m= f(x;_,), Mj= f(y)si=1, 2... 


CHAPTER 10 


Mathematical Analysis 


U(P, f, a) - L(P, f, a) = " (M,—m,) Ax, 


= FORO) $ FO) - £50) 


_ a(b) — aa) 
= n 


{f(b) — f(a)} 
<eé, for large n 


> f €R(q@) over [a, b] 


Note: ER(q), ie. da exists when either 
f 


(’) fis continuous and @ is monotonic, or 


(ii) fis monotonic and @ is continuous: of course @ is still monotonic. 


4.1 Some Examples 


Example 1. A function @ increases on [a, 5] and is continuous at x’ where a <x’ <b. Another 
function fis such that 
F(x’) =1, and f(x) =0, for x # x’ 
Prove that 


b 
f €R(a) over[a, b],and J fda=0. 


um Let P= {a=Xp, x}, Xp, ..., x, = 5} be a partition of [a, 5] and let x’ Ax,. 


But since @ is continuous at x’ and increases on [a, b], therefore for € > 0 we can choose 5 > 0 
such that 


Aa, = &(x,) — a(x,;_})<€, for Ax,< 6 
Let P bea partition with u(P) < 6. Now 
U(P, f, a) = Aa, 
L(P, f,a@)=0 
7b 
i) fda = inf U(P, f, a), over all partitions P with u(P)< 6 
b 
=0 =( fda 


b 
= feR(@),and {fda =0. 
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Aliter. Let P = {a= Xp, x), ..., x, = b} be a partition of [a, b] and let x’ € Ax;,, x;_, Sx" > x. 


By continuity of @ at x’, for € > 0,365 >0 such that 
1 
| x(x) = a(x’) | < 76 for |x-x'|<6 
Again, since q@ is an increasing function, we have 


Q(x) — a(x’) < a forO<x-x'<6 


and a(x’) — (x) < se. for0<x-x<6 
Let P be a partition with u(P) <6. 
Aas, = Of(x;) — O(X;_)) 
= a(x; ) — a(x’) + a(x’) — a(x; _,) 


1 1 
<-E+—&=€ 
2 2 


S(P, f.a)= 3 flr) Aa,= F(4) Ao, 


0, t#x 
Aa,, t;=x' 


|S(P, f,@|=0, when 1%. 
<é€, when 7,=.' 


In either case 


lim S(P, f,a@)=0 
H(P)0 


b 
> f €R(a@) over [a, 5], and Jr da=0. 


Example 2, fis a function bounded on [—1, 1], and three functions £,, B,, 8; are defined as follows: 


0, x<0 
1, 20 
0;. x <0, 
1, x20 
0,.x<0 
B(x) =43, x=0 
L. x0 


B(x = | 


B,(x) -| 


Prove that f € R(B;) iff fis continuous at x = 0, and then 
1 


JFaB= £0). 
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mw Let P= {-l =X, x), «5 X)_9, 0 = X,_ 1, Xj, +5 X, = 1} be a partition of [-1, 1] such that x,_, = 0. 
Let t,€ Ax;. 
Now 


SOP, f. Bs) = & MG MBs) ~ B05) 
2 
1 1 
= fi-5t+fG)-d-D 


L es = 
=SfG-) + fG)) axily 
= f(O) inparticular when t,_,=0=1, (2) 
Clearly /,_, tends to 0 from below and /, from above, when the norm ,(P) tends to zero. 


Hence lim S(P, f, @) exists when both the limits, lim f(¢;_,) and lim f(¢;) or equivalently 
m(P)>0 1,,9-0 490 


lim | f(x) and lim | f(x) exist, i.e., both f(0-) and f(0+) exist. 


Moreover, from (2) it is evident that these limits are each equal to (0). In that case 


lim S(P, f,@) = f(0) 


H(P)>0 


Hence fe A(B,) if f(0+) = f(0-) = f(0), ie., if the function fis continuous at zero and in that 
case 


1 
J raB,= £0 
= 


Also it is clear that fis continuous if lim S(P, f, @) exists. Hence f € R(B,) ifffis continuous 


atx =0. 
Example 3. For the functions £, and f, defined in Example 2, prove that B,¢ R(B,), although 
lim S(P, B,, B,) does not exist, as “(P) > 0. 
wm Let P= {-1 = Xp, X), .... x, = 1} be a partition of [-1, 1] such that Oe Ax, 
Let t;¢ Ax;, when i = 1, 2, 3, ..., n. Now 


S(P, Ba. BY = & Balt MB) ~ ils) 


= By(t,) 


lim S(P, B,, B,) =0 or 1, according as 4, <0 or 20 
M(P)30 


Thus, lim S(P, B,, 8,) does not exist. 


Let P” = P U {0}, and Oe Ax,. 
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Now 
U(P’, By, B,) =1-{B,(x,) - B,)} =1 
Le’, By, BY =1- (B(x) — BO} =1 
U(P’, B, B) =L(P’. By, B) =1 
1 
Be F(B,) and | B:aB,=1 
-1 


Ex.1. Forthe functions /, £,, 8, defined in Example 2, prove that 


(a) f € R(B,) iff f+) = FO) 
and in that case 


1 
J r4B,=sr0 
=I 


(>) f € R(B,) iff f(-) = f(0), 
and in that case 


rae, = f(0) 


Ex.2. Show that 
4 


3 
Jradsl-9=5 
0 
where [x] is the greatest integer not exceeding x. 
Ex.3. Show that 
x 4 
() Jall=) VreR (a) rata] =10 
0 0 
4 2 
win Jxd-9 =2 wv) fraay=s 
9 0 


(v) Jisiac?) =3 (vi) [xa(q-»=5 
0 


ou yw 


So 
- 
o 
Ww 
r £ 
$ 
(S) 


1 2x 
(vii) fo +e") d(sgn x) =1 (viii) Josin x d(cos x) = = 
-1 x 
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re 
xX. 4. Ax) = = 
: O11 ifisxs2 


; cya [0 if Osxs! 
te 
o e 1 iflexs2 


2 
(i) Is f € R(a)? If so, compute fra. 
0 


2 
(ii) Is g € R(a)? If so, compute Jea@. 
0 


Ex. 5. Evaluate 
2 
@ fx da(x), where a(x) = BOs ae 
A , 2+x,1<x<2 


i fn MHAaLeagows 
ba : re f(x) = 
oe pea eX, 3/2Sx53 


5. SOME IMPORTANT THEOREMS 


We add a few theorems before closing the discussion. 
Theorem 7. If f € Rfa,b] and a is monotone increasing on [a, b] such that a’ € R{a, b), then 


f €R(a), and 
b b 
J fda= j fal dx 
Let € > 0 be any given number. 
Since fis bounded, there exists M/> 0, such that 
|f@|<M, Vxe [a,b] 
Again since f, a’ € R[a, b], therefore fa’ € R[a, b] and consequently 46,>0,5,>0 such 


that 
salt 


|Z Fea"), - fra’as| <el2 


for ~(P) < 6, andall t,¢ Ax,, and 
| Lar'(t;) Ax; — Jara] <€/4M 


(2) 


for (P) < 6, andall t,¢ Ax;. 


Now for y(P) < 6, and all t,€ Ax,, s;€ Ax;, (2) gives 


ce 
4M 2M 
Let 5 = min (6,, 6,), and P be any partition with u(P) < 6. 


Lae) - @'(s;)| Ax, <2- 


Then, for all t,¢ Ax,, by Lagrange’s Mean Value Theorem, there are points s; € Ax; such that 


Aa, = a'(s;) Ax; (4) 
Thus 


Esti) Aa,- [fa'de|=|Zfl)a'(s,)Ax- [fa dr} 
=|Zpwa'e)ax- [fa'de +E FG)a's) - a e)1ds,| 


s|Zfeqa'te,)ax,- ffa'de| +E] £@)| a's.) - a'G)| dx 


<2£4M— ce (5) 
2 2M 


Hence for any ¢ > 0, 3.6 > 0 such that for all partitions with y(P) < 6, (5) holds 


b 
= Pit o~ S(t;) Aa; exists and equals fr a’ dx 
b b 
2 f €R(a), and Jfaa= [fa' ax 


Theorem 8. A particular case. If f is continuous on [a, b] and a has a continuous derivative on 
[a, b], then 


b b 
fraa= frarax 


Under the given conditions all the integrals exist. 
Let P = {a= Xp, ..., X, = b} be any partition of [a, b]. Thus, by Lagrange’s Mean Value Theorem it 
is possible to find 4, € ]x;_,, x;[, such that 
a(x;) — a(x;_,) = @'(t;) (4-4) -1)3 1=1,2,...0 
or 


Aa; = a'(t;) Ax; 


S(P, fa) = ¥ f(t) da, 


= E slu)a'G) dx= SUP, fa’) 6) 
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Proceeding to limits as 44(P) > 0, since both the limits exist, we get 
b b 
J fda= J far dx 


Notes: 
|. The theorem illustrates one of the situations in which Reimann-Stieltjes integrals reduce to Riemann integrals. 


2. Inequation (6) lim S(P, f, @) exists in view of Theorem 5 while lim S(P, f@’) exists because fa’ is continuous 
and hence integrable in the Riemann sense. 


Examples: 
2 2 2 
(i) Je aes fx 2x de = fora =8 
0 0 0 


2 2 
(ii) J [x]dx?= fer 2x dx 
0 0 
1 2 
= fis 2x dx + fis 2x dx =04+3=3 
0 1 


Ex. Evaluate the following integrals: 


4 3 
() Jo@-bDp ae (i) [veae 
1 0 
3 aR 
(iii) fia d(e") (iv) J sdoinx) 
0 0 


Theorem 9. First Mean Value Theorem. Ifa function fis continuous on [a, b] and @ is monotonic 


increasing on [a, b], then there exists a number & in [a, b] such that 
b 
Jfda= FE {a(b) - aa} 


fis continuous and @ is monotonic, therefore f ¢ R(a). 


Let m, M be the infimum and supremum of fin [a, b]. Then as in § 10.1.1 
b 
mf{ax(b) — ar(a)} < fr dat < M{a(b) - aa)} 
a 
Hence, there exists anumber “4, m < 4 < M such that 


b 
[faa = ularb - aay) 
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Again, since fis continuous, there exists a number € € [a,b] such that f(€) =u 


b 
fraa = f(€) {a(b) - aa)} 


a 


Remark: It may not be possible always to choose € such that a<& <b. 
0,x=a 


Consider (x) = 
la<x<b 


For a continuous function f, we have 


b 
Jfaa= fa) = f@) (ab) - ata} 


Theorem 10. Iffis continuous and @ is monotone on [a, b], then 
b b 
J fda=[fiyac - fear 
@ a 
Under the given conditions all the integrals exist by Theorem 10.5. 
Let P = {a = Xp, x), .... X,, = b} be a partition of [a, 5). 
Choose f,, f,, ..., f, such that x;_;S4,;S x;, and let 4 =a. t,., = b, so that t,_;S x), Sh. 
Clearly O = {a, = ty. ty, tos «+5 ty fy, «1 = 5} is also a partition of [a, 5]. 


Now 


S(P, f, a) = E)Aa, 
= f(t a(x) — A(x) + f (tay) — a(x) 4+... + LG, LAO, ) — @O, -)] 
=- A(x) f (4) — Ay) F(a) — FG) + ay IF (5) — F(R) + -.- 
+ (x, IF) -— f(t, I+ @,) FG) 
Adding and subtracting @(x)) f(t) + @(%,) f(tr.)). we get 
S(P, f= 5) Fy 1) ~ AG) Fly) ~ E OH LG) FG) 


= f(b)a(b) — f(a) aa) — S(Q, a, f) all) 


If “(P) > 0, then “(Q) > 0 and Theorem 10.5 shows that lim S(P, f, @) and lim S(Q, a, f) 
both exist and that 
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b 
lim S(P, f, @) = fra 


a 
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b 
and lim S(Q, a, f) = J odf 


Hence proceeding to limits when “(P) > 0, we get from equation (1), 


b 


b 
Jraa =[f(o) a] - Joa (2) 


a 


where [f (x) a(x) denotes the difference f(b)a(b) — f(a)@(a). 


Remark: The theorem holds when one of the functions is continuous and the other monotone. 
Note: The theorem is similar to the theorem, */ntegration by parts’ for Riemann integration. 


Corollary. The result of the theorem can be put in a slightly different form, by using Theorem 9, if, 
in addition to monotonicity @ is continuous also 


b b 
frac = sibyacb) - f(ayata) - facaf 


= f(b)a(b) — f(a)aa) — a(S) (f(b) - f(a) 
= f (b)[a(g) — aay] + f(b) (ab) - ag)) 
where &€ [a, b]. 
Stated in this form, it is called the Second Mean Value Theorem. 


Theorem 11. Change of variable. If 
(i) fis a continuous function on (a, b), and 


(ii) @ is a continuous and strictly monotonic function on [a, B| where a = ¢(@), b = 0(B) 
then 


b B 
Jr ae = J 0) 400) 


b 
Change of variable in fre dx by putting x = @(y) 


Let @ be strictly monotonic increasing function. 


Since @ is strictly monotonic, it is invertible, i.e., 


x=O(y) => y="), Vxela,d] 
so that 


a=¢'(a), B=¢'(b) 
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Let 
P= {A=Xp, X1, Xa, «+25 X, =D} 


be any partition of [a, b], and 
O=(@= MMs Yar os n= B). y= o'(x;) 
be the corresponding partition of [a@, 8], so that 
Ax; = x; — 43, = O(y;). 0;-,) = AG, (1) 
Again, forany €€ Ax;, let 7;¢ Ay, where 
$= O(N) (2) 
Putting g(y) = f(@(y)), we have 
S(P, f= ESE) Ax, 
= f(9(7;)) AG, = X gn) Ad, 


= S(Q, g, d) (3) 


b 
Continuity of fimplies that S(P, f) = frac as (P) > 0. Also continuity of g implies (by 


a 


B 
Theorem 10.5) that $(Q, g, ¢) > Jawrae as U(P) > 0. 
a 


Since uniform continuity of 9 on [@, 8] implies that “(Q) > 0 as u(P) > 0, therefore letting 
(P) + 0 in (3), we get 


b B B 
Jrerar= fede = f r@ondoo. 
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1. INTRODUCTION 


The concept of Riemann integrals as developed in Chapter 9 requires that the range of integration is finite 
and the integrand remains bounded in that domain. If either (or both) of these assumptions is not satisfied it 
is necessary to attach a new interpretation to the integral. 


In case the integrand f becomes infinite in the interval a <x <b, ie., f has points of infinite 
discontinuity (singular points) in [a, b}, or the limits of integration a or b (or both) become infinite, the 


b 
symbol i) f dx is called an improper (or infinite or generalised) integral. Thus 
a 


ody pe dx Ax «dx 
iF eed zie 


are examples of improper integrals. 


For the sake of distinction, the integrals (of Chapter 9) which are not improper are called proper 


'sinx 


integrals. Thus J 
Oo Xx 


It will be assumed throughout that the number of singular points in any interval is finite and, 
therefore, when the range of integration is infinite, that all the singular points can be included in a finite 
interval. The restriction on the number is not necessary for the existence of the improper integral, but 
consideration of the discussion is beyond our limits. 

Further, it is assumed once for all that in a finite interval which encloses no point of infinite 
discontinuity (singular point) the integrand is bounded and integrable. 


dx is a proper integral. 


2. INTEGRATION OF UNBOUNDED FUNCTIONS WITH FINITE 
LIMITS OF INTEGRATION 


Definitions. Let a function f be defined in an interval [a, 5] everywhere except possibly at a finite 
number of points. 


(’) Convergence at the lefi-end. Leta be the only point of infinite discontinuity of fso that according 


b 
to the assumption made in the last section, the integral j yt dx exists for every 1,0<A<b-a. 
at 


b b 
The improper integral Ir dx is defined as the limit of J f dx when 2 > 0+, so that 


a ath 
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b b 

fra = lim fdx ( 
A-0+ 

a ata 


b 
If this limit exists and is finite, the improper integral fr dx is said to exist or converge (at a), if 


a 


otherwise, it is called divergent. 


‘ote: For any value c between a and b, a <c <b, 


b € b 
frac= [pars fra 


b b c 
J J dx isa proper integral, so that the two integrals J f dx and J f dx converge and diverge together. Thus while 
c a a 


b é 
testing the integral fr dx for convergence at a, it may be replaced by fra for any convenient c such that a<c <b. 


a a 


(7) Convergence at the right-end. Let b be the only point of infinite discontinuity of f, the improper 
integral is then defined by the relation 


b bu 
Jrar= lim J fdx,0<u<b-a 
0+ 


a 


Ifthe limit exists, the improper integral is said to be convergent (at b), otherwise it is called divergent. 


b 
‘ote: For the same reason as above, when testing the integral frac for convergence at b, it may be replaced by 
b a 
| f dx for any convenient c between a and b. 


¢ 


i)) Convergence at both the end-points. If the end-points a and b are the only points of infinite 
b 
discontinuity off, then for any point c within the interval [a, 6], the improper integral fr dx is understood 


a 


to mean 


[rac fra 


If both the integrals in (3) exist in accordance with the definitions given above, the improper integral 
converges; otherwise it is divergent. 
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The improper integral is also defined as 


8 bu 
Jrae= tim J fax (3A) 
a Ot ata 


The improper integral exists if the limit exists. 


(iv) Convergence at interior points. If an interior point c, a < c <b, is the only point of infinite 
discontinuity of f we put 


frac=frac+ frac (4) 


b 
The improper integral | f dx is convergent if both the integrals on the R.H.S. exist in accordance with 
I 


u 
the definitions given above. 


Similarly if the function has a finite number of points of infinite discontinuity, c), ¢, ..., ¢,, Within 
[a, b], where 


ASC < Cy <1. < Cy, SD 


b 
the improper integral J J dx is defined as 


a 
[rare fears | race frac uh} 
a a ca Om 


and is said to be convergent if al/ the integrals on the R.H.S. of equation (5) are convergent, otherwise it is 
divergent. 


Example 1. Examine the convergence of 


pdx on t dx a + dx 
0 | wo Sa «io | Q@x-#) 


= (/) Oisthe only point of infinite discontinuity of the integrand in [0, 1]. Thus, 


2 430+ 
0 x x 


Thus the improper integral is divergent. 
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(ii) Since | is the only point of infinite discontinuity of the integrand in [0, 1]. we put 


= 
f dx Be dx = 
——= lim + ,0<y<l 

ree BEADS ia yl-x = 
fo 
’ Iu az 
“ees, = 
S) 

= in, 2 12 


Thus the improper integral exists and is equal to 2. 

(iii) Both the end-points 0, 2 are the points of infinite discontinuity of the integrand and are in fact 
the only such points in [0, 2]. 
Thus for any point, say 1, within [0, 2], we put 

f 7 dx 


Fr dx ii 
= ea a rons jane ! x(2 - x) 


1 =f 
La x dl, EG 
=— lim |} log +— lim | log 
240+ 2-x A 2 u0+ 2-x i 


-H 


each ime Ein es 
2 30+ TA D ioe e 


=o 


Thus, the given integral diverges. 


EXERCISE 


|. Test for convergence the improper integrals: 


fF xdx 
fi) 

BS ex 

as 5 iy 

(iii) lreera (iv) ree 
1 ae 
() flogx ax (vi) le y 
=x 


2. Compute the integrals or prove their divergence: 
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2 Gis 
, Xlogx ‘ 
1 


dx 
ree: = lis 


C to 2/2 1Cto8/3 =} D wiD ~ Cto-1 C for only n <1. 


2. {i} Ctol if) D 33/2 ay D. 


3. COMPARISON TESTS FOR CONVERGENCE AT a OF {sae 


a 


(integrand retaining its sign) 


Let a, the left end of the interval, be the only point of infinite discontinuity of fin [a, b]. The case when 
bis the only point of infinite discontinuity can be dealt within the same way. 
When the integrand keeps the same sign, positive or negative, in a small neighbourhood of a, we may 
suppose that fis non-negative therein, for, ifnegative it can be replaced by (—/), for testing the convergence 
b 
of Ir dx , The case f= 0 being trivial, there is no loss of generality to suppose that fis positive throughout. 


The case when fdoes not necessarily keep the same sign, will be considered in § 3.5 wherein a general 
test for convergence is considered, which holds whether or not fretains its sign. 
b 


‘Theorem t. A necessary and sufficient condition for the convergence of the improper integral {7 dx 


a 


at a, where f is positive in [a, b] is that there exists a positive number M, independent of A, such that 


b 
J far<M.o<A<b-a 


ata 


b b 
We know that the improper integral frac converges at aif for 0<A<b-a, J f dx tends toa 


aed 
finite limit as 2 + 0+. 
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b 
Since f is positive in [a, ], the positive function of 2, J f dx is monotone increasing as 2 
ath 
decreases and will therefore tend to a finite limit if and only if it is bounded above. i.e., there exists a 


positive number independent of J such that 
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b 
J fac<M0<A<b-a 


ath 


Hence, the proof. 


b 
Note: Ifno such number © exists, the monotonic increasing function J f dx is not bounded above. and therefore 
ath 


tends to + co as 4 —5 0+, and so the improper integral diverges to +0, 


3.1__ Comparison Test | (Comparison of two integrals) 


Iff and g be two positive functions such that f (x) < g(x). for all x in [a. b], then 


b b 
(i) J f dx converges, if J g dx converges, and 


a a 
b b 
(ii) Joa diverges, if { Ff dx diverges. 


Let fand g be both bounded and integrable in [a +A, bj. 0<A<b-—a and ais the only point of 
infinite discontinuity in [a, 5]. 
Since fand g are positive and 


f (x) S$ g(x). V xe [a,b] 

b b 

J favs f ga w(1) 
ata ata 


b 
(i) Let J g dx be convergent, so that there exists a positive number M such that 


a 


b 
J gav<M, for0<A<b-a 


ata 
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Thus, from equation (1) 


b 
J fdx<M, for0<A<b—a 


ath 


b 
Hence, J f dx converges at a. 
a 
b b 
(ii) Again, if J f dx is divergent at a, then the positive function | f dy is not bounded above 
a b ata b 
and therefore from equation (1), J gdx is also not bounded above. Hence, Jaa is 
ath a 
divergent at a. 


3.2 Comparison Test Il (Limit form) 


x : 
If f and g are two positive functions in [a, b| such that lim a ) =1, where | is a non-zero finite 
xoat0 g(x 


b b 
number, then the two integrals J f dx and Je dx converge and diverge together at a. 


a a 


Evidently /> 0. 


Let € bea positive number such that / — ¢ > 0. 


£G) 


Since lim =1, therefore there exists a neighbourhood Ja, c[, a < c < b, such that for all 
sat g(x) 
xeja,cel 
TD al oe 
a(x) 
or (l-e)g(x)< f (x)< (I+ e)8 (x) a3) 
Now, 


(l-e)g(x)< f(x), V xe Ja, el 


b c c 
So if frar, ie., if frac converges at a then by comparison test I, (/ - €) Je dx and consequently 
b om a a 

Joax converges at a. 


a 
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Again from equation (2), 


f (x)<(l+e) g(x), V xe Ja.cl- 


b ¢ c b 
So if ip dx i.e., if Ik dx diverges at a, then by comparison test, (/ + €) Je dx and therefore, Je dx 


a a a a 


diverges at a. 


- 
foe 
oc 
Ww 
= 
o. 
4 
sie 
©) 


b b 
It may similarly be shown that J J dx converges and diverges with Je dx. 


a a 


Hence, the two integrals behave alike. 


Note: It can be easily shown that: 


b b 
() if flg +0 and fear converges, then J Ff dx also converges, and 
a a 


b b 
(i) if flg — ce and Jaax diverges, then fra also diverges. 
a a 


3.3 A Useful Comparison Integral 


dx 


b 
The improper integral J converges if and only ifn <1. 


a (*- a)" 


It is a proper integral if n < 0, and improper for other values of 7; a being the only point of infinite 
discontinuity of the integrand. 


Now for n #1, 


Ml 
5 


us| ae ee 
ze 1=n| (b— ay Ve 


_ . -n)(b- ay" if n<1 


> if n>1 
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Again, for n= 1 


b b 
dx dx ‘ dx 
= = lim 
Xx—a 40+ x-a 


z@=a) 37 ata 
= jim, flog (b — a) — log A} = 22 
b 
Thus, J converges only for 7 < | 


a(¥— a)" 
The integral is widely used when applying the comparison tests for testing the convergence of 


improper integrals. 


b 
Note: A similar result holds for convergence of J = ath. 
a(b-x) 
Example 2. Test the convergence of 
. r dx “ 7? sinx 
(@) ; (ii) J = dx 
ovl-x o * 
1 1 1 

mE 


" (i) Let f (x)= 


l-x° : (i=) (l4x40 i 


1 
Clearly, = Se is a bounded function and let A/ be its upper bound. 


(l4x4x0 


M 
IQ)S7 “az 
(x) a) 


1 
a 4 
Also J“ is convergent. 
o (Ix) 
r dx 
Therefore by comparison test, J is convergent. 
1-x 
0 


(ii) For p <\, it is a proper integral. For p > 1, it is an improper integral, 0 being the point of 


infinite discontinuity. 
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Now 
~ 
sinx 1 sinx oa 
ae. ae o 
Lu 
2 -Sinx ; sin.x =a 
The function ——— is bounded and —— <1. ou 
x C <q 
H = 
sinx < 1 re) 
ge gl 
ald 
Also J converges only if p—1 <1 orp <2. 
xP 
0 
m2 
Therefore by comparison test, J a dx converges for p <2 and diverges for p = 2. 
x 
0 


3.4 With the help of § 3.1, 3.2 and 3.3, we deduce two comparison tests which are of much practical 


utility. b 


Il. If f is positive in a nbd of a, then the integral J f dx converges at a if there exists a positive 


number n less than | and a fixed positive number M such that f (x)< MKx - a)’ for all x in 


Ja, 6]. 


b 
Also, J f dx diverges if there exists a number n> \ and a fixed positive number G such that 


a 


f (x)= G(x -a)' in Ja, 6). 


b 
i. Uf lim [(« -a)' f (| exists and is non-zero finite, then the integral J f dx converges if and 
x-at+ 
only ifn <1. 


Example 3. Find the values of m and » for which the following integrals converge: 


1 
(i) fe= hile 
0 


1 
(ii) (log ux)" ax 
0 


—m 


. (i) Letk bea number greater than | and e”, for all m. 


(ii) 
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\ 1 
dx 
In [0, 1], ex" < kx", for all m, and fe dx = JS converges for —n < 1 orn >-1 
1 0 07 


-mx nm 


only. Thus, Je x" dx converges only for n >— 1. irrespective of the values of m. 
0 
1 2 1 
Putting Joe Vx)" de = J (oe Vx)" dx + J (oe Vx)" dx, 0 and | respectively are the 
0 0 2 
points of infinite discontinuity of the integrals on the right. 
Let f (x) = (log I/x)”. 
Convergence at 0. 
2 
J (log I/x)" dx is a proper integral if m <0, for the integrand tends to a finite limit as 
0 


x — 0 (1 if m=0; 0 if m <0). 0 is the only point of infinite discontinuity if m > 0. 


For m> 0, take 


(e)=-L0<p<i 
i 


so that 
fis) x? (log Vx)" > Oas x 3 0. 
s(x) 
2 2 2 
Also \ gdx converges, therefore J (oe Vx)" dx converges. Thus, J (log Vx)" dx 
0 0 0 


converges for all m. 
Convergence at |. 
1 


J (log I/x)” dx is a proper integral if m > 0, and 1 is the only point of infinite discontinuity 
V2 


ifm <0. 


For m <0, let 


so that 
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1 1 
Hence, the two integrals J f dx and fea behave alike. 


1/2 V2 


1 1 
converges if —m <1 or m>—I therefore J (log I/x)" dx also converges if 
12 


dx 
Loar 


1/2 
0>m>-tl. 


r 
= 
oc 
mM 
= 
ou 
<q 
Fo 
Oo 


Consequently Joe Ix)" dx is convergent when 0 >m>-1. 
0 


Example 4. Show that 


1 
oP 
(ii) » fo 

1 


a (/) Since log xhlx is negative in [0, 1], we take 


* de i is convergent, but 


a 
Zz 


~ dx is divergent. 


f@=- a = — 


0 is the only point of infinite discontinuity. 


Let g(x)= ae —;z so that 


LO). a6 Goyiig) 2009 2+ 0 

g(x) 

i i dx jiss Ix f logx 

The integral } g dx = |; is convergentat 0; therefore dx and so |— > dx i 
q o* 0 Vx J vx 


also convergent. 


(ii) Here | is the only point of infinite discontinuity. 
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2 Ae 2 fe : 
The integral — diverges and therefore lea dx also diverges. 
x= og x 
1 1 


HOP... 

. sin” x age a 

Example 5. Show that the integral J 5 Je exists if and only if 7 <m + 1. 
0 % 


sin” x I sinx )" 
x ta sete (s] 


ve 
Here as x 3 0+, f(x) 0 ifn—m <0, and f(x) 9 ifn—m> 0. 
Thus, it is a proper integral if n<m, and improper if 7 > m, 0 being the only point of infinite 
discontinuity of f 
When n> m, let 


ag i== 


so that 
, , vn 
x sin x 
iG) > las x 0+ 
a(x) (x 
n/2 8B ae FIP Gail 
Also J gdx= J wow converges ifand only ifn—m <1 orn<m + 1, therefore J ——dx also 
e x 
0 [i 0 


converges ifand only if” <m + | which includes the case n < m when the integral is proper. 


| 
Example 6. Show that [eo “d= x)"7 ' dx exists if and only if m, n are both positive. 
0 
It is a proper integral for m 21,2 21,0 and | are the only points of infinite discontinuity; 0 when 
m<1,and 1 whenn <1. 
For m< 1 andn <1. 


1 
Taking a number, say >, between 0 and 1. we put 


2 
I 2 1 
{ (l- a dx = J xt (= i dx + J xt (- at dx 
0 0 12 


and examine the two integrals on the right for convergence at 0 and | respectively. 
Convergence at 0, when m < 1. 
Let 


(l- xy 


f(x)=x""(1- xy" = 


=m 
x 
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1 
and g(x)= 7 = 
5 oc 
then f) =(1- xy" >lasx>0 na 
g(x) a 
2 2 = 
Also J g dx JS converges at 0 if and only if 1—m <1, ie.m>0 re) 


H 
0 0 * 


1/2 
Thus J x" (1 —x)' dy converges at zero if and only if m > 0 
0 


Convergence at 1, when n < 1 


sax" 9)"= 


Let 

g(x)= 
=F 
then 
fC) =x"! lax 
g(x) 
1 
Also J gdx= = converges at |, if and only if 1-1 <1, orn> 0. 


2 1/2 (l= 


\ 
Thus J qe (l- Fi dx converges at 1, if and only if 7 > 0. 
72 


-1 r ks 
Hence 2 et (i- xy" dx exists for positive values of m and 7 only. 
0 


1 
This integral | ane (1—xJ"" dx, form, n>0 is called Beta function and is denoted by B(m, n). 
0 


Example 7. For what values of m and vis the integral 


L 
[- (te i log xdx 
0 

convergent? 
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a The integrand is negative in [0, 1], therefore we shall test for convergence the integral 


| 1 
fora-ayr ‘ogx dr, ie, fr ml) — x)" Nog tax 


x 
0 0 


1 
Since 0 and | are the possible points of infinite discontinuity, therefore taking a number, say my 


between 0 and 1, we examine the integrals 


x" "(1= x)" ‘Tog dx, J x(a x)" ibe dx 


x 
2 


ae 


at 0 and | respectively. 


Convergence at 0. 
It is a proper integral for m — 1 > 0, and improper for m <1, 0 being the only point of infinite 
discontinuity then. 
For m1, let 
— ym=l oy (1- x)" log Wx 
f(xjax"- eg we 


and 


1 
al)=— 
2 


J gdx is convergent if and only if p< 1. 
0 


Also we = xhtml — xy foe 30 asx 30+ ifpt+m—1>00rm>1—p>0. 
g(x x 
/2 


So by comparison test, J f dx converges if and only if m > 0. 
0 


Convergence at 1. 
log Vx i (1- x)" 


Since lim ——+—— = lim ———— exists finitely when n > 0, therefore the integral is proper 
ml (1 =x) sl (1-2) 


for n > and improper for 7 <0, | being the only singular point. 


For n <0, let 


ra _ x" Mog Ux 


(s)he 
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and 
~- 
(s)=— oc 
g(x)= 2 
(=a)! rT 
\ \— 
fea is convergent ifand only if g <1. Ps 
1/2 5 
x J m1 1 Wh 
Also eo <8 “tends toa finite limit as x al, ifl-n-qSsl,ie.ifn2-q>-1. 


8G) (=n 


Thus, J f dx converges at | ifn>-1. 
1/2 
Hence, the given integral is convergent when m>0,>—1. 


al2 
Example 8. Show that the integral J log sinx dx is convergent and hence evaluate it. 
0 


a Let f(x) =log sinx. 
As fis non-positive in [o. x2), we consider the function (—/) for testing convergence of the integral. 


(0 is the only point of infinite discontinuity of f 


Let g(x)= 2 m <1, so that 
x 


—f (x) a 
g(x) 


—x" log sin x > 0as x 30 


nI2 
dx . 
Also | — isconvergent form <1. 
0 


a2 al2 
Therefore, J —log sinx dx and so J log sin x dx is convergent. 
0 0 


aid 


To evaluate the integral, let = J log sinx dx. 


0 
We know that 


sin 2x =2 sin x cos x 


log sin 2x = log 2 + log sin x + log cosx 


a2 mlz a2 a2 


= J log sin 2xdx = J (log 2)dx + J log sin xdx + J log cos xdx 
0 0 0 0 


7 ni2 
=—log2+/+ | log cosxdx 
2 g 
0 


. ‘ a , ‘ 
Putting 2x =/ in the first and x =— — y in the last integral, we get 


a 
’ <— ay log2 
XERCISE 
|. Test for convergence: 
1 n 
x 
(i) J dx 
ESB 
0 
I . 
sinx 
(iii) [= dx 
0 
1 x2 
(v) [xt be de (vi) J sin’! x cos’! xdx 
0 0 
x oR 
Be x" log. 
(vii) ve dx (viii) Jes dx 
pone o (I+ x) 
x2 
2. Show that the integral J sin x log sin x dx converges to the value log 2 — 1. 
0 


x12 
[Hint: Integrate by parts the integral J sin x log sin x dx and take the limit.] 


a 
x2 
Show that J cos 2nx log sinx dx, n 21 converges to the value —z/4n. 
0 
Compute, if possible, the integrals 
Fa 2 
(i) Jrtog sin xdx (ii) | xcosxdx 
0 0 
fsin'x logx 
(iii) J — dx (iv) i 
oe oyl- x 
[Hint: (i) Put x = 7 —-t (ii) Integrate by parts 


(iii) Putx =sin¢ (iv) Put x= sin ¢.] 
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|. (i) Div. «© Cony. for n>—1 (iii) Conv, 
(iv) Div. (vy) Conv. for m>0 (vi) Conv. for p> 0 and g>0 
(vii) Div. vl Cony. forn>—-1. 
a z 
| OF os2 (if) ne 
ca (a 
(i!) —log2 (vy) -—log2 
2 2 2 e 


3.5 General Test for Convergence (integrand may change sign) 


We now discuss a general test for convergence of an improper integral (finite limits of integration but 
discontinuous integrand) which holds whether or not the integrand keeps the same sign. 


b 
Cauchy's Test. The improper integral dx converges at a if and only if to every € >0 there 
) prop gi Se LV | 3 


a 


corresponds & >( such that 


ata, 
J fdx|<€,0<4,4,<6 
ata, 
ath 
[Notice that J fdx tends to0as 4,, 2, > 0. 
ath, 


b b 
The improper integral frac is said to exist when lim J f dx exists finitely. 
a 


30+ J 
a ath 


b 
Let F(A)= f fae 
ata 
so that F(A) is a function of 2. 
According to Cauchy’s criterion for finite limits (§ 1.3, Ch. 5) F(A) tends to a finite limit as 
A — 0 if and only if for every ¢ > 0 there corresponds 5 > such that for all positive A,, 2, < 6. 


|F(A)- F(a) |<e 


Les 


i f dx — i fdx\|<e 


ath ath, 
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or 


ata, 


J fdx|<e 


ath, 


3.6 Absolute Convergence 


b b 
Definition. The improper integral J f dx is said to be absolutely convergent if J f | dx is convergent. 


a a 
With the help of Cauchy’s test, we now deduce a sufficient condition for the convergence of an 
improper integral. 


Theorem 2. Every absolutely convergent integral is convergent, or 


b b 
J f dx exists if J f | dx exists. 


a a 


b 
Since il ae dx exists, therefore by Cauchy’s test, for € > 0 there corresponds § >() such that 


a 
ath 


if | fldx|<e.0<4,4 <5 
ath, al) 


Also, we know (Th. 10, Ch. 9) that 


ath ata, 
J fdx)s J | flax (2) 
ath ard 


Hence, from equations (1) and (2) 


atdy 
J fdx|<€,0<4,4,<6 
ath, 


b 
=> J f dx exists. 


a 


Aliter. Since 


os|f|-Fs2IF 


therefore by comparison test 


b 
fil f\-f}dx converges 
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b b b 
Hence, fr dx = fy -| Fi hax + ji JS \dx converges. 


Notes: 
b 


1. Since |/] is always ROSIE: comparison tests of § 3 are applicable for examining the convergence of ji af Jax, ie. 
a 
absolute convergence of fr dx, 
a 
2. Every convergent integral is not absolutely convergent. For this reason, a convergent integral which is not absolutely 
convergent is called a conditionally convergent integral. 


1 
in Ix 
Example9, Show that JS X dx, p> 0, converges absolutely for <1. 


a Let 


sin as 150 


S(x)= 


0 is the only point of infinite discontinuity, and f does not keep the same sign in any neighbourhood 
of 0. 
In [0, 1] 


sin = 


|f@)[= 


1 
Also fF converges if and only if p < I. 
# 


sin | 


. 
x sin I/x 
dx converges and so Fi dx converges 


Hence by comparison test, the integral qe 
# 
0 


0 


absolutely if and only if p < 1. 


Conditional convergence of improper integrals of this type is generally tested by reducing them to 
the other type, with infinite range of integration. See examples § 11.5. 


4. INFINITE RANGE OF INTEGRATION 


We shall now consider the convergence of improper integrals of bounded* integrable function with 
infinite range of integration (a or b or both infinite). 


* The word bounded seems to be redundant. But some authors extend the class of functions integrable in the Riemann 
sense to include those unbounded functions whose improper integrals exists. The word bounded is inserted here to 
exclude the possibility of interpreting the term integrable functions in the extended sense. 


= 
= 
oc 
he 
a 
< 
x 
re) 
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Definitions. 
(i) Convergence at . The symbol 
J fdx,x2a 
a 


(2) 


a 


x 
is defined as the limit of J fax, when X > c, so that 
x 
im | fdx 
oe 


frac 


If the limit exists and is finite, then the improper integral (1) is said to be convergent, otherwise it is 


said to be divergent. 
ca x 

J fax J fdx 
a a, 


Note: Fora, >a, 
x 
J fdx= 
a 


which implies that the integrals frac and frac are either both convergent or both divergent. Thus when testing the 


a 
integral J f dx for convergence. we can replace it by the integral fr dx for any convenient a, > a. 
4 


a 
Ex. Examine for convergence 
{xdx tdx 7. 
J 7 =. Join rae 
pits Ne 
(ii) Convergence at —< 
b 
J fdx,x<b (3) 
(4) 


is defined by the equation 

b b 
J fax= lim [ f ax 
x20 
-e x 


If the limit exists and is finite then the integral (3) converges (or exists). Otherwise it diverges (or does 


not exist). 
(iii) Convergence at both ends 
J fax Vx 


is understood to mean 
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[race frac ...(6) 


where c is any real number. 


If both the integrals in (6) exist in accordance with the definition given above, then the integral 
equation (5) converges, otherwise is divergent. 


Integral, (5) can also be defined by the relation 


fdx= lim | fdx en i) 
[ee | 


(iv) Integrals of unbounded functions with infinite limits of integration. 
When the infinite range of integration includes a finite number of points of infinite discontinuity of £ 
consider an interval [a, b] which contains all the points of discontinuity. The integral J f dx is then 


understood to mean 
a b es 
Jrar+ [ract frac (8) 
co a b 


In case all the integrals in (8) exist in accordance with the definitions given above, the integral J Sf dx 


converges, otherwise it is divergent. 


Example 10. Examine for convergence the integrals: 


(i) Jans dx (ii) iz ie 
{2x dx td 
(iii) J a r w) ren 1) 


(vy) Je e* dx 
0 


. (/) By definition 
© x 
Join x dx = jim sinx dx = lim (1 — cos X ) 
0 sak ad 


Thus the improper integral does not exist since cos .Yhas no limit when X > c. 
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a Xx 
dx - dx 
if >= lim = 
qi) Ere. Xom few: 
= lim (tan"' X - tan ¥)=$-[-$}-« 
2 


Xoo 2 
¥-00 


Thus, the integral exists and is equal to z. 


22 7 
(iii) lage lim 


sr Reger 


2x? 
dx 
fo] 


X -1 
X+1 


= lim [a X -tan!2+ dns + Hoga] 
X30 2 2 


oe tan! 2+ diggs 
2 2 


Thus, the integral converges. 


i} © 


j a. 
@ Lo+2) <0+7) afer) 


dx . 2 dx 


« 
=2|———; = lim 5 


0 (1 +e) eG (1 +x) 


= lim 2) tan"! X + as ) 
Xe 1+X-° 


(by putting x = tan@ ) 


r 
=—, so that the integral converges. 


(v) fe e* dv= lim | xe dx 
Xe 
0 0 


| 
=—, converges. 
2 


Ex. Compute the following integrals or prove their divergence: 


ih 


, J dx " i dx 
() (etl) (ii) Lopead 
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(iii) j Bi iv) fosin x dx = 
iii SS (iy) |xsinx d 
@ xyl+ x ry or 
= 
* =I 
. Vi 4 yy (M2 ay oa 
(v) |e ‘dx (vi) > qt 
0 Ly 4 5 
(vii) |e“ cosbxdx (viii) de 
1 3 
° gitsx 
ae o E 
(ix) fre * dx (x) J ve 5 dx 
0 1 (1+ x) 
() 1-log2 (i) ale fesse el (iv) Div. 
(obs 
(vy) 2 ny Zesie (vii) st > if a>0, div.if a<0 
4 2 a+ by 
(vit) ot (ix)2 Gye. 
3V3 2°4 


4.1__Comparison Tests for Convergence at ~ (Integrand retaining its sign) 
By definition 


fra = fim fra 


where fis assumed to be bounded and integrable in [a, X] for every X >a. 


As in the case of unbounded functions with finite limits of integration, there is no loss of generality 
in supposing that the integrand fis positive in [a, X], for, if negative it can be replaced by (-/). 


Theorem 3. A necessary and sufficient condition for the convergence of J Sf dx, where fis positive in 


a 


[a, X] is that there exists a positive number M, independent of X, such that 


x 
Jfax<M, for every X >a 
a 
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© x 
The integral Jr dx is said to be convergent if Ir dx tends to a finite limit as X — oo. 
a a 
x 
Since f is positive in [a, X], the positive function of Y, Jfav. is monotone increasing as 
increases and will therefore tend to a finite limit if and only if if’ is bounded above, i.e., there exists a 


positive number M, independent of Y such that 


7 
Jr dx < M, for every X 2a 


a 


Hence, the proof. 


x 
Note: Ifno such number M exists. the monotonic increasing function i f dx isnon-bounded above and therefore tends 


a 


to co, as XY —> 00 and so J fac diverges to °°. 


a 


4.2 Comparison Test | (Comparison of two integrals) 


Iffand g are positive and f (x) < g(x), for all x in [a, X], then 


(i) [F dx converges, if J g dx converges, and 


a a 


(ii) Jaa diverges, if J f dx diverges. 


Let fand g be both bounded and integrable in [a, X], X > a. 
Since fand g are both positive, and 
f (x)S g(x). Vxe [a x] 


x x 


Jracs fear Al) 


a a 


(i) Let Je dx be convergent so that there exists a positive number M such that 


a 


x 
Jearcm, X2a 


a 
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x 
Hence, from equation (1), frac <M,X2a 


a 


Hence, J f dx is convergent. 


a 


= 
= 
oc 
Ez 
o 
4 
x 
re) 


oo x 
(ii) If fr dx is divergent then the positive function fra is not bounded above and therefore in 


a a 


xX 
view of (1), Je dx is also not bounded above. 


Hence, Joax diverges. 
a 


Compsrison Test I (Limit form) 


Iffand g are positive in [a,x] and lim z= =1, where lis anon-zero finite number, then the two integrals 
132 g 


J Sf dx and Joa converge or diverge together. Also if flg — 0 and J gdx converges then i dx 
a a a a 


converges, and if f/g — ce and | g dx diverges, then | f dx diverges. 
g if fig gi 


Evidently /> 0. 


Let € be a positive number such that /-¢ >0. 


Since lim £ =1, therefore there exists a number k (> a), however large, such that for all x > &, 
x38 g 


or 


(l-e) g(x)< f(x) <(l+ €) g(x) (2) 


Now 
(l-e)g(x)< f(x), Vx>k>a 


so that if J J dx converges then by Comparison test I, Je dx and therefore Je dx converges at c. 
k k 


Again from (2), 
f(x)< (+e) g(x), Vx>k>a 
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so that if fr dx diverges, then by comparison test, Je dx and therefore Je dx diverges at oo. 
k k a 
When f/g > 0, we can find & so that 


oe x>k 
ie} , Vx>k 


Le., 


f (x)< eg(x), Vx>k 


so, if Joa converges, then J f dx also converges. 


a a 


When flg > 0, we can find numbers k, M/ such that 


fC) >M or f (x)>Mg(x), Vx2k 
g(x) 


Hence, if Je dx diverges, then fr dx also diverges. 


a a 


4.3 AUseful Comparison Integral 


Te eee . ’ 
Show that the improper integral forae, a> 0, where C is a positive constant, converges if and only if 


a 


ne i; 
We have 
Xx 
x Clog—, n=1 
(a a 
jSa- 
x" 1 1 1 
a aa Tar #1 
1-nLX a 
and therefore 
a +00 n<l 
Jaac= tim fJSar= 
X00 J x" =i 2 Si 
a a (n -lja 


Thus, [Sa converges if and only if > 1. 
x 
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The integral is widely used as a comparison integral when testing the convergence of improper 
integrals. 


4.4 With the help of § 11.4.2 and the comparison integral of § 11.4.3, we deduce two comparison tests of 
much practical utility. 


I. If f is positive in [a, x] then the integral J f dx converges, if there exists a positive number n 


a 
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greater than | and a fixed positive number M such that 


f(x)S$ Mix", for every x2 a 
Also the integral diverges if there exists a positive number M such that 
f (x)2 M/x", for every x2 a. 
I. lim x" f(x) exists and is non-zero finite, then the integral J f dx converges if and only if 
y pe a 


nz 1 


Example 11. Examine the convergence of 


be x 1x 
(ii) J x" dx 
0 


: t dk 
a lis: +1 y+ 1 


(iii) few ae (iv) festax 
0 1 “ 

(wv) fre* ax wi) [Ara 
I 0 x 


i 2 
a (i) Let f (x) =——— =, (behaves like x at oo) and g(x) = I/x", 
xx? +1 


2 Fe)» Ke 4 
lim = lim ——— =], (non-zero finite) 
roe g(x) ro xy? + 1 


Hence, the two integrals J Sf dx and Je dx behave alike. 
1 1 


es G9 
As {F converges, therefore _ also converges. 
i* 1 xy +1 
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(if) Let f (x)= 


>1as x 4 


g (> ie x+i eer: $x 
t Tdx - ~ x dx : 
As Je dxy= [= diverges, therefore by comparison test, JE also diverges. 
0 ove ove 
(iii) 0 is not a point of infinite discontinuity and so we have to examine convergence at oo only. 


Let us consider the integral fe“ dx. 
1 


We know 


2 2 
e >x, Vrealx 


1 7 ag 2 
As |—> dx converges at oo, the integral |e‘ dv and therefore the integral |e" dv 
2 8 g 


1 
converges. 


Note: Je“ dx is called the Euler-Poisson integral, and it will be shown later (Double integrals) that its value is 


(i. 


(iv) Here 


er log x _ log x 
se 2 — 7 
2 Pu 


> 0a x, and [4 yz converges 


x 1? 


Hence by comparison with Ie dx also converges. 


é Tlog x 
aie the integral J 2 
1 
(v) Now 


2 vie 


x"e* =x" /e* 5 0as x 3 0, forall 
Tadx 
and => converges. 
x 
1 


Hence by comparison test, je e* dx converges. 
1 
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(v/) 0 is not a point of infinite discontinuity, so if we put 


sin? x sin? x sin? x, 
Jit arm [SR as [88 
0 a 


0 x 1 


the first integral on the right being proper, we test the second, 


x 
=— dx for convergence at ©. 


9 
Sir 5 

pe 2 and [F is convergent, therefore the integral i 
xm x ‘ 


* axis also convergent. 


Hence, the integral es 
0 


* ay is convergent. 
x 


Note: Comparison test II (limit form) cannot be used here, for lim /(x)/g(x), where g(x) = 1/x* does not exist. 


Example 12. Test for convergence the integrals 


x tan! x t dx 
(i) | -—— ar (ii) —_ 
J +x! IF log log.x 
xtan!y 
a (i) Let f(x)= (ex)" 
l+x 
tan”! x “13 
7 3 (1 a oy" (-x at =) 
I 
and g(x) = re 
so that 
-1 
f(x) _ tan x eee. 
@) Gry 2 
Hence, fr dx and Je dx behave alike. 
1 1 
xtan! x dx : 
Since le diverges, therefore fees also diverges. 


1 (1 +4") 


= 
Va 
o 
ud 
= 
a 
<< 
ae 
1S) 
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(ii) Putting log x = ¢ or x = e', we get 
j des opal 
xloglogx + logr 


ie 


which diverges by comparison with the divergent integral fé. msi. 
t 
k 


Example 13. Gamma function. The integral | e ‘dx is convergent if and only if m> 0. 
0 


e* 


ae ee 
a Let f(x)=x"™'e* =—_. 
x 
The integrand fhas infinite discontinuity at 0 ifm <1. So we have to examine convergence at 0 and 


oo both. 
Putting 
1 © 


fet ehi= [-~ Erde. i ed, 
0 1 


0 


we test the two integrals on the right for convergence at 0 and oo respectively. 
Convergence at 0,m <1. 
1 
Let g(x)=—— so that 


x 


EO) ag? sitign ee 30 


g(x) 
1 1 
Also Je dx = i converges if and only if 1-—m<1, ie, m>0. 
0 0 x 
1 
Hence [= e* dx converges if and only if m> 0. 
0 


Convergence at co (ref. Example 11.11). 
Let g(x)= 4, so that 
x 


m+ 
ae — 0 as x00, forall m 
g(x e 


Improper Integrals 


dx Ponies 
As |— converges, therefore |x"! e~* also converges for all m. 
2 
1 


Hence fet e-* dx is convergent if and only if m > 0. 
0 


eS 
= 
a 
lu 
& 
< 
x 
ra) 


This integral jo e ‘dx, m>0 called Gamma function, is denoted by T(m). 


Example 14. Examine for convergence 


ira ae 
I{; ale z3 


Using L’Hospital rules, we find that f (x) 73 as x > 0. 


Therefore 0 is not a point of infinite discontinuity of f 


To examine the convergence at oo, we put 


so that f(x) behaves as ae at o0, 
ie 


By comparison with the convergent integral js we can easily show that [rae and therefore 
1 


j f dx is also convergent. 
0 


Example 15. Test for convergence the integral 


i) 


a Making the substitution fos =r orx=e", we get 


x 
1 co 
fe ‘(leet J dx = Je ety ay 
0 0 
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The integrand of the last integral has a point of infinite discontinuity 0. So, we put 


Cy 1 
Je el dt = fe el dt + fe ei at 
i} 0 1 
and examine the integrals on the right for convergence at 0 and oo respectively. 
Convergence at 0. 
—(p+l)t 


z 1 e 
Let f(t)=t2e Pt Sa 


1 1 
dt a : 
By comparison with te we find that fe eo" dr converges at 0 only if—q <1 or q>-I, for 
0 


0 
all values of p. 


Convergence at oo. 


_ ag (pti) id eel 
Let f(t)=tte" = Fete and g(t) pr sothat 
fQ)_ 


= > 0ast >, forallgandp+1>0 
g(t) lpr 


Also IF converges. 
pe 
Hence Je e (?* dt converges for all g and only ifp+1>0. 


a LY 
Hence Je e”*) at and therefore |= [»s] dx is convergent for p>—1, g>—1, and divergent 
x 

1 0 

for all other values of p and g. 


4.5 Extending methods of evaluating proper integrals to the case of improper integrals. When evaluating 
improper integrals we can change variables, integrate by parts, etc., i.e., apply all the methods of 
evaluating proper integrals, provided that all the integrals entering into them are convergent. 


ms 
Let us consider the integral j=. 
pe te 2 


- 4 c _, pdx 
The integral is convergent as can be seen by comparison with f&- 
x 


3 
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Again, let us decompose the integrand into partial fraction 


= 
eerie Ae a e 
¥4x—-2 3(x-1) 3(x+2) A 
aoe. E 
It is obvious that the integrals J dé and J ae are divergent. 4 
set 2 5x71 aw 
: : (6) 
Therefore, the equality 
j ds sit J dx 1 Jj dx 
gVtx-2 35x-1 35x42 
is incorrect. 


To use decomposition (1) for evaluating the integral, we can integrate (1) from 0 to ¥ and then 
transform the R.H.S. of the resulting equality to the form 


1 
Example 16. Discuss the convergence of ios [xdx and hence evaluate it. 
0 


= x=0is the only singular point of the integral. 
Now 


T(x)= fre“ dt, x>0, thus |x+1=xlx, Vx>0. 
0 


log|x +1 = log(xlx) = logx + loglx 


1 1 1 
or Jlogls dx = flogix-+1 dx — flogx dx = 1, - 1. 
0 0 0 
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1 
J, is a proper integral and /, = fioz xdx is convergent 
0 


1 1 1 
i 1 A ‘ 
(since - flogx dx = flog 3 dx< =e dx E lim yl? log~ = 0| is convergent.) 
0 0 ; 07 - 


1 
Hence, Jioglx dx is convergent. 
0 
Again 


1 
l= Jioelx dx 
0 
1 
1 = Jlogll= x dx 
0 


1 L 1 
a= Jioslx + Jiosii—x dx= floglx{t = xax 
0 0 0 


We can prove that (see Appendix 1.) 


[pli- = ,for0<p<1 


sin px 


1 
T 
21 = | log dx, put x = Z 
! (4) Wee 


It =z 17 i; 
= Jios dz= flog = Jioe sinz dz 
us ny 4 


2 a2 
= loga -— J log sin z dz 
2% 


=loga - 2(-Fiee2 |= log 2z 
m\ 2 


1 
I =—log2z. 
3 gs 
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EXERCIS 


|. Test for convergence of the integrals: 


Wd 

: +l 

wo fxow (i) [ea 
or tl 7 = 


(iti) [vee ax (iv) = 
0 
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() J ey ay. 


2. Examine the convergence of 


2m = 
0) fam, n>o (i) feme™ at 
1+x"" 
0 1 
“ 2 “s yP-l 
(iit) |e e* dx, nisa positive integer (iv) f- dx. 
0 4 l+x 


7 (uleeealeetl Wrens 

3. Show that the integral i( Sap eh i] Say converges. 
Cy a * 

0 


, x logx 


4. Prove that + dx converges to 0. 


o(l+x° 


[Hint: For evaluating, express as the integral and put x= 1I/r in the second term.] 


om 


1 
as f+ 
0 


5. Show that the improper integral fio (1+ 2sech x) dx is convergent. 
0 


-—— 


6. Show that J Le oe ae is convergent. 
1l+x x 


7. Putting log log x= ¢, in the integral —.. show that the integral converges for p> | (any q) 
~ x” (log. x)’ (loglog x) 


only ifr <1. Ifp=1 it converges only ifr <1 and q > 1. But ifp <1, the integral diverges for any r and q. 


1. (/), Wii), WY), () converge, (ii) diverges. 


2. Allconverge for (/) n—m >t () n>0 (i) alln (iv) O0<p<1. 
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4.6 General Test for Convergence at ~ (/ntegrand may change sign) 


Cauchy’s Test. The integral | f dx converges at co if and only if for every € > 0 there corresponds 
gr ry 


a 


a positive number X, such that 


Xy 
fm <€, for all X,,X,>Xp 


x, 


xX, 
[It implies that J fax > 0as X,\,X, 3@.] 


x, 


= x 
The improper integral J f dx exists if jim J f dx exists finitely. 
a a 


Let F(X)= fr dx, a function of X. 
a 


According to Cauchy’s criterion for finite limits (§ 1.3 Ch. 5) F(X) tends to a finite limit as X — 00 
if and only if for every € > 0 there corresponds Xy such that for all X,, X, > Xo, 


|F(X,)- F(X,)|<e 


Les, 
xX X 
J fdx- J fax\<e 
a a 
or 
X2 
J fdx\<eé 
x 
Tsinx |. 
Example 17. Show that je dx is convergent. 
9 x 
= (isnota point of infinite discontinuity, for sin¥ _, 1 as x 0. So, let us put 
x 


‘* Des i 

sinx sin x sinx 

J dx = J dx+ J dx 
0 x 0 x x 
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and test j= dx for convergence at oo, = 
tee! 
o 
For any € > 0, let X,, X, be two numbers, both greater than 2e. he 
Now e 
% Xa Xy as 
(3 -[-=| , [Pea (S) 
x ‘ ss Xe Hi % 
so that 
xX, . xX xX 2 
[Ste <|£08X1 _ cos X> far 
x XxX, X, x 


xX, 


Ky 
P dx 
Peary 
X, xX, xe 
1 


Thus by Cauchy’s Test j= dx and consequently j= dx is convergent. 
x x 
1 0 


4.7__ Absolute Convergence 


Definition. The improper integral J f dx is said to be absolutely convergent if J f | dx is convergent. 
With the help of Cauchy’s Test, we can easily prove the following theorem. 


Theorem 4. frac exists, it fl f| dx exists. 
a a 


The converse, however, is not true. Integrals which are convergent but not absolutely are called 
conditionally convergent integrals. 


Example 18. Show that Ja converges absolutely ifp> 1. 
x 
1 
a Now 


sinx 
P 


ssl BE Vee 1 
xP ped 


x 
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Also fe converges only if p> 1. 
pa 
Therefore J a dx converges if p > 1. 
x 
1 
Hence je dx converges absolutely if p> 1. 
x 
ae 


For p = 1 it is not absolutely convergent. 


5. INTEGRAND AS A PRODUCT OF FUNCTIONS (Convergence at ») 
5.1__A Test for Absolute Convergence 


A function @ is bounded in [a, °°[ and integrable in [a, X] where X is a number 2 a. If J f dx is 


a 


absolutely convergent at co, then fr @ dx is also absolutely convergent at °°. 


a 


Since @ is bounded in [a, ~[, there exists a positive K such that 


O(x)<K, Vx2a Br i] 


Again, since | f| is positive and i f | dx is convergent, a number © exists such that 


a 


Jif|ae sm, for all x >a ae) 


Using equation (1), we have 
| fo|<K|f|, Vx2a 


x x 
Jlrolacsx [isl ax 


< KM, forall X 2a, 


x 
which implies that the positive function iT f@| dx is bounded above by KM, for X 2 a. 


a 


Hence Jiro dx converges. 
a 
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Example 19. Discuss the convergence of the integral 


os a x is a rational number 
J f (x) dx, where f (x) =4~* , 
1 


——, ¥ is an irrational number 
or 


is convergent, and every absolutely convergent integral is convergent. Therefore the given integral is 
convergent. 


5.2 Tests for Convergence 


Abel’s Test. Jf ¢ is bounded and monotonic in [a, -[, and J f dx is convergent at , then J fodx 


a a 


is convergent at co, 


Or 


An infinite integral which converges (not necessarily absolutely) will remain convergent after the 
insertion of a factor which is bounded and monotonic. 


Since @ is monotonic in [a, o[, it is integrable in [a, X], for all X >a. Also, since fis integrable 
in [a, X], we have by Second Mean Value Theorem 


Xy € xX, 
J fear =0(X,) J far+0(x) J fax tty 
x, x, é 


fora< X,<€<X. 
Let € > 0 be arbitrary. 
Since @ is bounded in [a, °[, a positive number K exists such that 
|o(x)|<K, Vx2a 
In particular, 
|0(X,)|< K,|o(X%)|< Kk me) 


Again, since J f dx is convergent (by § 4.6), anumber X, exists such that 


a 


J fac <P for all X,, X, > Xp (3) 


Ee 
= 
oc 
Ee 
ou 
ea 
x= 
oO 
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Hence from (3), 
& 

ca 4 
OK (4) 


é e X, 
| pe ee J fas 
1 $ 


Thus, from equations (1), (2) and (4), we deduce that a positive number Y, exists such that for all 


x, 


XX > Xp, 
x, ¢ 

J oar} <|o(x,)|-| [sax] +]o(%2)]-| J fae 
X, xX, ra 


Ke K-=e 
2K 2K 


Hence, by Cauchy’s test, f f@ dx is convergent at oo. 
a 


s 
Dirichlet’s Test. Jf @ is bounded and monotonic in [a, °[ and tends to 0 as x + 00, and frac 


is bounded for X 2a, then J f@dx is convergent at . 
a 
Or 
An infinite integral which oscillates finitely becomes convergent after the insertion of a bounded 


monotonic factor which tends to zero as a limit. 
Since ¢ is monotonic, it is integrable in [a, X] for all X 2 a. Also, since fis integrable in [a, X] 


-. by Second Mean Value Theorem, 
sly 


Xs é a 

J foax=0(X,) J fax+o(X2) | fax 

x x g 
fora< X,<&< xX). 


x 
Again, since J f dx isbounded when X 2 a, there exists a number K> 0 such that 


a 


[ras <K, VX2a 
é é j 
rl rab 
X a a 


Improper Integrals 


g x 
< frac + fra = 
¥ a oc 
i 
<K+K=2K, for X,,é2a el 2Y SE 
Similarly = 
Xx, (S) 

fra <2K, for X,,é2a m6) 

Z 


Let € > 0 be arbitrary. 


Since ¢ > 0 as x + ©, apositive numberX, exists such that 


|9(X,) |< 


= (X)|< where X, > X, > Xp mC) 


Let the numbers X,, X, in (1) be > X,, so that from (1), (2), (3) and (4), we get 


<|9(X,)| +|9(X.)| 


X, é x, 
J foar fra jra 
x; xX, rs 


<—9K + 2K =2 
4K. 4K 


Hence, by Cauchy’s test, J f@dx is convergent at 0, 
@ 


ILLUSTRATIONS 


: Tsinx  . 
|. The integral [Ha is convergent for p> 0. 
x 
1 


Let f(x) = sin x, and ¢(x) = J 
x 
Here 


x 
fain x dx 


1 


=|cosl — cos X | 


x 
jras|- 


1 


<|cos1|+|cos X |< 2, for 1< X <0. 


Ls i Z é 
Also (x)= —, isamonotone decreasing function tending to 0 as x — 0 for p>0. 
Bs 
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Therefore, by Dirichlet’s test, J roa = j- dx converges for p > 0. 
x 


Earlier, in Example 18, it was shown that je dx converges absolutely for p > 1. 
x 


Thus we conclude that ie 
ee 


“ dx converges absolutely for p > 1, but only conditionally for 


O<psi. 


sinxlogxy |. 
2. The integral —— dx is convergent. 


Let f (x)=sinx, 6(x)= log x 


Now Join xdx| is bounded above by 2, and ¢ is monotone decreasing to 0 as x > ©. 


e 


Hence, the given integral converges by Dirichlet’s test. 


EXERCISE 


|. Establish the convergence of the integrals 


< i 7 _x\COSX 
(i) fem a, p20 (ii) fi-e*) = dx 
x a 
0 i 


2. Show the convergence of 


Tsinky sinx 4. 
(i) J res (ii) [ae 
0 
(iii) jes” cos bx dx (iv) Je ae sin 2x 
0 
cos 7 2 
(v) IGexe &. (vi) Joos? ae 
0 


x * 
dx is convergent, but not absolutely. 


Tsin 
Example 20. Second method. Show that J : 
x 
0 
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sinx 


a Here, 0 is not a point of infinite discontinuity because 
x 


sinx 


1 
Now J dx is a proper integral. 
0 


gS 


x 
dx at oo, we see that 


4 sin 
To examine the convergence of 
x 
1 


x 
fina 
1 


=|cosl — cos X | <|cos1|+|cosX| <2 


x 
Join xdx 


so that is bounded above for all X > 1. 


Also, 1/x is a monotone decreasing function tending to 0 as x — 0. 


am Tsinx : 
Hence by Dirichlet’s test, j= dx is convergent. 
x 
1 


sin x A 
Hence j= dx is convergent. 
x 
0 


Tsinx ‘ 
To show that j= dx is not absolutely convergent, we proceed as follows: 
x 
0 


Consider for n 21, the proper integral 


j 


0 


sin x 


x 


n "sin x| 
dx= —_ dx 
= x 


(“yr 


Now V xe [(r -1)z, | 


m 7 


| sin.x| | sin x| 
J “ae joa 
x 1 


(cpr? (“ir 
Putting x =(r-1)a + y 


j |sinx| dx jae -l)r+ y)| a 


11 


(rie 0 iD 


— 1 as x0. So, let us put 


— 
= 
ti 
& 
<= 
x= 
(S) 


=— Join ydy =— 
0 
Hence, 
‘t[sinx| |sinx|de 
sinx n sinx 2 
dx = >zr— 
J x r=1 x r=l 700 
0 (rt 
ae 3 - 
But © — isa divergent series. 
r= 
sinx n 
m laces te 
pa nae r=l 77t 
"| sin x | 
=> hae dx is infinite. 
a 


Now, let ¢ be a real number. There exist positive integer 7 such that 


nt <t<(n+1)x 
We have 


lsinz| "t | sin x| 
fete Pla 


x 


Let t > c, so that 1 + 0, thus we see that 


|sinx| 1-5 oo 


tal 


| sin x| 


dx does not converge. 


Ex. Show it sin SID ty, 0 < p< isconvergent, but not absolutely. 


Example 21. 
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4 {ax 3 
= Form=0, the integral reduces to jF , which converges at 0 for <1, and converges at oo forn > |. 
x 


Thus the integral cannot converge at 0 and co both. Hence it diverges for m=0. 


Let m #0. 
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Substituting x” = ¢, we get 


= 

Be ' oa 

j= = a sint tc 

x" m 4 lien} ui 

sint sint 1 o 

= Let f(t)=———_ =. —__. < 
( ) joint t oe 5 


Taking a number, say 1, greater than 0, we write 
° 1 oo 
fra=[ra+ fra 
i) 0 I 


and examine the two integrals on the right for convergence at 0 and oo, respectively. 


Convergence at 0 


n-1 n=1 


1 
fra is a proper integral for <0 but has infinite discontinuity at 0 for >0. 
0 m m 
a 1 
For 2 J >0, let g(t)=—. 
m t 
Now 
pe 5 
tim £0) — pigy Site _d 
190 g(t) 0 4 ke-tyim}-a 
Fi ere al | 
=a finite quantity, if =asod 
m 
| rat 
and Je dt= se converges if and only if a@ <1. 
0 of 
f 1 
Hence frat converges if "—"< @ <1. 
0 m 
1 ; 
t = = 
Thus ee converges at 0 if ” J <1, which includes the case pad <0 when the 
‘ AC im m 


integral is proper. 


Convergence at oo 
x 
J sint dt 


0 


<2, bounded 


and Ul" is monotone decreasing function, tending to 0 as 1 > ©. 
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n-l n- 
when —— +1>0or 
m m 


n-1 


So by Dirichlet’s test, | f dt converges at oo if -I1< 
2 m 


Hence, the given integral converges when —] < tule! <1 [or equivalently —1 gles La 1], ie., for 
m —m 


all m (positive or negative), and 1—m<n<1+m. 


sin x" ok 
Ex, Discuss the absolute convergence of a 


0 


sin Cae 


Example 22. Using ley 


cae show that 
2 


a The integral is convergent (Example 11). 
To compute it, let us integrate by parts. 


‘Tsin? x sin?x]  Fsin2x 
J : si : +f = ax 
. x 0 ry x 


0 


Example 23, Show that ee * dx is conditionally convergent. 
logx 


= Let (G)=— = 57 FG) =cosx 


xX 
Joos.xax 


2 


=|sin X —sin2|<|sinX |+|sin2|<2 


x 
So that Joos xdx is bounded for all X 22 
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Also ¢(x)= —| isa monotonic decreasing function tending to 0 as x > 0. 
logx 


Hence by Dirichlet’s test le 


For absolute convergence consider 


~ dt is convergent 


F =| cost] | oy + | lee er eos a 
5 log x . log x 2 log x (2n_a12 logx 
i j |cosx] 9 j ela ae | 4. j [cos] 1. 
x12 logx logx (2n-1)x/2 logx x2 logx 
ae Cr Leos] =f |cosx| 
ral eevee logx logx 
Now 
(Qr+1)z/2 (Qr+1)z/2 
[sasal > ! cos xdx 
feeciiiis logx log (2r + 1)z/2 eran 
1 5 ‘ 
“aaa | sin (2r + 1)a/2 = sin (2r - 1)/2| 
[2 
~ Jog (2r + 1)x/2 
fas 2 
log (2r + 1)a/2 
=~ 2 feos] 
z - {a 
rsilog(2r+1)z/2 4, logx 
But a lo is divergent and i [eos] al , dr isa proper integral. 
s=2 logx 
Hence 


l= flceszlan is divergent 
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And so 


cosx , , es 
J dx is conditionally convergent. 
A logx 


Example 24. The function fis defined on [0, -[ by 


f(x)=(-1Y"» n-1sx<n,neN 


Show that the integral J f (x)dx does not converge. 
0 


a Now 
free =f ar + fctjar+ [ay dxt.+ { (-1)"" de = 
. S\4sisieiaatiey 
and 
j f (x)de= fae + Jena + al (-1)" ax 


= T+ 1 1 
2n 2Qntl 


lim f f(x)dr=O and tim ff (x)de=1 
neo ne 
0 0 


Hence, the integral does not exist and therefore it is not convergent. 


Example 25. The function fis defined on ]0, 1] by 


f (x)= (-1)"" n(n + 1). <x <-, neNn 


1 
Show that J f (x)dx does not converge. 
0 


1 al2n V/2n-l V2 L 
L J f(x)de = J fact (i fdetit J fare J fax 
1/2n+1 1/2n4+1 1/2n 73 1/2 
W/2n a 1/2n-1 > v2 1 
=f Cay anQnt tare ft" Qn=1)2nde ++ Jay 23ar+ f Cryfi2ae 
V2n+l V2n 1/3 2 


SS l= il. 1 = 0 
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And 
= 
1 1/2n-1 1/2n-2 1 ha 
J fac= f C1y"(@n-1pandr+ f ("Qn = 2)2n= Ide +. f GIP 1 2ae a 
1/2n W/2n 1/2n-1 V2 - 
=1-14+1-14+..41=1 & 
: ae 
oO 
Lim | f(x)dx=1 
dies 1/2n 
1 
a Lim J f(x)dr=0 
V/2n+1 


1 
Hence, the integral J f (x)dx does not converge. 
0 


Example 26. Test the convergence of 
. * xdx 
‘= 
1+ x" cos” x 
0 
a pea 
(ii) /—_— 
jit x cos’ x 


= (/) The integrand is positive for positive values of x but the tests obtained for the convergence of 
positive integrands so far, are not applicable. In order to show the integral convergent we proceed 


as follows: 
nz 
Consider = and write 
a 1+ x" cos” x 


 xdx oF  xde 
las 2 Bi & 
pitxcos'x rc 
Now V xe [(r - 1), rz], wehave 
x os (r-1)a 
14+x4cos?x 14 r'z*cos* x 


m = 
—1)rdx 

J aa 2 2 J € 4 ee 2 

(aye! +x" cos” x (ratye! +x cos’ x 


Putting x =(r—-1)z + y, we see that 


"  (r-ladx 7 
i (r=) -| 


(r -1)ady 
(cir +r‘ cos? x 


1+ r' 2° cos* {(r - 1)z + y} 


i (r-l)xdy 


1+r‘ 2‘ cos? y 


aid 


=2(r-1)x f ay 


A 1+ rz‘ cos? y 


a2 


=2(r-l)x J 


5 b+ tan? y + r'z* 


sec” ydy 


7/2 


_2(r-I)t | tany 


= tan 
yltrixt 


™ 2 
. | xdx_ (r-1)x 
r=l = 


=I, yg! + x" cos? x ral lp ptt 
Hence, 
nz 2 
Q mae -I)r 
tim { > tim & aes, 
no 4 1+ x’ cos’ x n>or=| 1+ rn 
ea ¢ Oo oe iscie (3 
ul ———— isa divergent series |~ L— 
ml fi+ tnt 7 reli, 
j= is divergent. 
4 1+ x° cos” x 
= 
i+ x" cos” x 
Consider 


nt 


dx n dx 
leak J 
) (r-1)z 
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Improper Integrals 


Now V xe [(r-1)z, rz] 
1 1 
< 


4 a 4 
1+ x'cos*x 1+ (r-1)' 2*cos* x 


mm x 


dx <| dy 
iiayelt wcos’x 41+(r—1)' x* cos” y 


: 
= 
15) 


where x=(r-l)t+y 
_ 2f sec” ydy 
i tan? yt (r - 1)'x* 
z/2 

2 >i tany 

= tan = 

Vis@-pie fit @- 2" |, 

a 


Hence 
a 
: dx x. od 1 
lim Fa Ss lim = 
nee L+x°cossx noe rst fy (r _ 1)" x 
r . i =, i 
But z = isaconvergent series ]~ © —> 
r=l 4 ral yp? 
1+(r-1) 


dx 


1+ x‘ cos? x 


EXERCISE 


|. Discuss the convergence or divergence of the following integrals: 


is convergent. 


ous 


x" cos ae 


_ ‘Feosarx cos Bx 
(i) os 


dx (i) le 


‘ 1+x" 


(iv) fain x? dx 
1 


sinx 
(vi) (faa 
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2. Using Poisson’s integral few a= aE and Dirichlet’s integral Ja = =: show that 
x 
0 


(ii) |e e* dx= ./z/4 [Integrate by parts] 
0 


4 
(iii) (2 =dr=7 [Use: 4 sin? x =3 sin x—sin 3x] 
x 


oe - 
a) fafa=4 
0 x 
xdx 
3. Show that le converges, but lee ane does not. 
1+ x°sin? x 1+.x° sin? 
dx 
4. Show that J 7 converges, but eS does not. 
1+x‘sin? x 1+x° sin” x 
1. (i) Div. (i) Conv. when n> 0,-1 <m<n, orn<0,0>m>n-1, 
(ii) Cony. for-3 <p <1 (iv) Conv. for p>1 


(v) Cony. for-1<n<2 (vi) Conv. but not absolutely. 


Uniform Convergence 


Thus far we have considered, almost exclusively, sequences and series whose terms were numbers. It 
was only in particularly simple cases that the terms depended on a variable. We shall now consider 
sequences and series, whose terms depend on a variable, i.e., those whose terms are real valued functions 
defined on an interval as domain. We, accordingly, denote the terms by f,(x) and consider sequences and 
series of the form {f,} and & f,, respectively. 


1. _POINTWISE CONVERGENCE 


Suppose {f,},7= 1, 2, 3, ..., is a sequence of functions, defined on an interval J, a < x <b. To each point 
& € J, there corresponds a sequence of numbers { f,,(¢)} with terms 


SiS), fr($), fal), 


Further, let us suppose that the sequence of numbers {fn (6)} converges for every €€ /. 
Let {f,(&)} converges to f(€). 


This way let the sequences at (all) points €, 7, ¢,..., of J converge to 


f(g), F(m), £(9), cy 


We now define, in a natural way, a real valued function f with domain / and range the set defined by 
(1), so that its value f() for 7 € J islim {f,(7)}. 
Thus 


f(x) = lim {f,(x)}, VxeT (2) 


noo 


The function f, so defined, is referred to as the limit or the point-wise limit of the sequence {f,} on 
[a, b], and the sequence {f,} is said to be pointwise convergent to fon [a, 5]. 
Similarly, if the series © f,, converges for every point x € J, and we define 


f(x) = = fil), Vx ea, b] (3) 


the function fis called the sum or the pointwise sum of the series ¥ f,, on [a, 5]. 
Thus, if fis the point-wise limit of a sequence of functions {f,,} defined on [a, 5], then to each 


€ > 0 andtoeach x €[a, b], there corresponds an integer m such that 
If, —-fli<é, Vn2m (4) 
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1.1 For a sequence (series) of variable terms, the most important question will usually be whether, 
and to what extent, properties belonging to terms, viz., boundedness, continuity, integrability, 
differentiability, etc., are transferred to the limit function of the corresponding sequence (series). Let us 
consider a few examples. 
|. The geometric series 
lextx tat... 
converges to (1 — x)~! inthe interval —1<x<1. 


All the terms are bounded without the sum being so. 


i) 


Consider the series 


oa 2 
x 

x fa» where f, (x) = ——s; (x teal) 

aa (1+ x") 

Atx=0, each f,,(x) = 0, so that the sum of the series f(0) = 0. 


For x # 0, it forms a geometric series with common ratio Va +.x7), so that its sum function 
f(x) =14 2. 


Hence, 


1+x?, x#0 
x)= 
Hef ee 


Each term of the series is continuous but the sum / is not. 


sin nx 


vn 
f(x) = lim f(x) =0 


(x real), has the limit 


Le 


The sequence {f,,}, where f,,(x) = 


. f’(x) = 0, and so f’(0) =0 
But 
e Si) = vn cos nx 
so that 
£0) = Vn > as n—> co 


Thus atx =0, the sequence { f,/(x)} diverges whereas the limit function f ’(x) = 0, i.e., the limit 
of differentials is not equal to the differential of the limit. 


4. Consider the sequence { f,,}, where 
f(x) = nx(1- x)", 0<* Sin =1,2, 3)... 
For 0<x<1, lim f,(x) =0 


n> 


Atx=0,each f,,(0) =0, so that lim f,(0) =0 


n> 


Uniform Convergence 


Thus the limit function f(x) = lim f,(x) =0, forO<x<1 
neo 


1 
J f(x) dx=0 
0 
Again, 
f f n 
Jr.co dx = foxa -—x°)" dx= aA 
0 0 
so that 
f 1 
ole 
0 
Thus, 


tin fash rae fm an 
0 0 0 


Thus, the limit of integrals is not equal to the integral of the limit. In other words, the sequence of 
integrals may not converge to the integral of the limit of the sequence. 

These few examples should convince us that a quite new category of problems arises with the 
consideration of sequences (series) of variable terms. We have to investigate under what supplementary 
conditions these or other properties of the terms /, are transferred to the limit function f A concept of 
great importance in this respect is known as Uniform convergence of a sequence (series) in its domain 
of definition, [a, b]. 


2. UNIFORM CONVERGENCE ON AN INTERVAL 


A sequence of functions {f,,} is said to converge uniformly on an interval [a, b] to a function /if for any 


€>0 and for all x € [a,b] there exists an integer N (independent of x but dependent on ¢ ) such that 
for all x €[a, b], 
If, (x) -— fQ@l<é, Vn2N (5) 

It is clear that every uniformly convergent sequence is pointwise convergent, and the uniform limit 
function is same as the pointwise limit function. 

The difference between the two concepts is this: In case of pointwise convergence, for each é > 0 
and for each x €[a, b] there exists an integer N (depending on € and x both) such that (4) holds for 
n2 N; whereas in uniform convergence, for each € > 0, it is possible to find one integer N (dependent 
oné alone) which will do for all x €[a, b]. 


& 
: 
3b 
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Notes: 
1. Ifa sequence converges pointwise to fthen for a given ¢ > 0, each point x; of [a, b] determines an integer Ny, 
such that 
If, (4) — fQpi<é, for n2 N; 


Consideration of all points of [a, 5] gives rise to a sequence of integers N,, N>, N3,.-- 

In case the sequence {N;} is bounded above, with supremum N, say, then (4) holds for all points of [a, b] when 
n 2 N andso the given sequence {f,,} converges uniformly on [a, 5]. 

If no such N exists, the sequence {f,,} is not uniformly convergent. 

Uniform convergence = pointwise convergence 


Nv 


but not vice versa. However 
Non-pointwise convergence = non-uniform convergence 
i.e., a sequence which is not pointwise convergent cannot be uniformly convergent. 


2.1 A series of functions ¥ f,, is said to converge uniformly on [a, 4] if the sequence {S,,} of its 
partial sums, defined by 
S,(x) = 2 A) 


converges uniformly on [a, 5]. 
Thus, a series of functions ¥ f,, converges uniformly to f on [a, b] if for € > O and all x €[a, 5] 
there exists an integer N (independent of x and dependent on € ) such that for all x in [a, b] 


If, (x) + fo(x) +... + f, (x) — FQ <é, forn2N. 


2.2 Cauchy’s Criterion for Uniform Convergence 

Theorem 1. A sequence of functions {f,,} defined on [a, b] converges uniformly on [a, b] if and 

only if for every ¢ > ( and for all x € [a,b], there exists an integer N such that 
WFrep() — fr @l<é Wn2N, p21 al) 


Necessary. Let the sequence { f, } uniformly converges on [a, 5] to the limit function f so that for a given 
€ > 0, and forall x € [a,b], there exist integers m,, m, such that 


\f,(x) — f@l< é/2, Vnem 
and 


\fnep() — FQ < €/2, Vn2m, p21 
Let N= max (m,, m). 
VFrsp) — frOOlS | frepQ) — FOO! + 1F,0) - FO)! 
<ée/2+e/2=e€, Vn2N,p21 
Sufficient. Let now the given condition hold. 


By Cauchy’s general principle of convergence, {f,,} converges for each x € [a, b] toa limit, say f. 
Thus the sequence converges pointwise to f, Let us now prove that the convergence is uniform. 


Uniform Convergence 397 
Fora given ¢ > 0, let us choose an integer N such that (1) holds. Fix, and let_p — co in (1). Since 
Sisp > f as p>, we get 
If) -f,@)l<é Vn2N,all x €[a, b] 
which proves that f,,(x) > f(*) uniformly on [a, 6]. 


Note: In the statement of the theorem, (1) may be equivalently replaced by 
If, 0) - f(a l<é Vn,m>N 


Theorem 2. A series of functions X f,, defined on [a, b] converges uniformly on [a, b] if and only if 
for every € >0 and for all x € [a,b], there exists an integer N such that 
| fai) + fer (0) +--+ rsp @OI<E Vn>N, pl (2) 
The proof is left to the readers. 
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Note: Relation (2) in the statement may be replaced by 


V fini) + fng2(X) +--+ f,ODISE, Wn, m>N 


2.3 Solved Examples 


Example 1. Test for uniform convergence, the sequence {f,,}, where 


f(x) = a for all real x. 
1+n°x" 


= The sequence converges pointwise to f, where 
f(x) =0, V real x 


Let {f,,} converges uniformly in any interval [a, 5], so that the point-wise limit is also the uniform 
limit. Therefore for given ¢ > 0, there exists an integer N such that for all x € [a, b] 


If we take € = 4, and man integer greater than N such that 1/me [a, b], we find on taking n = m 


and x = 1/m, that 


nx i. 


=—d-=€ 
l+n’x? 2 3 
We, thus, arrive at a contradiction and so the sequence is not uniformly convergent in the interval 
[a, 6], which contains the point 1/m. But since 1/m—0, the interval [a, 5] contains 0. Hence, the 
sequence is not uniformly convergent on any interval [a, 5] containing 0. 
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Example 2. Show that the sequence {f,}, where 


f= 3" 
is uniformly convergent on [0, k], k < 1 and only pointwise convergent on [0, 1]. 
a Now 


0, O<x<!1 


F(x) = lim f, (3) = i vee 


Thus, the sequence converges pointwise to a discontinuous function on [0, 1]. 
Let € > 0 be given. 


For 0<x<k <1, we have 


\f,.(x) — fQ@l=x" <eé 


ry 
Hs (} os 
x ro 
or if n > log (1/€)/log (1/x) 


This number, log (1/€)/log (1/x) increases with x, its maximum value being log (1/€) /log (1/k) 
in ]0, k], k>0. 


Let Vbe an integer > log (1/é)/log (1/k). 

If, — fQdl<é, Vn2N,0<x<1 
Againatx=0, 

If,(x) - f(l=0<e, Va21 
Thus for any ¢ > 0,3 N such that forall x €[0,k],k <1 
If, (x) -f(@ol<e, Vn2N 
Therefore, the sequence { f,,} is uniformly convergent in [0, k], k<1. 
However, the number log (1/€)/log (1/x) — ee as x — 1 so that it is not possible to find an integer 
Nsuch that If, (x) — f()I< €, forall n 2 N and all x in [0, 1]. 


Hence, the sequence is not uniformly convergent on any interval containing | and in particular on 
(0, 1]. 


Note: A point, likex=1 which is such that the sequence is not uniformly convergent in any interval containing x= 1, 
is called a point of non-uniform convergence. 


Example3. Show that the sequence {f,,}, where 


f,() = 
xtn 


is uniformly convergent in any interval [o, b], b > 0. 


Uniform Convergence 


=~ Here the sum function 
f(x) = lim f,(x)=0 V xe [0,5] 


so that the sequence converges pointwise to 0. 
For any ¢>0, 


Ee 


If,(x) — f(@l= 


ern 


if n > (1/€) — x, which decreases withx, the maximum value being 1/e. 


Let Vbe an integer > 1/e, so that for ¢ > 0, there exists N such that 
If, -f@l<ée VWn2Nn 


Hence, the sequence is uniformly convergent in any interval [0, b], b> 0. 


N 
= 
oa 
Ww 
= 
a 
<z 
7 
3) 


Example4. Show that the sequence { f,,}, where 

f,(x) = tan! nx, x >0 
is uniformly convergent in any interval [a, b], a> 0, but is only pointwise convergent in [0, 5]. 
a ~The pointwise sum function 


a[2, x>I1 


F10)= tin $09 =| seas 


Let € > 0 be given, so that for x > 0, 
If, (x) — fQ@)l=I tan! nx - 7/21< 
if cot! mx <eé 
or if n> cote/x 


which decreases when x increases, the maximum value being cot loss €/a in [a, b],a>0. Let Nbe an integer 
2 cot é/a. 
Thus for € > 0,4 N such that forall x €[a, b],a>0. 


If, a -f@l<e, Vn2N 


Hence, the sequence converges uniformly on [a, 5], a>0. 
However, cot €/x — ee as x — 0, so that no such integer N exists, such that | f(x) — f(x)I< €, 


for all n 2 N,and hence the sequence is not uniformly convergent on [0, 4]. It is only pointwise 
convergent in [0, 5]. 
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Example 5. Show that the series ¥ f,,, whose sum to 7 terms, S,() = nxe~"” is pointwise and not 
uniformly convergent on any interval [0, k], k > 0. 


a The pointwise sum S$(x) = lim S, (x) = 0, for all x 2 0. 
ne 


Thus the series converges pointwise to 0 on [0, &]. 


Let us suppose, if possible, the series converges uniformly on [0, 4], so that for any € > 0, there 
exists an integer NV such that for all x 2 0, 


IS, (x) — S(x) l= nxe™ <e, Wn>N atl) 


Let Ny bean integer greater than Nand e7e”, then for x = / No and n= No, (1) gives 


JNole<e > Ny<e’e? 
so we arrive at a contradiction. 
Hence, the series is not uniformly convergent on [0, &]. 


Notes: 
1. Choice of x = y/ (No is admissible because the interval contains the origin. 


2. The interval of uniform convergence is always be a closed interval, that is, it must include the end points. But the 
interval for pointwise or absolute convergence can be of any type. 


Remark: These examples suggest that a discontinuity in the limit function implies a point of non-uniform convergence, 
although non-uniform convergence does not necessary involve discontinuity in the limit function. 


Ex. 1. Show that the sequence {f,}, where f,,(x) = , is uniformly convergent in [0, k], k << 


WEX 
but only pointwise convergent when the interval extends to co, 


Ex.2. Show that the sequence {e~""} is uniformly convergent in any interval [a, b], where a and b are 
positive numbers but only pointwise in [0, 4]. 


Ex.3. Show that the series ¥f,, the sum of whose n terms is S,(x) = x/(1 + nx"), converges 
uniformly for all real x. 


nx 
Ex.4. Show that the sequence free converges uniformly to zero for 0< x <1. 
nx 


2 


nx 


Ex.5. Show thatthe sequence {f,,}, where f, {x} = aoe 
+nx” 


is not uniformly convergent on [0, 1]. 


Ex.6. Show that the sequences {nx(1—x7)"} and {n?x(1—x?)"} are not uniformly convergent on 
(0, 1]. 
Ex.7. Show that the series 
(l-x) +x0l- x)? +.2°(1- 4)? +... 


is not uniformly convergent on [0, 1]. 
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Ex. 8. Show that the series 
x x x 
So sf ates 
l+x (1+x)(1+2x) (1+2x) (1+ 3x) 


is uniformly convergent on [a, b], a > 0 but only pointwise in [0, 5]. 


3.__TESTS FOR UNIFORM CONVERGENCE 


Now that we are acquainted with the meaning of the concept of uniform convergence, we shall 
naturally inquire how we can determine whether a given sequence or a series does or does not converge 
uniformly in a given interval. So far we have used merely the definition of uniform convergence 
for the purpose. This procedure is usually replaced by narrower tests which are more convenient in 
ordinary practice. 


3.1__A Test for Uniform Convergence of Sequences 


Theorem 3. Let {f,,} be a sequence of functions, such that 
lim f,,(x) = f (x), x €[a, b] 
neo 
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and let 
M,, = Sup If, (x) — f(x)I 


xe [a,b] 
Then f, — f uniformly on [a, b] ifand only if M,, > 0asn > ~. 


Necessary. Let f,, > f uniformly on [a, 6], so that for a given € > 0, there exists an integer N such 
that 


If, (x) — fQ@I<é, Vn>N,V x€[a,b] 


> M,, = Sup If,(x)- f(wIs& Vn N 
xe [a,b] 
> M,70, asn—o 


Sufficient. Let M,, > 0, as n > ©, so that for any € > 0, 4 an integer N such that 
M,<€& Vn>N 


= Sup If, (x) — f@i<e, Vn>N 

x€ [a,b] 
> If, (1) - fQ@I<é& Vn>N,V xe[a,b] 
> f, 2 f uniformly on [a, 5]. 


Example 6. Show that the sequence {f,,}, where 


F(X) = nx 


1+n?x? 


is not uniformly convergent on any interval containing zero. 
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lim f,(4)=0, Vx 


neo 
nx 2 2 1 1 
— > attains the maximum value 5 at x= 


—;— tending to 0 as n — o, Let us take an 
l+n°x° nan 


Now 


interval [a, b] containing 0. 
Thus 


I 


M,, = Sup If,(2) — f(a)! 


xe [a,b] 


nx 


Sup 


1 : 
=— which does not tend to zero as n — 0, 
xe [a,b] 


1+ nx? 


Hence, the sequence {f,,} is not uniformly convergent in any interval containing the origin. 
Example 7. Prove that the sequence {f,,}, where 


x 


f,@) = =, x being real 
1+ nx” 


converges uniformly on any closed interval /. 
a Here pointwise limit, 


f@= lm f@=0 Ve 


1 
— +0 as noo 


an 


M,, = Sup | f,(x) — f (x)|= Sup 


xel 


5 


xer [1+ nx™ 


Hence {f,} converges uniformly on /. 


x 


2 


1 1 
attains the maximum value —— at x = —=, ice. at the origin |. 
l+nx Wn vn Z 


Example8. Show that the sequence {f,,}, where 


FS, (x) = nxe"™ , x20 


is not uniformly convergent on [0, &],k>0 


a F(x) = lim f,(x) = 0, Vx20 
nx? « 7 n 1 
Also nxe attains maximum value ,/— at x = 
2e V2n 
Now, 
M,, = Sup |f,(x) -— f(x)l= Sup nxe™ = |" 4 0 as n> 00 
xe [0,K] xe [0,K] 2e 


Therefore, the sequence is not uniformly convergent on [0, &]. 


Uniform Convergence 


Ex. 1. Show that the following sequences are not uniformly convergent on the intervals indicated: 


(i) {x"} on [0, 1] (ii) {e""} on [0, A] 
Ex. 2. Test the following sequences for uniform convergence. 
sin nx ¥ 
i , OSxS27 ii » OSxSk 
eT fn o tes 
x nx 
(iii) , OS x <0 (iv) sap OS xi 
n+x l+n°x° 
(vy) J}, osxs 
l+nex° 


3.2 Tests of Uniform Convergence of Series 
Theorem 4. Weierstrass’s M-test. A series of functions & f,, will converge uniformly (and absolutely) 
on [a, b] if there exists a convergent series & M,, of positive numbers such that for all x € [a,b] 
If, OILS M,, for alln 
Let €>0 bea positive number. 
Since Y M,, is convergent, therefore there exists a positive integer NV such that 
I Maay + Maya tot Magy |SE Wn2N, p2l afl) 
Hence forall x €[a, b] and forall n 2 N, p 2 1, wehave 
V fai) + frsaX) ++ SrepO ISI fir QO 141 fie Q) l+ +1 frp QO) | all 
S Magy + Muga t+ Map SE wif) 


Equations (2) and (3) imply that & f,, is uniformly and absolutely convergent on [a, b]. 


Remarks: 


1. The converse is not asserted and is in fact, not true i.e., non-convergence of } M,, does not imply anything as far 
as & f, is concerned. 


2. Series which satisfy the M/-test have been called normally convergent by Baire, to emphasize the fact that such series 
are uniformly as well as absolutely convergent. The terminology has the additional advantage of emphasising the fact 
that the test can be applied to nearly all series in ordinary everyday use. 


ILLUSTRATIONS 


|. The series Xr" cosn@, Lr" sinnO, Xr" cosn7O, Xr" sin (a"8), 0 <r < 1, converge 
uniformly for all real values of 6. 
The result follows by taking M, =r". 


n 2n 
Gy X" oy An 


Pex 1 
absolutely convergent. 


2. The series & converge uniformly for all real values of x, if Xa, is 
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sin (x? + n°x) 


is uniformly convergent for all real x. 
n(n + 1) 


Take M, = i ‘ 
n(n + 1) 


cos nO 


x 


is uniformly and absolutely convergent for all real values of 6, p> 1. 


n? 


[rate M,, = al 


n? 


: (- 1)" x?" 


———sax converges absolutely and uniformly for all real x if p > 1. 
n’ (lt x7") 


[rate M, = a 
We 
6, Xn™ is uniformly convergent in [1 + 5, <[, 5 > 0. 


Example 9, Test for uniform convergence, the series 


2x 4x° 8x’ 
2 4 oF 8 
I+x° 1+x" 14+ 


n x2n-t 


w= The nth term /,(x) = 2n 
1+x 


| fi(x) |< 2"(a)?"" 


where Ix[sass. 


The series £2"(a)”""! converges, and hence by M-test the given series converges uniformly on 


x 
Example 10. Show that the series © TP + xin? converges uniformly over any finite interval [a, 6], for 


(i) p>1,q20 (i) O<psi,ptq>2 


a (/) When p>1,g20 
te sal 
n?+x°n"| n? 


If) = 


where @ > max {|a],|b|}. 
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The series L(a/n”) converges for p > 1. 
Hence by M-test, the given series converges uniformly over the interval [a, b]. 
(ii) When 0< ps1, p+q>2. 
1 


é 2 
ra) at the point, where x°n? =n? 


\f,,(2)| attains the maximum value >, 


tA@is — 
2 


Hp+q) 
nirra 


1 


The series 2 —;~—— 
tar 


converges for p+ g > 2. Hence by M-test, the given series converges 


uniformly over any finite interval [a, 5]. 

In spite of its great practical importance, Weierstrass’s M-test is necessarily applicable to a 
restricted class of series—series which are absolutely convergent as well. When this is not the 
case, we have to make use of more delicate tests, which we construct by analogy with those 
for series of arbitrary terms—Abel’s and Dirichlet’s test. 


Theorem 5. Abel's test. If b,(x) is a positive, monotonic decreasing function of n for each fixed 
value of x in the interval [a, b], and b,,(x) is bounded for all values of n and x concerned, and if the 
series Lu, (x) is uniformly convergent on [a, b), then so also is the series Lb, (x)u, (x). 
Since b, (x) is bounded for all values of 7 and for x in [a, 6], therefore there exists a number K > 0, 
independent of x and n, such that for all x € [a, b], 
O<b,(x)< K, (forn=1,2,3,...) atts 
Again, since 2u,(x) converges uniformly on [a, b], therefore for any ¢>0, we can find an 


integer N such that 


ntp 


x u,(x) 


r=n+l 


é 
Se Vn2>N,p21 (2) 


Hence using Abel’s lemma (Ch. 9, § 13 ) we get 


np ntq 
LX b(x)u,(x)| S$ b,.,(8) max D. u@ 
r=n+l 9=1.2..4p | ren+l 


<K &=6,forn2N, p2hasxsb 


=> Zb,(x)u,(x) is uniformly convergent on fa, 5]. 


Corollary 1. A uniformly convergent series  u,,(x) remains uniformly convergent on [a, b], if its 
each term is multiplied by a function a,(x), a < x <b, provided that the sequence {a,(x)} is uniformly 
bounded on [a, 6] (i.e., 1K >0, such that \a,(x)|< K, for all x in [a, b] and for all n), and 
monotonic in n, for each x € [a, b]. 


Under the given conditions, {a,,(x)} converges pointwise. Let us write for each x € [a, b], 


N 
r 
jam 
Wu 
= 
a 
<= 
PS 
iS) 
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b, (x) = {lim a,(x)}—a,(x), or a,,(x) — lim a, (x), 
neo 


n> 


according as {a,,(x)} is monotonic increasing or decreasing. With this function b, (x), we deduce as 
above that the series ¥ b, (x) u,,(x) converges uniformly on [a, b]. Also, since ¥ u,,(x) and hence 
Y [lim a,(x)] u(x) Ce |lim a, (x) |< K,a <x <b) converges uniformly on [a, b]. The uniform 
convergence of > a, (x) u,(x), then follows easily. 


Corollary 2. If Y a,x" is a (power) series which converges for all values of x, where | x | < R, then 
n=l 
La,x" is uniformly convergent in [0, R] if and only if La,,R" is convergent. 
Let Xa,,R", be convergent, so that being a series of real numbers, it is uniformly convergent in 
[0, R]. 
Now, since La,,R" is uniformly convergent, and (x/R)" is a positive monotonic decreasing bounded 


function of n, for each value of x in [0, R], therefore by Abel’s test, the series La, R"(x/R)" < La,x" 
is uniformly convergent on [a, 5]. 


If the series a,x" is uniformly convergent in [0, R], it is obviously convergent at x = R. 
n Mi g ry g 


(-1)" 


n 


Example 11. The series ¥ 


|x!" isuniformly convergentin —1< x <1. 


(=1)" 
n 


a Since Ix!" is positive, monotonic decreasing and bounded for — 1 $ x < 1, and the series Y 
cn" 


n 


is uniformly convergent, therefore > Ix!" isalsosoin-ISxS1. 


Example 12. Show that > a,, /n‘ converges uniformly in [0, 1], if & a,, converges. 


a Since Vn" is a positive, monotonic decreasing function and is bounded by 0 and 1 in [0, 1], and the 
series ¥ a,, is convergent (and so uniformly), therefore ¥ a,, / n* is uniformly convergent in [0, 1]. 


Ex. If La, is convergent, then show that each of the following series is uniformly convergent in 
(0, 1]. 


2n 


Ta.a, Bay x oe ; nx" (1— x) 5 2na,x"(1 — x) 
1+ x" +x" 1+x" l+x 


Theorem 6. Dirichlet’s test. If b,(x), is a monotonic function of n for each fixed value of x in [a, b}, 


and b,,(x) tends uniformly to zero for a < x < b, and if there is a number K > 0 independent of x and n, 
such that for all values of x in [a, b], 


<K,Vn 


z u,(x) 
r=l 


then the series & b,(x)u,(x) is uniformly convergent on [a, 6). 
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First method. We may assume that b,,(x) is a positive monotonic decreasing function of 7, 
for each x €[a, b], since the general case follows by the procedure given in the above cor. 1. Now b,, (x) 
tends uniformly to zero, therefore for any € > 0, we can find an integer NV (independent of x) such that 
for all values of x in [a, 6]. 
O0<b,(x) <€/2K, forall n>N 


For such values of and any integral value of p 2 1, we have by Abel’s Lemma, 


ntp nsq 
< . 

ay (x)u,(x)| $B, 41.0) ae =, u,(x) a 

n neq oc 

Shoal | > u,(x)| + max » ax) @ 

r=1 q= voP | r=n a 

é = 

< Fe (K+ K)= re 


Hence by Cauchy’s criterion the series 2b, (x)u,(x) converges uniformly for x € [a, b]. 
Second method. Since b,(x) tends uniformly to zero, therefore for any € >0, there exists an 


integer NV (independent of x) such that for all x €[a, b], 


1b, (x) |< €/4K, forall n 2 N. 


n 
Let S,(x) = Z u,(x), forall x €[a, b], and for all n, 
r=! 


ee B(x), (2) = By (0) (Spar — 8, } + Byer) (Spa — Spar} + 
Pn pSnep — Susp} 
— bya (8) S,, + {By41 2) — Byer} Spar ++ 
+ {Dysp-1 0) — Ppp OD YSne pat + pep Snap 
=F (6,0) ~ bel) S,2) ~ byl) S50 
+ Dray () Snap) 
'S 6,0) u,(x) <"¥ 16, — b,, (US, (x) + 1b, GUS, (X)I+ 


+ 1D yp (0) Sy p(2) | 


n+p 
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Making use of the monotonicity of b, (x) 


ntp-l 


X 1,02) - b CON IQ) — Bip for a< x <b, 


r=nt+l 
and the relation |S,,(x)I< K, forall x €[a, b] and forall n = 1,2,3,..., we deduce that for all x € [a, b] 
andall p21,n2N 


— 
Eb, (x)u, (x)| $ K WByi(2) — bye (-+ — 2K 
r=n+i 4K 
<K ss + Zs é. 
2K 2 


Hence by Cauchy’s criterion, the series £b,,(x)u,,(x) converges uniformly on [a, 5]. 


Remark: The statement * <k VY x€[a, b], and forall n’ amounts to saying that the sequences of partial 


vu) 
r=1 


sums of ¥.u,,(x) are bounded for each value of x €[a, b], ie., for each point x; €[a, b] there isanumber K; such 


that < K,, and there exists a number K such that K, < K, Vi. 


x u,(x) 
rel 


This fact is expressed by saying that ‘the partial sums of the series are uniformly bounded’. 
This in turn amounts to saying that ‘the series Lw,,(x) either converges uniformly or oscillates finitely’. 
So, Dirichlet s test can be stated also as: 
If b,, (x) is a monotonic function of n for each fixed value of x in [a, b], and b, (x) tends uniformly to zero for a < x <b, 
and if Xu, (x) either uniformly converges or oscillates finitely in [a, b}, then the series Xb, (x)u,,(x) is uniformly 
convergent on [a, b]. 
a 
Example 13. Prove that the series X(— 1)" = a is , converges uniformly in every bounded interval, 


but does not converge absolutely for any value of x. 
a Let the bounded interval be [a, 5], so that 3 anumber K such that for all x in [a, b], |x| <K. 


Letus take Yu, = X(— 1)” which oscillates finitely and 


xn K? +n 
b, = 


2 
n n 
Clearly 5, is a positive, monotonic decreasing function of n for each x in [a, 5], and tends to zero 
uniformly for a <x <b. 
A 
een 


Hence by Dirichlet’s test, the series (- 1) >— converges uniformly on [a, 5]. 
n 
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Se biti 1 4 " . OS. 
=z = Lo which diverges. Hence the given series is not absolutely 
n 


2 
x +n 
-p'- 


Again © |( 


convergent for any value of x. 


gos’ and > = converge uniformly for all values of 


n 


Example 14. Prove that the series > 


2? 
p> Oinaninterval [a, 27 — a[, where 0< @ < z. 
ma When p> 1, Weierstrass’s M-test at once proves that both the series converge uniformly for all real 
values of 0. 
When 0< p <1, both the series converge uniformly in any interval [@, 27 — @], a > 0. This can 
be proved by taking b, = (1/n’) and u, = cos 7@ (or sin n@) in Dirichlet’s test. 
(1/n”) is positive monotonic decreasing and tends uniformly to zero for 0 < p <1, and 
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Ly,)= 


ir=l 


n 
MS c08 rf] =| 08 0+ 60520 +. + 60818) 


cos ((7 + 1)/2)0 sin(n/2)@) 
sin (0/2) 


< cosec (@/2), Vn, 


for Oe [a,2z- a], 


Thus, all the conditions are fulfilled and the series (cos nO/n”) and similarly }(sin nO/n”) 
converge uniformly on [@, 27 — a] where 0<a<z. 


Example 15. Show that the series L{log(n + 1)}* cos nx is uniformly convergent in [6,, 0, ], where 
0<6,<x <0, <2z. 
a When x €[9,, 43], {log(n + 1)}™ is a positive monotonic decreasing function of n. Also since 


flog(n + 1)}~* < {log(n + 1)}~®, the function {log(n + 1)}~* tends uniformly to zero as 2 > ©. 
Moreover, as in Example 12.14, 


y COS 1x] geil eas Bilin, 2 als , 
r=1 sin (x/2) sin (9,/2) sin (8,/2) 
both are independent of x and n. 


Thus by Dirichlet’s test the series 1 {log(n + 1)}~* cos nx is uniformly convergent in [0,, 0]. 


Notes: 

1. It is to be understood that @, can be as close to zero and @, as close to 27 as we please. 

2. If {v,} is a monotonic sequence of real numbers that converges to zero, then each of the series 
Ly, sin nO, Xv, cos nG is uniformly convergent with regard to @ in the interval [a, 27 — @] where @ is any 
fixed positive number less than 7. 
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EXERCISE 


|. Prove that the series, 


x" x” 2h 
a Is, (2, (i) L>=— 
» n? n(n +1) aero 
are uniformly convergent in [— 1, 1]. 
. Prove that, if @ is any fixed positive number less than unity, each of the series 


Ex", Dnt yn x", X(n +1) x", Srx" 
is uniformly convergent in [— @, a]. 
. (a) Show that each of the series 


i) 


1 yr 1 


cA PRED ID? St say AD 
nm +n'x rr +n'x? 


x 


is uniformly convergent in [ — k, 4], for real k. 
()) Show that & V/ n* converges uniformly for all real x > 1. 
(c) Show that the series 


converges uniformly for all real x > 0. 


0 - 
4. Show that the series Y a converges uniformly for all real x. 
1 n(1+nx°) 


[Hint: The maximum value of f,(x) is 1/2n*? at x? = 1/n, apply M-test.] 


sin mx COS nx 


52h 


wn 


Prove that each of the series, converges uniformly with respect to x in [@, 27 — a], where 


@ is any fixed positive number less than z. 


% sin COS/7IX A 
Prove also that each of the series, ) L _ , & ——— is uniformly convergent in [0, 277]. 
n n 


6. Show that the series 


@ a—Ic Ga 


is uniformly convergent with respect to @ in any finite interval. 


in Ja? —n? |=|n? -a? |> n’/2, when 7 exceeds a certain number JN, so that 


7. Discuss the series © (— x)” /na +x") for uniform convergence for real x. 


log n fF 
= converges uniformly forall real x > 1+ @ > 1. 


1 log n 1 
[vine | (log n)/n* |< Free ar < <ar| 


8. Show that © 
n 


3 (Ci x 
°. Discuss the uniform convergence with respect to x of the series, y ah sin (: ap 2) over any closed and 
n= n 
bounded subset of R. 
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4. PROPERTIES OF UNIFORMLY CONVERGENT SEQUENCES 
AND SERIES 


Whereas we saw earlier that fundamental properties of the functions /,, do not in general hold for the 
pointwise limit function f we shall now show that roughly speaking these properties hold for the limit 
function f when the convergence is uniform. In this connection we now give some theorems which 
become particularly important in application. 


4.1. Theorem 7(A). Ifa sequence {f,} converges uniformly in [a, b] and xy is a point of [a, b] 


such that 
lim f,(x) =4,,n = 1, 2, 3,... 
xX 
then (i) {a,} converges, 
and (i) lim f(x) = lim a, 
XX non 


[The existence of lim f(x) isa part of conclusion]. 


XPXo 


(’) Since the sequence {f,,} converges uniformly on [a, b], therefore for ¢ > 0, there exists an 

integer m (independent of x) such that for all x €[a, 5], 

| Srep() — SiG) |< 2, Vn>m, p>) 

Keeping n, p fixed and letting x — x9, we get 

[Greg = Gy |< 6/2<é, Vn>m, p21 
> the sequence {a,,} converges, say to 4. sah} 

(ii) Since {f,,} converges uniformly to f, therefore for any ¢ > 0, there exists an integer N, such 

that for all x €[a, 5], 


| f(x) — f(x) |< 6/3, Vn2N, wha) 
Similarly there exists an integer ,, such that 
\a, -A|<é/3, Vn2N, sof) 


Let N = max (Nj, N3). 


Again, since lim f,(x) =a, forall n, therefore lim fy (x)= ay and so for > 0, there 
XX XX 


exists a 6 > 0, such that for |x — x) |< 6, we have 
| fy (x) - ay |< 6/3, (4) 
Hence for | x — x») |< 6, we have 
| f£0) - ALS 1S) - fy @) 1+ lf) - ay [+ lay — A] 
< 6/3 + 6/3 + 6/3 =e [using (2), (3), (4)] 


> lim f(x) exists and equals A 


XXy 


Thus, lim f(x) = lim a,, 


XXy ne 
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or equivalently 
lim lim f,(x) = lim lim f,,(x) 
KX ND ND XX 
Theorem 7(B). Ifa series 2 Sin converges uniformly to f in [a,b], and Xp is a point in [a, b| such 
that 
lim f,(x) =4,, (n= 1, 2,3, ...) 
xx 


then (i) & a, converges, 


n=l 
. & 
and (ii) lim f(x) = ¥ a, 
XX n=l 


[The existence of lim /(x) isa part of conclusion.] 


xy 
(/) Since the series ¥ f,, converges uniformly on [a, b], for ¢ > 0, 3 an integer m such that for all 

x €[a, b] and for any integer p, 
ntp 


X f-@) 


r=n+l 


<e/2, Vn>m, p21 


Keeping n, p fixed and letting x + xy, we get 


np 


2. a, 


r=n+l 


S$é/2<e, Vn>=m,p2l 


—) The series La, converges to A. ffl 


(i) Since Y f,, converges uniformly to /, therefore for ¢ > 0, 3 N, such that forall x €[a, 5], 


£ f)- se) 


<5 Vn2>N, uf) 


Similarly, 


La,-A 
ral 


ee Vn2QN, =i) 
3 2 
Let N= max (N,, N3) 
Again, since 
lim f,(x) =a,,.2=1,2,3,... 
Therefore for the above aS 0, it is possible to choose 6 > 0 such that for n = 1, 2, 3, ... N, 


we have (taking 5 = min {6), 63,..., dy}.) 


é 
fn) ~ q|< 377s for |x — x9 <b 
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N N N 
% f@)- 2% a, |< X14) - 4, 
a 3 = 
<N-=S, for |x — x9 |< 5 (4) 
3N 3 
Hence for | x — xy |< 6, we have 
N N N N 
|f@)- Als|f@)—- Xf) + X fC) - 2 4, + 5 a,~4| 
r= r r= rs 
<24542= 6, (Using 2,3, 4 
3 tz ty 7& Using 2, 3,4) 
> lim f(x) exists and equals A. 


XIX 


Remark: The result simply states, “the limit of the sum function of a series = the sum of the series of limits of 
functions”, i.e., 


lim ¥ f,(x)=% lim f,(x) 


XX n=) n=l XX 


We now prove a theorem which though of great significance appears to be a special case of the theorem proved above. 


4.2 _Uniform Convergence and Continuity 


Theorem 8(A). Jf {f,} is a sequence of continuous functions on an interval [a, b}, and if f, > f 
uniformly on [a, 6], then f is continuous on {a, b). 


(B). Ifa series ¥ f,, converges uniformly to f in an interval [a, b] and its terms f,, are continuous 


at a point xp of the interval, then the sum function f is also continuous at xq. 


(B). Since ¥ f, converges uniformly to fon [a, b], therefore for ¢ > 0, we can choose N such that 
for all x in [a, 5]. 


E f(s) - £0) 


and in particular, at a point x, in [a, b],andn=N 


<=, wn2N oil) 
5 


N 
¥ fro) - S00) 


E; 
<=, (2) 
3 
N 
Again, since each /,, is continuous at Xp, the sum of a finite number of functions, } f, is also 
r=l 
continuous at x= xp. 


Therefore for ¢ > 0, 6 > 0, such that 
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i.e., the sum function fis continuous at x = x, 
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<i for |x —x) |< 6 ...(3) 


N N 
| > F,(8) - = So) 


Hence for | x — x) |< 6, we have 


N N N 
If) — Fo) S| FO) - Xf) # = f-() - = SX) 


+ 


N 
% fa) - f) 


&. oé "4 
<3 5% 37% Losing (1), Q) & @)] 


> T(x) > f(x) when x > x9 


0° 


Corollary. Since x, is an arbitrary point of [a, b], the theorem holds for all points of [a, b], and so 


we State: 


“Ifa series © f,, converges uniformly to f on an interval and if the fimctions Sf, we all continuous 


throughout the interval, then so is the sum function f.” 


Remarks: 


if, 


The converse of the theorem is neither asserted nor it is true, i.e., series (sequence) of continuous terms exist which 
have a continuous sum (limit) but are not uniformly convergent. In other words, the condition of uniform convergence 
is only sufficient, not necessary. 
However, if the sum function (limit function) of a series (sequence) of continuous terms is not continuous on an 
interval, the convergence cannot be uniform. This conclusion is very often used with the advantage in deciding that 
the convergence is not uniform. 


ILLUSTRATIONS 


1 


|. The sequence {x”} or {tan~' nx} of continuous functions has a discontinuous limit function on 


[0, 1]. Therefore, the convergence is not uniform on [0, 1]. 


2. The sequence {nx/ (1 +n?x?)} or {nxe~™} of continuous function has a continuous limit function 
on [0, 1], although the convergence is not uniform. 


The sum function (1 + x) of the series }(1—x?)x” is continuous on [0, 1] although the 
convergence is not uniform. 


4. The sequence {I/(x + )} converges uniformly to the continuous function 0 for all real x > 0. 


ln 


20 1 x#¥l1 
. The sum function of the series Y (1 — x)x” is f(x) = i : 1 which is discontinuous on 
n=0 , x= 


[0, 1]. Therefore, the series is not uniformly convergent on [0, 1]. 
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Note: There is a special class of sequences (series) for which uniform convergence is equivalent to the continuity of the 
limit (sum) function of the sequence (series). In that connection, we do a theorem, due to Dini, an Italian mathematician. 


Theorem 9, Dini’s Theorem on uniform convergence. (A). If a sequence of continuous functions 
{f,}, defined on (a, b] is monotonic increasing, and converges (pointwise) to a continuous function f, 
then the convergence is uniform on [a, b]. 

(B). If the sum function of a series ¥ f,,, with non-negative continuous terms defined on an interval 


[a, b] is continuous on [a, b), then the series is uniformly convergent on the interval. 


(A). Since the sequence {f,,} is monotonic increasing, and converges to fon [a, 5], therefore, for 
any €>0 and each x in [a, 5] there is an integer N such that 
0< f(x) -f,) << wi) 
Let R,,(x) = f(x) — f,(x), n=1, 2, 3,... 
Clearly the sequence {R,,} is monotonic decreasing, i.e. 
R(x) > Ry(x) >... 2 R(x) 2 wil) 
and is bounded below by zero. 
Thus, the sequence {R,,} converges pointwise to zero on [a, b]. 


However, if (1) and (2) hold for all x in [a, b] and N is independent of x, then the convergence is 
uniform. 


Suppose, if possible, that for a certain ¢) > 0, no such N independent of x exists. Then for each 
n=1,2,...,thereis x, €[a, b] such that 
R,(X,) = &p 3) 
The sequence {x,} of points belonging to the interval [a, b] is bounded and therefore has at least 
one limit point & in [a, b]. 
Consequently we can assert that there is a subsequence {X,,} of {x,,}, convergent to & i.e., 


Xy, OG as ko. 


n 


The function R,(x) = f(x) — f,(x) being the difference of two continuous functions is continuous 
and therefore, we can write, for every fixed m, the relation 


lim B,,(%,,.) = Rn($) 
kon a : 


But for every m and any sufficiently large k we have n, > k > m and consequently, in view of (2) 
and (3), we get 


Ry(n,) 2 Ry, On) 2 o 


nm 
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Proceeding to limits as k > +0, we see that R,,(€) >, for any m, which contradicts the 
relation lim R,,(¢) = 0, implied by the pointwise convergence of the sequence {R,,} on [a, b]. Hence 


mon 


the theorem. 

(B). The partial sums S, (x) = > J,(x), with non-negative continuous terms /f,, form a non- 
decreasing sequence of continuous cacti convergent point wise to a continuous function / Therefore 
by (A), the sequence converges uniformly and thus the series is also uniformly convergent. 


Example 16. Show that the series 


4 
4 x x x 


+ +: + Fags 
l+x*  (l4+x4)? (14x47? 


is not uniformly convergent on [0, 1]. 
= The terms of the series are continuous and the series converges pointwise of /; where 


l+x4, x40 


ry={t x=0 


which is a discontinuous function on [0, 1]. 


Hence the series cannot converge uniformly on [0, 1]. 


x 
Example 17. Show that the seri ——————., is uniforml t interval, 
amp ow tha ries Y Grito heed is uniformly convergent on any interval 
[a, b], 0<a<b, but only pointwise on [0, d]. 


a Let 

x 
(nx + 1) {(n — I)x + 
a 
~ (n=1x +1 nx +1 


In) = 


1 
mx +1 


*, nth partial sum S,,(x) = s F(x) =1- 
r=l 


1, x#0 


“Th functi = 
ie sum function f(x) ie na Sey 


Thus fis discontinuous on [0, b] and therefore convergence is not uniform on [0, 4], it is only 
pointwise. 
When x + 0, let ¢ > 0 be given 


1S,(x) - f() |=——<e 


mx +1 
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When n> Ld (: = ') but = ( - y decreases with x, let its maximum value = (2 - 7 =m 
x\e we a\e 


(independent of x) on [a, 5]. 
Thus forall x €[a, b], 3 aninteger m (> mp), such that 
18,0) -— f(x) |< é, forn =m 
Hence, the series converges uniformly on [a, b],0<a<b. 
-yr 


Example 18. Show that the series y —— is uniformly convergent but not absolutely for all real 
LV i ae 


values of x. 


1 
a The given series converges by Leibnitz Test. However > behaves as > us and is therefore 
nt+x” n 


divergent. Hence the series is not absolutely convergent for any value of x. 


Again, let S,,(x) denotes the nth partial sum and S(x), the sum of the series 


S3,(X) = =e. + a Seine HH : = 
“i l+¢x? 242? 34x? 4427 “ \an-143x? 0 Qn4x? 


Since each bracket is positive, therefore S,,,(x) is positive, increasing to its sum S(x). 


=> S(x) - S,,(x) >0 


Also, 
S(x)-S. eh Sa ld 
ae Qnt+l+x? In+2+x* Wt+34xK? 
peat Lt i = 
nt1+x? n+2+x? Wt+3¢xK? 
1 1 
<—— << 
Qn+1l+x°  2nt+l 
=> 0< S(x) — S3,(x) < «(I 
(x) — S5,(x) anal (1) 
Again, 


1 1 


Sona (X) — S(x) = ———,, - > 
net (2) — 5) nt+2+x>  In+34x° 


I 1 I 1 
= 2 z |t 7° =| % 
Qn+2+x° In+34+x° Qn+44+x°  Int+5+x 
>0 
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Also 
1 1 I 
Sang) (4) — SCX) = > = mai Sa 
2n+2+x° 2n+34+x° In+44+x° 
1 1 
<———_-< 
Qn+2+x° 2n+2 
> 0 < Sy,4)(4) — S(x) < wate) 


2n+2 


Inequalities (1) and (2) imply that for any ¢ > 0, we can choose an integer m such that for all values 
of x, 


IS(x) -S,(x)l<e, Vn2m 


= The series converges uniformly for all real values of x, and since each term of the series 
is continuous therefore the series will converge to a continuous sum function. 


4.3 Uniform Convergence and Integration 

Theorem 10 (A). Ifa sequence {f,} converges uniformly to f on [a, b], and each function f,, is 
x x 

integrable, then f is integrable on [a, b], and the sequence f Fi al converges uniformly to fr dt on 
a a 


[a, b], i.e. 
Jr dt = lim | f, dt, Vx ela,b] AN) 


(B). Ifa series ¥ f,, converges uniformly to f on [a, b], and each term f,,(x) is integrable, then f 


is integrable on [a, b], and the series & f Fis | converges uniformly to J f dt on [a, 6), i.e., 


a a 


x x 
fra-3 fs. a V xe lab] (2) 
[We then say that the series is integrable term by term]. 

(A). Let € > 0 be any number. 

By the uniform convergence of the sequence, there exists an integer m such that for all x €[a, b] 


é 
lf) = f@l<——., 
fi) I@l<F a Vn zm 


Uniform Convergence 


In particular, 


é 
f(x) — FQ) < 36 -a) (3) 


For this fixed m, since /,, is integrable, we choose a partition P of [a, b], such that 


UP. f,.))— LP. f,) < 4/3 (4) 


m 


From equation (3), 

T(x) < fin (x) + €/3(b - a) 
a UCP, f) < UCP, fn) + €/3 (5) 
Again from equation (3), 

(2) > fy (x) ~ €/3(b - a) 
=“ L(P, f) > L(P, fm) - €/3 (6) 
From equations (4), (5) and (6), we get 

U(P, f) - LP, f) < U(P, fy) — LOP, fy) + 26/3 
<6/3+26/3=6 
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> Sis integrable on [a, b] 
We now proceed to prove relation (1). 
Since the sequence {f,} converges uniformly to f therefore for ¢ > 0, there exists an integer N 


such that for all x e[a, b], 


Ifnlx) — f(x) < e[(b- a), Vn>N 


Then for all x €[a, 5] and for n= N, we have 


Jra—Ja,al=|Jr-syae}s fir - flan 
< = (x-a)<seé 
-—a 
> {js a| converges uniformly to Ir dt over [a, 5], i.e. 


fr dt = lim fr, dt, Vx [a,b] 


(B). The proof may be supplemented by the reader himself. 
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Remark: The converse is neither asserted nor true, i.e., a series (sequence) may converge to an integrable limit 
without being uniformly convergent. On the other hand, if the limit is not integrable or if integrable, the integral is not 
equal to the limit of the series (sequence) of integrals, the convergence cannot be uniform. 


Ifthe terms f,, are continuous for all 7, a much shorter and simpler proof is possible. 


Theorem 11. Jfaseries % f,, uniformly converges to fon [a, b] and each is f,, continuous on (a, b], 


then f is integrable on [a, b] and the series ¥ J f,, at | converges uniformly to J f dt, for all x in [a, 
a 


bh, ie, fr a= i dt\, Vxel[ab). 
n=l 


Since  f,, is uniformly convergent to fon [a, b] and each f,, is continuous on [a, 5], therefore the 
sum function fis continuous and hence integrable on [a, 5]. 


Again, since all the functions f,, are continuous, therefore the sum of a finite number of functions, 


n 
> f, is also continuous and integrable on [a, b], and 


r=l 


x x 
n n 
DAlfndt= | 5 F,ae 
ral rl 
By the uniform convergence of the series, for € > 0, we can find an integer N such that for all x in 
[a, 5), 


if - LS, <e(b-a), Vn>N 
For such values of 7, and all x in [a, ] 
Jra-> Jr, a= f(r-3s.}q 
r= r=1 


Uniform Convergence 


> x (i F a) converges uniformly to J f dt on [a, 6), 
n=l 
ie, Jrae > [ f, dt, forall x €[a, bh 
n=l 


The corresponding theorem for sequences may be stated and proved in the same way. 


4.4 Uniform Convergence and Differentiation 


sin 


: nx . 7 : . 
The series } ——— converges uniformly for all values of x and for every term, without exception, is 
cos nx 


continuous and differentiable. The series of differentials > , however, diverges at x = 0. The 


n 
situation, therefore, seems to be different in the case of differentiation, and accordingly the theorem on 


term-by-term differentiation must be of a different stamp. 


Theorem 12 (A). Let {f,,} be a sequence of differentiable functions on [a, b] such that it converges at 
least at one point xy €[a, b]. If the sequence of differentials { f.\ converges uniformly to G on [a, b], 
then the given sequence { f,,} converges uniformly on [a, b] to fand f(x) = G(x). 
(B). Let > f,, be a series of differentiable functions on [a, b] such that it converges at least at one point 
Xo € [a,b]. If the series of differentials ¥ ff, converges uniformly to G on [a, b], then the given series 
Xf, converges uniformly on [a, b] to f, and f’(x) = G(x). 
[The existence of f’ is a part of the conclusion.] 
(A). Let € > 0 be any number. 
By the convergence of { f,,(x,)} and uniform convergence of {f/}, for €>0, we can choose a 
positive integer N such that for all x €[a, b], 
Prep Qo) — fro < €/2, Vn2N, p21 sill) 
VFiep) — frQdl< €/2b-a), Yn>N, p21 2) 


Applying Lagrange’s mean value theorem to the function (f,,., — f,) for any two points x and f of 
[a, b], we get for x < E<z, foralln> N, p>1 
VFnep QO) — fr) — SnepO) + fils be = MAO) — FiO! 


Ix - tlhe 
2(b— a) 2) 


<é/2 (3A) 
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rep) — Lr QS rep) — Sn) - rsp 0) + fn Qo)l + fnep 0) — An Qodl 
<petyene (using (1) & (3A)] 


=> The sequence {/,,} uniformly converges on [a, 5]. 
Let it converges to /, say. 
Fora fixed x on [a, b] and for ¢ e[a, b], t # x, let us define 


A, fu) | 21,23... 


bn(1) = lA) 
4 - L0=L0) i 
Since each /,, is differentiable, therefore for each n 
him $,() = fie) (6) 
Oni p(D - O,(Ol= pa Povo - Sinsp ©) — AiO + L,I 
= - Snaplt) = Salt} ~ Uep 8) ~ Syl 
é 

“pany Vn2N,p2l1 {using (3)] 


so that {@,(¢)} converges uniformly on [a, b], for ¢ # x. 


Since {f,} also converges uniformly on f, therefore from (4), 


(= fils) _ £O - f@) 
t 


—-x 1=% 


lim 0) = tin 2 #0 


Thus {¢,,(¢)} converges uniformly to (ft) on [a,b], for t €[a, b], 1 # x. 

Applying Theorem 7(A) to the uniformly convergent sequence {¢,,(f)} and using (6), we get 
lim g(t) = lim f(x) = G(x) 
tz nn 

= 


lim (1) exists, 
tx 


and therefore (5) implies that fis differentiable and 
lim g(t) = f'(x) 
pare 


Uniform Convergence 


Hence, 
f(x) = G(x) = lim f(x) 
noo 
This completes the proof of the theorem. 
Ifin addition to the above hypothesis of the theorem, continuity of the functions f/ is also assumed, 
then a much shorter proof of the theorem exists. 


We now prove a simple version of the theorem for series, that for sequence may be written down 
on the same lines. 


Theorem 13. Let a series ¥ f,, of differentiable functions converges pointwise to f on [a, b] and 
each f,, is continuous on [a, b], and the series ¥. f, converges uniformly to G on [a, b), then the given 
series ¥ f,, converges uniformly to fon [a, b], and f’(x) = G(x). 

Since the series ¥ f/ of continuous functions converges uniformly to G on [a, b], therefore its sum 
function G is continuous on [a, b], and consequently the function 


f G(t) dr is differentiable, and 


Le { G(t) dt = G(x), forall x €[a, bh Al) 
dx Ja 


Forevery x € [a,b], f(x) = x Ful). 
n=l 


Now, since each function /;/, being continuous, is integrable on [a, b], and so by the fundamental 
theorem of calculus, 


f fit) dt = f,(x) = f,(a), forall n>1,x ela, b] 


Ef L/W) dt = fs) - f(@), forall x € [a,b] (2) 


n=l"a 
Again, since the series ¥ f,/, of integrable functions, converges uniformly to G on [a, b], therefore 
term-by-term integration is valid, i.e., 


J Gt) dt = Sf" fa) dt, V xe [a,b] a3) 
a n=l! a 
From equations (1), (2) and (3). it follows that 


f’(x) = G(x), forall x €[a, b]. 
or equivalently 


se Sy i, @= 53 £ F009, as<x<b 


dx n=i n=1 dx 


i.e., the term-by-term differentiation of the series is valid. 
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4.5 Some Associated Examples 


We now consider some examples to show that the limit functions of uniformly convergent series and 
sequences of continuous (integrable) functions are continuous (integrable) but there do exist series and 
sequences which though not uniformly convergent but still possess continuous (integrable) functions. 


Example 19. The series 


i-2t@o saw, gexet 
ie x 
= Each term is integrable. 


Integrating from 0 to 1, the right hand side gives 


1 ax 
=log 2 
[new ee 


while the other side gives 


But we know that 
Lt 2 


log2=1-—+--—t+... 
CA oa A 


Thus the two sides are equal at x = 1, and so term by term integration is possible over [0, 1], even 
though the given series is not uniformly convergent on [0, 1]. 


Example 20. Thesequence { f,,}, where 


f,() = nxe™, n=, B38 ess 
converges pointwise to zero on [0, 1]. 


mu Here 
1 
) f dx=0 
0 
and 
' Ip nw]! _ 1 -n 
[fdema[--"'],=50-€°9 
fh pligose acne ops cath lls ipa be, 
tim ff, =lim (te) => + [Fe 
> convergence cannot be uniform on [0, 1]. 


Note: If we, first, show that the sequence is non-uniformly convergent, then this is an example of a sequence which, 
though not uniformly convergent, yet has an integrable limit function. 


Uniform Convergence 425 


Ex. Show although f,,(x) = x exp (— nx’) is uniformly convergent in [— 1, 1] to a differentiable 
function, the limit and differentiation process cannot be interchanged. 


Example 21. Show that for— 1 <x <1, 


I 2x A ibe” 1 
+ —+ rae gti = 
l+x J+x° l+x 1l+x l= x 
= Consider the series 
log (1 — x) + log (1 + x) + log (1 +x7)+ log (1+ cae ee (1) FQW 
— 
The nth partial sum 
S, =log {((1— x)(1 + x(t x7) $ x4)... + 0"4} i 
= log (l— x*") 3 Oasn 3 & forlxI<1 = 
Hence series (1) converges to zero. 5 
The series of differentials of (1), ignoring the first two terms, is 
2x 4x? ; 8x7 bat ve ; 
Lax? 14st 1x8 Le <= (2) 
Now 
Qn 2n-1 
=| co"! forixisp<l 
l+x" 


The series Y 2” prt is convergent and therefore by M/-test, the series of differentials (2) converges 


uniformly for | x |< p <1, and therefore (by Theorem 12) its sum is the differential of the sum of series 
(1) without the first two terms. 


But the sum of series (1) without the first two terms = — log (1— x) — log (1 + x). 


Hence, 
2x 4x3 Bxé 
+ {— log(1 — x) — log(1 + x) 

l+x? l+x* 1435 e a } 
to fill 1 
~ jax Tee 

or 
1 2x 4x3 I 


+ ++ ae bane 
I+x ltx° l+x Lax 
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Example 22. The sequence {f,,}, where f,,(x) = a converges to f and f(x) = 0, for all real x. 
Se (a Hi 


a Clearly f’(x) =0 


22 
nl —n-x7 


) 
id (x) = 
an Si(x) a z 


23 
n’x*) 
Therefore, when x #0, f/(x) 3 0, as — © and so the formula 

Sf ‘(x)= lim f,/(x), is true. 
neo 


But at x = 0, 


: n ; 
f,(0) = lim ——; =n, which tends to co, as n 4 
x90 1+ n'x” 


Thus at x = 0, f’(x) = lim f,/(+) is false. 
neo 
So here it is {f,/} that does not converge uniformly in an interval that contains zero. 


Example 23. Show that the sequence {f,,}, where 


x 


Sn(X) = 


1+ nx? 
converges uniformly to a function fon [0, 1], and that the equation 


f(x) = Tim fr) 
is true if x # Oand false if x = 0. Why so? 


= It may be easily shown (Example 7) that the sequence {f,} converges uniformly to zero for all 


real x. 
The limit function f(x) = 0. 
When x # 0, 
m l—nx? 
Sy(x) = —— 7 9, as n> 
(1+ nx)” 


so that if x # Othe formula f’(x) = lim f,/(x), is true. 
noo 


Atx=0, 
=1 


f,(0) = lim 


x30 1+ nx? 
so that 


lim f/(0) =1# f’(0) 


Uniform Convergence 


Hence at x = 0, the formula f'(x) = lim /,/(x), is false. 
na 


It is so because, the sequence {f,’} is not uniformly convergent in any interval containing zero. 


Example 24. Show that the sequence {f,}, where 


log (1 + mx?) 


In (2) = z 


n 


is uniformly convergent on the interval [0, 1]. 


2nx 


m The sequence {¢,}, where ¢,(x) = jos = f{(x), may be easily shown to be uniformly 
+nx" 


convergent to g, where g(x) = 0 on [0, 1]. Also each function ¢, is continuous on the given 


interval. 


Therefore, (by Theorem 10) the sequence ofits integrals, {/,} converges uniformly to i gdt=0 
on [0, 1]. 
Hence the result. 


Example 25. Show that the sequence {/,,}, where 


nx, O<x<I/n 
Sylx) =4- 0? x +2n, Wnsx<2/n 
0, An<x<l 


is not uniformly convergent on [0, 1]. 


m The sequence converges to f, where f(x) = 0, for all x €[0,1]. Each function f, and fare 
continuous on [0, 1]. 


1 Yn, 2/n . 1 a 
Also Jytade= Jp mxde+ [Come +2m dex) Ode=1 


1 
But ie dx =0 


So (by Theorem 10) the sequence {f,} cannot converge uniformly on [0, 1]. 


EXERCISE 


|. Show that the following series converge uniformly: 


4 1 
(i) eX +e +e* Faslx|Sa- 
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—..., for all real x 20 


ioe at 
6-1 


n 


3. Show that the sequence { f,,}, where f), (x) =x — converges uniformly on [0, 1]. Show also that the sequence 
n 


{f,} of differentials does not converge uniformly on [0. 1]. 


x 
4. Decide whether or not the sequences { f,’} and {f tn ai} converge uniformly on [0, 1], where 


a ss 
O45.) = (ii) x)=nxe"", 
fr l+n?x In) 
nx 2+ nx” 
(ii) f,)=— (iv) f,(X) = : 
Urs 1+ nox? fr 2+nx 


5. Show that the sequence {(sin x)!"} converges but not uniformly on [0, 2]. 


7 Yn 
6, Show that the sequence (®) | converges but not uniformly on [0, 2]. 
x 


5 


= 


7. Show that the series X f,,, where f,, (x) = 
1 (1+ x7) 


= does not converge uniformly for x 2 0. 


[Hint: Each f,, is continuous but the series converges to a discontinuous function]. 


8. Show that the sequence {f,}, where f,(x) =nx (1- x*)", converges but not uniformly to f, where 
f (x) = 0, for 0 < x <1, and that 


li d dx : dy 
im fn +[if x. 


neo 


9°. Show that the sequence { f,,} defined on [0, 1] by 


n(l—nx),0<x<Vn 
0, otherwise 


converges pointwise, but not uniformly to f; where f(x) =0 for 0 < x < 1, and that 
1 1 
EEA eo 
10. Consider the sequence { f,,} of functions defined by 
() f,() slat", xe (-1, 1, 
(ii) f,(x) = (2x/z) tan™ (nx), x ER. 


Show that { f,,} converges uniformly to |x|, but { f,/} converges only pointwise to sgn (x), on the indicated interval. 


Uniform Convergence 


1 
Ll. Given f(x) = £ =—-y, justify the validity of the equation 
n=l +nex” 


= 1 
(@)=—2s > > 
f n=I n° (1+nx~)” 
12. Show that, ifa sequence of { f,,} bounded functions on [a, 6] converges uniformly to fon [a, 5], then fis bounded 
on [a, b]. Is the result still valid, if we have only pointwise convergence? 


13. The sequence {f,,} is defined for x > 0, as follows: 


fi) = Vx, fai) = x + FQ), 021 


Show that { f,,} converges uniformly on [a, 5], 0 < a <b. Is the convergence uniform on [0, 1]? 


5. THE WEIERSTRASS APPROXIMATION THEOREM 


We shall now study a very famous theorem, discovered originally by Weierstrass. The theorem is 
described by saying that every continuous function can be ‘uniformly approximated’ by polynomials to 
within any degree of accuracy. Many proofs of this classical theorem are known, and the one we give is 
perhaps as concise and instructive as most. 
Theorem 14, Jffis a real continuous function defined on a closed interval [a, b] then there exists a 
sequence of real polynomials { P,} which converges uniformly to f (x) on [a, b], i.e, lim P,(x) = f(x), 
neo 

converges uniformly on [a, 6]. 

If a = b, the conclusion follows by taking P,(x) to be a constant polynomial, defined by 
P,(x) = f(a), for all n. 

We may thus assume that a < b. 

We next observe that a linear transformation x’ = (x —a)/(b— a) is a continuous mapping of 
[a, b] onto [0, 1]. Accordingly, we assume without loss of generality that a= 0, b= 1. 

Consider 

F(x) = f(x) — (0) — x [f0) - f(0)], for OS x <1 

Here F(0) = 0 = F(1), and if F can be expressed as a limit of a uniformly convergent sequence of 
polynomials, then the same is true for f, since f— F is a polynomial. So we may assume that 
SC) = f0) = 0. 

Let us further define f(x) to be zero for x outside [0, 1]. Thus, fis now uniformly continuous on the 
whole real line. 


Let us consider the polynomial (non-negative for | x |< 1 ). 


B,(x)=C,(1-x?)", n=1,2,3,... wT) 


where C,,, independent of x, is so chosen that 


1 
J Bx de =I forn=1,2,3,... (2) 
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1 ‘ 1 ‘ 
Le J C,(- x°)" de = 2€, J (l= 3°)" de 
eT 0 


vn 5 
Pyles J, (l= x7)" de 
0 


Vin m 
ae. | Gene eee Se 
0 3Vn Vn 
> C, <vn QB) 


which gives some information about the order of magnitude of C,,. 


Therefore, for any 5 > 0, (3) gives 


B,(x) <Vn(1- 67)", when 5 <|x|<1 +(4) 
so that B, + 0 uniformly, for 5 <|x|<1. 
Again, let 
1 
Pi=f f+ B,(t) dt, 0<x<1 rc) 


ze ‘a f(x +0) B, (0) dt + ie f(x +0) B, (0) dt + f.. L(x +0) B,(0) dt 


For |x|<1l,-l+x<x+r<0, for -1<¢<-x, so that x + flies outside [0, 1] and therefore 


J (x + =0, and hence the first integral on the right vanishes. Similarly, the third integral is also equal to 
zero. Hence 


l-x 1 
Pi=f | fe +9 BO ae= J £0 Bye— 3) at 
which clearly is a real polynomial. 


We now proceed to show that the sequence {P,(x)} converges uniformly to fon [0, 1]. 


Continuity of fon the closed interval [0, 1] implies that fis bounded and uniformly continuous on 
(0, 1). 
Therefore, there exists M such that 
M=sup | f(x) | (6) 
and for any ¢ > 0, wecan choose 6 > 0 such that for any two points x,, x, in [0, 1], 
| £(%) - fQ) |< 6/2, when | x, - x, |< 5 <1 sn?) 


For 0 < x < 1, we have 


170) roy =| f. Fe4 BO a ~ F00) 


{using (2)] 


-| I, {f(x +0) ~ £0) B,(0 dt 


Uniform Convergence 


< fi 1fr +o - £018, at ( B,(t) 20) 
5 Oo 
=| f(x +0) — f(x)1B,(t) det +f 3G +1) — f(x)|B,(t) dt 
1 
+f, If(x +t) — f(x)IB,(t) dt 


-6 ee 1 
be J rat 
<2M I, By) de +5 i B,(t) dt +2M ie B,(t) dt 
[using equations (6) and (7)] 


5 
<2M vn (1- 8)" {J ' au faih + ef2 


{using equations (2) and (4)] 


N 
— 
oc 
Wu 
= 
oO 
<= 
x= 
(2) 


<4M Vn(1- 5°)" + ¢/2 
< €, for large values of n. 
Thus for € > 0, there exists NV (independent of x) such that 
IP(x)- f(x)l<e, Vn2Nn 


> lim P,(x) = f(x), uniformly on [0, 1]. 


neo 
Second method. If a = b, the conclusion follows by taking P,(x) to be a constant polynomial, 
defined by P,(x) = f(a), forall n. 

We may thus assume that a <b. 


We next observe that a linear transformation x’ = (x — a)/(b — a) is a continuous mapping of [a, b] 
onto [0, 1]. Accordingly, we assume without loss of generality that a = 0, b = 1. 


n 
For positive integers n and k when 0 < k <n, the binomial coefficient (") is defined by 


By. n! 
k) kMn—k)! 


Let us define the polynomials B,, where 


n 


B(x) = 2 (i) “ax f (k/n), n = 1,2,3,..., and x €[0, 1] 


k=0 
called the Bernstein polynomials associated with f. 


Let us first consider some identities which will be our main tools to show that certain Bernstein 
polynomials exist which continuously converge to fon [0, 1]. 


The first of the identities is a special case of the binomial theorem, 


by () xd—x)"* =[4¢ (1-0 =1 
k=0\k 


Differentiating with respect to x, we get 


5 (i) ted — 9" — (9 —&) xf "J =0 


n(n) ._ a 
or An? ‘d-ax)"*1 (k —nx) =0 
and multiplication by x(1 —x ) gives 
oe eae n-k 
x ( J= (1— x)"™“* (k — nx) =0 
k=0\k 
Differentiating again with respect to x, we get 
z ("} [= nx§ (1 = ay + x1 = yk = nx)?] = 0 
k=0\k 
which on applying in (1), gives 
ee kal n-k-1 2 
(i). (l- x) (k —nx)? =n 
k=0\k 


and on multiplying by x(1 — x), we get 


y (") x(x)" (k — nx)? = nx(1— x) 


K=0\k 


k=0 


or s (i) x*(1— x)" (x — k/n)? = x= 2) 
k n 


The maximum value of x(1 — x) in [0, 1] being *. 


k=0\k 


z (i) xd" ny? sb 
An 
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nse UY 


.(3) 


(4) 


Continuity of fon the closed interval [0, 1] implies that fis bounded and uniformly continuous on 


(0, 1]. 
Hence, there exists K > 0, such that 


If(als K, Vxe[0, 1] 


and for any ¢ >, there exists 6 > 0 such that for all x €[0, 1] 


Uniform Convergence 


Is) - f/m) |< 58 when |x - k/n|< 6 ral) 


For any fixed but arbitrary x in [0, 1], the values 0, 1, 2, 3, ..., 2 of k may be divided into two parts: 
Let A be the set of values of k for which |x — k/n|< 6, and B the set of the remaining values, for 
which | x — k/n|2 6. 
For k € B, using (4), 
1 


n) kG) pyi-k 52 n) ky yyrnk yy — 221 

(i) (l= x)"" 5 sz (7) (L- x)" (x — k/n) sre N 
yl" lay < 1 6) i 
7 lg Oe ae “ie 
Using (1), we see that for this fixed x in [0, 1], = 
(S) 

7a) ~ B,@|=] 5 (") (1 x)""[F 09) - £(K/n)] 

23 (?) xh =a)" | fx) — fE/n) | 


k=0 
Thus, summation on the right may be split into two parts, according as |x-k/n|<6 or 
|x — k/n|2 6, Thus 


If) ~ B,(x)|< (?) x= xy" | f(x) - f(k/n) | 
keA\k 


+E 4 a= xy" | £0) — Fl) | 
keB\k 


£2 (]eonart oars (Jean 
S$e/2+ 2K/4né? < &, using equations (1), (5) and (6), 
for values of n greater than K/¢5°. 
Thus {B,,(x)} converges uniformly to f(x) on [0, 1]. 


Corollary. For any interval [ — a, a] there is a sequence of real polynomials P, such that P (0) = 0, 
and that 

lim P,(x) =|x |, uniformly on [ — a, a]. 

n> 


Since | x | is a real continuous function on [—a, a], therefore by ‘Weierstrass approximation theorem’ 
there exists a sequence {Q,} of real polynomials which converges uniformly to | x | on [—a, a]. 
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In particular, 
Q,(0) 3 0, a n— 
Hence, the polynomials 
P(x) - O,(x) - Q,(0), n=1,2,3,... 
have the required property. 


Example 26. Iffis continuous on [0, 1], and if 


1 
Jox"s@ ar =0, for n=0, 1, 2, ... wis 
0 


then show that f(x) =0 on [0, 1]. 


a From (1), it follows that the integral of the product of f with any polynomial is zero. 
Now, since fis continuous on [0, 1], therefore, by ‘Weierstrass approximation theorem’, there exists a 


sequence { P,} of polynomials, such that P, + f uniformly on [0,1].Andso P, f > f? uniformly on 
[0, 1]. Since £ being continuous, is bounded on [0, 1]. Therefore, by Theorem 10 (A), 
i og ! ; 

[e dx = lim f P, f dx=0 [using (1)] 
f? =0 on [0, 1]. Hence, f= 0 on [0, 1]. 

Ex. 1. Obtain the first six Bernstein polynomials for the following functions: 

() f@M=|x) 11 i) f(x) =sin x, [0, 2] 
(ii) f(x) =e*,[-1, 1] (iv) f(x) = cos 6x, [0, 2]. 


Ex. 2. Show that there does not exist a sequence of polynomials converging uniformly on R to f, 
where 


Om fo=e (ii) f(x) =sin x. 


Ex.3. Show that, iffis continuous on R, then there exists a sequence { P,} of polynomials converging 
uniformly to fon each bounded subset of R. 


[Hint: Arrange for | P,(x) — f(x) |< I/n, for |x|<n). 


Power Series 


1. INTRODUCTION 


The terms of the series which we have examined so far (with the exception of those considered in the 
chapter on Uniform Convergence) were for the most part, determinate numbers. In such cases the 
series may be characterised at having constant terms. This, however, was not everywhere the case. In 
the geometric series Lr", for instance, the terms only become determinate when the value of r is 
assigned. Our investigation of the behaviour of this series did not terminate with the mere statement of 
the convergence or divergence, the result was: the series converges if | | < 1, but diverges if | r| 21) 
The solution thus depends, as do the terms of the series, on the value of a quantity left undetermined— 
a variable, In this chapter we propose only to consider, in detail within the scope of the present work, 
series whose generic term has the form a,x”, i.e., we shall consider series of the form 


Ag+ AX + AX +..4 a,x" +..= Dax" 
- n=0 
Such series are called power series (in x) and the numbers a, (dependent on 7 but not on x) their 
coefficients. 


2. DEFINITIONS 


For x = 0, obviously every power series is convergent whatever be the value of the coefficients. The most 
important fact about a power series is that either: 


(/) itconverges for no value of x other than the self-evident point x =0, we then say that it is nowhere 


é 
convergent, e.g., En" x" converges for no value of x other than x = 0, 
or 

(ii) it converges for all values of x, and is then called everywhere convergent, 


a n x" 
eg. Tr x(-1 aT 


or 


(ii) (the general case) it converges for some values of x and diverges for others—the totality of 
points x for which it converges is called its region of convergence. 


Thus, if Za,x" is a power series which does not converge everywhere or nowhere, then a definite 
positive number R exists such that a,x" converges (indeed absolutely) for every | x | < R but diverges 
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for every | x | > R. The number R, which is associated with every power series, is called the radius of 
convergence and the interval, ]-R, R[, the interval of convergence, of the given power series. 

The behaviour of a power series at |x |= R, depends entirely upon the character of the sequence {a,} of 
its coefficients. For instance, both the series 


n n 
a yale 
n n 
converge when | x | < 1 and diverge when | x | > 1. When | x | = 1, the first series converges while the 


second diverges at x = 1, and converges at x =—1. 


Theorem 1. If lim| a, y = ih. then the series a,x" is convergent (in fact absolutely) for | x |< R 
R 


and divergent for |x |> R. 


vm_ |x| 


R 


Now lim | a,x" 


xe 


Hence by Cauchy’s root test, the series Za,,x" is absolutely convergent and therefore convergent 
for |x |< Rand divergent for |x|> R. 


Definition. Inview of the above theorem, the radius of convergence R of a power series is defined to be 
equal to 


, when lim | a, ae >0 


iim| "i (= 
co when lim | 
0 when lim | a, ee =o 


Thus for a nowhere convergent power series, R = 0, while for an everywhere convergent power 
series, R =o. 
ILLUSTRATIONS 
|. The series 1 +2x+3x? + 4x* +..., has radius of convergence = 1. 


« ye 


2. The series 2 
1 


=— converges absolutely for x € ]—1, I[. 


n 
2 3 
3. The radius of convergence of the series | — . + = - a +... is 1. It is also convergent at 
pan 
xe x xt 
4. The series 1+ x+ ar + aL + at .., has infinite radius of convergence. It converges 


(absolutely) for all values of x. 


5. The series 1 +x + 2!x? + 3ly° + ..., does not converge for any value of x (other than 0). Its 
radius of convergence R=0. 
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2.1__Some Theorems 


Theorem 2. Ifa power series La,x" converges for x = x, then it is absolutely convergent for every 
xX=x,, when | x, |< | Xp |. 


Since the series La,xq is convergent, therefore a,xj +0, as n> ©. 


Thus, for ¢ =t (say), there exists an integer N such that 


1 
a,x9 |< =, for n> N, and so 
XQ * > 
2 
reall 
a,xf |= a,xq |+|— a ,forn>N 
*o Xo 
n 
Mi] 3 5 « - . 1 
But X]—+| is a convergent geometric series with common ratio |—+] <1. 

e x 
0 0 


Therefore, by comparison test, the series | a,x, | converges. 


Hence, ¥a,x" is absolutely convergent for every x = x,, when | x, | < | Xp |. 


Note: The theorem asserts that if a power series converges for x = x then it converges absolutely for all those x for 
which | x | < | x |. May be at x= xp, the series converges but not absolutely. 


It will be seen later that such a situation arises occasionally, when though absolutely convergent within the 
interval of convergence, the power series is just convergent at one or both the end points. 
Theorem 3. Ifa power series La,x" diverges for x = x', then it diverges for every x = x", where 
|x"|>[x']. 
If the series was convergent for x = x", then by Theorem 2 it would have to converge for all x with 
|x| < |e" |, and in particular at x’, which contradicts the hypothesis. Hence the theorem. 
In view of these two theorems, the radius of convergence is the supremum (least upper bound) of 


all the number | x | for which 2|a,x" converges. So we state that ‘a power series is absolutely 


convergent within its interval of convergence and divergent outside it’. 


ILLUSTRATIONS 


é ; ihn 1 3 
|. Radius of convergence of the series Enx"™! STim(n 1. So, the series converges 
lim(n 


absolutely on the interval ]1, 1[. The series does not converge at x = +1. 


2. The series 1 +3? +x*+x°+..., has unit radius of convergence. 


» 
My 
i "4% 
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n-1 
‘ = x 1 
For the series £ ——, radius of convergence R = 


ume: = 1 1/7 
n 


but not at x= 1. It converges absolutely on J-1, 1[. 


=1. It converges at x = —1 


ies) 


In 


Bit on 
4. The series x — = + = - a +..., has radius of convergence R = 1/lim 


n 


Hence, it converges absolutely on ]-1, 1[. It converges at x = | but not at x =—1. 


En*x" has unit radius of convergence and therefore converges absolutely for | x | < 1. Does 
gi gi y 


wy 


not converge at x = +1. 


Note: It is known that 


Inst 


< lim |a, |’"< lim 


nee n> 


ge 


< lim| 


4, neo 


In 


noo 


provided the first and the last limit exists. 


cial Wn 


a, 


aq =I: 
n+l > intl * fk. 
= lim > Le. if lim 


ie exists, then lim | a, | 


Thus if lim , then lim | a, ee lim 


a 


a, n 
also exists and the two are equal. 


So the radius of convergence can also be found by the relation 


ay 


net 


R= lim 


neo 


nee ees : 
in case the former limit does not exist. 


provided the limit exists, but recourse has to be made to R = 1/lim | 


Example 1. Find the radius of convergence of the series 


2 3 
x x 
(i) xt+—+—+... 
2! 3! 
(i) Lt x4 2h? t Shes 4xt to. 
P : 3 _ (n+1)! , 
a (/) The radius of convergence R = lim | —*-| = im = oo, Therefore, the series converges 
n+l Nn: 
absolutely for all values of x. 
! 
(//) The radius of convergence R = lim Gabi = 0. Therefore, the series converges for no value 
nave (n+1)! 


of x, of course other than zero. 
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Example 2. Find the radius of convergence of the series 


i. 13 £35 
=xt a+ 


; x et 
2 2-5 2-5-8 


= Radius of convergence R = lim 1+3-5...(2n = 1)2-5-8..3 +2) _ 3/2 
noe 2-5-8...(3n —1)1-3-5...(2n +1) 


So, the series converges absolutely for all x, where |x| < >. 


Example 3. Find the radius of convergence of the series 


-1)! (n+1)"" 
= Radius of convergence R = rin =D! a 
n ny 


iy" 
= im +3] =e 
n 


So, the series converges absolutely if |x| <e. 


Example 4. Find the interval of absolute convergence for the series 3 ins 


n=l 
a It is a power series and will therefore be absolutely convergent within its interval of convergence. 
Now, the radius of convergence 
1 1 


«Him ai 


Vn 


n" 


Hence, the series converges absolutely for all x. 


3. PROPERTIES OF FUNCTIONS EXPRESSIBLE AS POWER SERIES 


In this section, we shall derive some properties of the functions which can be expressed in terms of power 
series, i.¢., the functions of the form 


f(x)= a,x" ,or f(x)= i a, (x-a)’, 
n= n=l 


the former being the power series expansion of f(x) about the origin, while the latter is about x = a. This 
can, however, be thought of in the reverse direction also. In the interval of convergence, the power series 


a,x" or Za, (x- a)" has a definite sum f(x) for each x, and usually different sum for a different 
x. In order to express this dependence on x, we write 


oO 
= 
o 
Ld 
= 
ou 
< 
= 
re) 
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f (x) = a,x", or f (x) = La, (x-a ee 
F (x) is then called the swm function of the series. 


Before proceeding to the next theorem, let us understand an important distinction between the 
intervals of absolute and of uniform convergence. An interval of uniform convergence must include its end 
points but the interval of absolute convergence need not. 

Thus, if a power series converges absolutely and uniformly for | x | < R, we express this fact by 
saying that it converges absolutely in ]-R, R[, and uniformly in [-R + €, R — €], no matter which 
€ > 0 ischosen; the latter interval may be replaced by [—R,, R)], R, <R. 


Theorem 4. [fa power series La,x" converges for | x |< R, and let us define a function 
f (x) = Za,x", |x| < R, 
then La,x" converges uniformly on [-R +é,R- e], no matter which € > 0 is chosen, and that the 
function f is continuous and differentiable on |-R, Rl, and 
f’ (x) = Ena, x", |x] < R atl) 
Let € > 0 be any number given. 
For |x| < R—€, wehave 


But since La, (R - e)' , converges absolutely (every power series converges absolutely within its 
interval of convergence), therefore by Weierstrass’s M/-test, the series La,,x" converges uniformly on 
[-R+e, R-e]. 

Again, since very term of the series La,x" is continuous and differentiable on J—R, R[, and La,x" 


is uniformly convergent on [-R + €, R — €], therefore its sum function f is also continuous and 
differentiable on |-R, R{[. 


—_ in Vi 
Also, lim | na, | "= im (n") |, | "HR 


Hence, the differentiated series Ena,x"' is also a power series and has the same radius of 


convergence R as La,x". Therefore, ina, x" is uniformly convergent in [-R +é,R- e]. 


Hence, f’(x) = Zna,x""!,|x|< R. 


Note: Since each term of the power series is continuous and integrable on |-R, R[ and the power series Za,x" is 
uniformly convergent on [-R emi e], therefore the sum function fis continuous and integrable on the interval. 


Win 


Moreover lim Sn i = VR, so that the integrated series also has the same radius of convergence as La,x". 
n+ 


Therefore the above theorem can include the case that fis integrable and the integrated series which also is a power 
series has the same radius of convergence. Moreover by repeated application of the theorem, fcan be differentiated or 
integrated any number of times. 
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Corollary. Under the hypothesis of the above theorem, f has derivatives of all orders in \-R, R{, 
which are given by 


f™ (x)= En(n ~1)...(n-m+1)a,x"-" (2) 
and in particular, 
f™ (0) = mia, m=0,1, 2, .. (3) 
(Here, as usual, f”) denotes the mth derivative of f for m = 1, 2, 3,..., and f means f.] 
Let f (x)= ay + qx tax t..ta,x"+.. 
By the above theorem, f(x) is differentiable any number of times. Let us differentiate m times. 


BS ee 


f (x) = a, + 2a,x + 3a,x" +... + na,x"” 
f (x) = 2+ lay + 3-2a,x + 4-3ayx? +... +n(n -la,x"? +... 
f(x) =3la,+4-3-2a,x +...4n(n—1)(n -2)a,x"3 +... 


f (x) =4!a, +... #n(n-1)(n - 2)(n -3)a,x" 4 +... 


fo” (x)= m!a,, + (m + 1)m(m = 1)...2-dy yp x tet a(n = 1)...(n = mt Dax + 
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Bish (n-1)...(n — m+ 1)a,x"-" 


n=m 


Also 
f™ (0)=mla,, 
the other terms vanishing at x = 0. 


Remarks: 


!. The formula (3) above is very interesting. On the one hand it shows that the coefficient of the power series expansion 
off can be determined by the values at the origin of f and that of its derivatives. On the other hand, if the coefficients 
are given (i.e., the power series is given), the values off and its derivatives at the origin can be read off immediately 
from the power series. 

2. A power series a,x" = f (x) convergent on an interval |—R, R[, R # 0 is in fact a Taylor’s series for its sum 
function /, that is the one whose coefficients are determined by the Taylor’s formula 


(m) 
LO m=0,1, 2,... 
m! 


ay = 


Hence the coefficients of power series are uniquely specified by its sum. Thus, ifa function fcan be expanded into 
a power series convergent to the function, this series is Taylor’s series for the function. 


Now, it appears natural to pose the question whether the converse assertion is true. The problem 
can be stated as follows. 
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Suppose a function f(x) is infinitely differentiable on an interval ]-R, R[, R #0. We can formally 
construct the Taylor’s series for this function: 


, ” (n) 
f OF + f (0),2 to. +2 (0) .» Baa 


I! 2 n! 


f (0)+ 


Now does this series converge on the interval ]—R, R[, and will its sum be equal to the function fin 
case it exists? It turns out that in general the answer to the question is negative which can be confirmed 
by the example of the function 


=1/x7 
f= e ,forx #0 
0, for x =0 


In fact it can be easily verified (Ex. 5, Page 187) that the function is infinitely differentiable through 
the x-axis and that at the origin, we have 


SO)=f'O)=--= FO O)=..=0 
Consequently, all the coefficients of the Taylor’s series of the function are equal to zero. Thus the 


Taylor’s series converges on the entire x-axis and its sum is identically equal to zero, whereas the 
function takes on a zero value only at the origin and so we fail to express fas a power series. 


4. _ABEL’S THEOREM 


In this section we shall prove that for a power series which has a given radius of convergence and 
convergent at an end-point of the interval, the interval of uniform convergence extends up to and includes 
that end-point. Moreover, in that case the sum function fis continuous not only in J-R, R[, but also at the 
end point. This is proved in Abel’s Theorem: 


Abel’s Theorem (First form). If a power series z a,x" converges at the end point x = R of the 
n= 


interval of convergence |-R, R{, then it is uniformly convergent in the closed interval (0, R). 
We shall show that under the assumptions of the theorem, Cauchy’s criterion for uniform convergence 
is satisfied on the closed interval [0, R]. This will imply the uniform convergence of the series on [0, R]. 
Let Sp,p = 4neiR™' + GnggR”*? +t dqy pR"*?, p =1, 2, 
Then obviously 


n+l 
yy RO” = Sy 


n+2 
yg RO = Sy2— Sait wo) 


n+p 3 
yy pRP = Si), p 


S, 


'n,p-l 


Let € > 0 be given. 
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Since the number series 5 a,R" is convergent, therefore by Cauchy’s General Principle of 
n=0 


convergence, there exists an integer N such that for n > N, 


[Sng 


| <e, for all q =1, 2, 3,.. (2) 


Taking into account that 


¥ i+ p % n+ p-1 x nal 
= <}— <<] <l,forO<x<R 
R R R 


and using equations (1) and (2), we have for n 2 N 


n+l ye 


n+ p* 


er or bbe 
oF arr 
asl ool T- 
teil “EP Heel 
ASG TT 


for all n> N, p>1and forall xe [0, R]. 


F ggg"? + + G, 


| are 
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Hence by Cauchy’s criterion, the series converges uniformly on [0, R]. 


Remark: Since a series of continuous functions that uniformly converges in a given interval, defines a continuous 
function in that interval, it follows that a power series (with radius of convergence R) which converges at the end-point 


R, defines a continuous function in the interval [-R + €, R]. 
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Notes; 

1. We have a similar situation in case a power series with interval of convergence |-R, R[, converges at the lefi end 
x=-R, or at both the end points; in the former case the series is uniformly convergent on [-R, 0] and in the latter 
on [-R, R]. 

If a power series with interval of convergence |-R, R[diverges at the end point x = R, it cannot be uniformly 
convergent on the interval [0, R]. For otherwise, if the series is uniformly convergent on [0, R], it will converge at 
x= Ras well, which contradicts the given condition. 


nv 


Abel’s Theorem (Second form). If Za,x" be a power series with finite radius of convergence R, 
and let 
f (x)= Za,x",-R<x<R 
If the series Xa,R" converges, then 
lim =a,R" 

ant (x) x 
Let us first show that there is no loss of generality in taking R= 1. 
Put x = Ry, so that 

La, x" = La,R"y" = Tb, y", where b, = a,R". 

It is a power series with radius of convergence R’, where 

, 1 


— Vn 
lim | a,R" 


Thus, it will suffice to prove the following: 


n on — 
Let y 4," be a power series with unit radius of convergence and let 
0 


f(x)= Dar. -l<x<l 
0 
If the series Za, converges, then 


lim f (x)= Ea, 


x 1-0 


Let S, =a) +a, +a,+...+a,,S,=0,and let Za, =S, then 
n=0 


m m m-1 m 


E a,x" = ZS, -S,-1)x"= Sk" + SX" — ZS, 13" 


m=1 m m-1 


pO Sa" = (La) E Sat Sy, 
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For |x| <1, when m — o, since S,, S, and x"— 0, we get 


f(x)=(1-x) B S,x", for0<x<l sal 


n=0 
Again, since S, > S, for € >0, there exists N such that 


|S, - S| < €2, for alln > N re(2) 
Also 
(=x) x" =1,|x|<1 (8) 


Hence, for n => N, we have, for0<x< 1, 


|f(x)-S|= | (1-2) E S,x"-5 | [using (1)] 


N 
<(l- x)= |S,- S| x + 5 - x) E {using (2)] 


n= Ne 


N J 
<(I-x) E |5,-S|x ae 
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N 
But fora fixed N, (1 — x) an | 5,-§ | x" is a positive continuous function of x, having zero value at 
n= 
N 
x= 1. Therefore, there exists 6 > 0, such that for 1- 6 <x <1, (I—x) x |S,—-S|x"< /2. 
n= 
a |F(x)-s|<E+5ee, when 1-5 <x<l 


Hence, ii =S= = a 
sta 2% 


Corollary. Ifthe series Z(-1)' a, converges, then 


lim f(x)==Z(-1)'a, 


x3-140 


Putting y=—x, and 6, = (-1)"a,, we have 


lim f(x)= lim Ya,x"= Jim, pee 1)'a, (-x)' 


x3-140 x3-140 


= lim Yb,y"= b,. 


yol-0 
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Remarks: 

1. The power series Za,x" has radius of convergence R, and La,,R" is also convergent, therefore by Abel’s test for 
uniform convergence, the series a,x" converges uniformly in [-R Ss R] ie., the interval of uniform 
convergence extends upto and includes the end-point R. 


2. The theorem implies that the sum function fis continuous at the end-point R. 
Since the power series converges uniformly in [—R + €, R —€], and each term of the series is continuous, 
therefore the sum function fis also continuous on [-R +é,R- e]. As by the above theorem fis also continuous at 
x= R, therefore fis continuous (in fact uniformly) on [-R +e, R— é}. 


Anapplication. /f Za, , 2b,, Zc, converge to the sums A, B, C, respectively, and if 
Cy = Agb, + a\b,, +... + a,bo, then 
Za,+Zb, = Ze, or AB=C 
Let f(x)= z a,x", g (x)= Sax. h(x) = Dey forOSx<1. 
For |x| <1, the three series converge absolutely, therefore Zc,x" is the Cauchy product of La,x" 


and Zb,.x", and so 


f (x): g(x) =h(x), 0S x<1 (4) 
Also by Abel’s theorem, 


lim f(s)=Ea, => f(x) > Aasx 71-0 
Similarly, g(x) > B, h(x) > C asx—1-0 5) 
Hence, (4) and (5) imply, AB=C. 


4.1__Taylor’s Theorem 


Let ¥ a,x" be a power series with radius of convergence R, and let 
n=0 


f(x)= E a,x", |x]<R 


Then for any ae |—R, R{, prove that fcan be expanded in a power series about ‘a’which converges 
for |x-a|<R-—-|a\|, and 


n=0 


= (Ng 
f(x)= 5 Oe ay',|x-a]<R-lal 
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Suppose | x—a|<R-|a|. Then |x|<|x-a|+|a|<R, and thus Ea,x" converges. 


=, bed n 
Now, f(x)= Zax'= Ea, (x-a+ a) 


% oahufin 
= zr os a-m i mn 
a (rf (x-a) tlh 


We wish to change the order of summation in this expression. To prove its validity we notice that it 
is the summation by rows of a double series, which if convergent absolutely, will converge by columns 
as well to the same sum. 

Replacing all quantities by their moduli and taking all terms with positive sign, expression on the 
right of (1) gives 


Hol EA peat eof Zlal(ie-elelely 


which is a power series, and converges, since |x-a|+|a|<R 


Hence, for |x-a|<R—|a|, change in the order of summation is justified and so 


This is the required result, but for the coefficients which we shall now express in terms of the values of 
fand its derivatives at a point. 
We know 
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2 m n 
F(X) = dg + A,X + gx? $F Oy XH ee FOX" + 


m-1 


f(x) = a+ 2ayx + Bax? +... max" + Na, xX" + 


2, 


f (x) = 2la, + 3-2a,x +...+ m(m - 1a," +... n(n =1a,x"? +... 


f” (x)= ml!a,,+ (m+1)m(m = 1)...3-24,,,) 2 +... n(n = 1)...(n =m + 1)a,x7" +. 


m+l1 m+2 e(n 
=m! a,,+ Ona Xt mgt te. | =m! Z a,x" 
m m n=m\ m 


f™(a)=m! E (' er 


n=m\ m 


Hence from (2), 


(x-a)", for|x-a|<R-|al. 
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Example 5. Show that 


3 5 7 
(i) tant esa Sty SSI 


(ii) e =l- 3 + = 3 +..., (Gregory’s series) 


2 2 4 6 = 
(iii) © (tan y=2-- ee el cde en 
2 5p HG 5 


3 


a (7) Weknow 


(142) 1-4 xt x8. x|<1 


The series on the right is a power series with radius of convergence 1; so that it is convergent, 


absolutely in ]—1, I[, and uniformly in [-£, £], | k| <1. The integrated series is also convergent absolutely 
in }-1, I[ and uniformly in [-4, A], | k| <1. 


Integrating, we get 


oe ee 
e ve # 

tan 'y=Ct+x-D4+T-SG..,[x]<l 
3 5 T 


where C is constant of integration, which can be seen to be equal to zero by putting x= 0. 


Series on the right is a power series with radius of convergence equal to 1. 
ai 

However, the series x - — + — —... is convergent at x = +] also, so that by Abel’s theorem, it is 

uniformly convergent in [—1, 1], and hence 


3 5 
f a x 
tan lysxy- +=... -1lSx1 


3. 5 
Atx= 1, we get by Abel’s theorem (second form), 
a ei " 4 P.tea 
ii) —=t 1= | t x=l--+—-—+..., 
(ii) i an im, an xX ABS 7 
(iii) We have 


el 
(1+?) =1-x°4x4- x94, -lexel. 


Power Series 


Both the series are absolutely convergent in ]—I, I[, therefore their Cauchy product will converge 
absolutely to the product of their sums, (1 +x°)' tan! x in +1, I[. 


(+e )hantrer(ied}re(ieted)e.. -I<x<l 
Integrating, 
2 4 6 
‘(tan x) =4 Le 1st }e3 igeye —., -1<x<l 
2 2) 4 3 6 3 5 


the constant of integration vanishes. 
It can be easily seen that the power series of the right converges at x = | also, so that by Abel’s 


theorem, 
6, gh xd 6 
“(tan“!x) = mee +4) +2 (1+5+2)-..-1<xe1 
2 2 #4 3 6 3 5 
Example 6. Show that 
2 3 4 ise) 
log(Il+x)=x-~ 42-2 4..,-1<x<1 S 
2 63 34 oc 
and deduce that = 
iat tty <x 
2 3 4 an 
a We know 1S) 
(l+x)'=1-x+x¥-x+...,-l<x<l 
Integrating, 
a 3 4 
oF 
log + x)=x-—+—-— +...,-l<x<l 
atx) 2.3 «4 ‘a 


the constant of integration vanishes as can be verified by putting x = 0. 
The power series on the right converges at x = | also. Therefore by Abel’s theorem 
2 4 
Be orss « x 
log(l+4)=2- "ot tee ssl 
Atx= 1, we get, by Abel’s theorem (second form), 


eae ge 
log2 = lim log(l + x)=1--+=-—+... 
a Henle) 2 3 4 


Example7. Show that 


2 5 4 
S[los(t+x)P=4 a (1+ 5} +2 (i415 p)-onntcarsi 
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a We know 
x ra x4 
log(1+ x)= x-—+—-—+...,-l<x<l 
B(l + x) 2 3 4 
and (l+x)'=1-x4+xr-4x'- 0 -1<x< 


Both the series are absolutely convergent in ]-1, I[, therefore their Cauchy product will converge to 
(1 +x)" log (1 +x). Thus 


(1+2) ‘log(1+ x)= xow(ie3)+e (14d). -l<x<l 
Integrating, 


£2. 3 4 
sltos(t+ yf =4 os (1+3)+4 [1+ 1 +t) mctexel 


the constant of integration vanishes. 


Since the series on the right converges at x = 1, also, therefore by Abel’s Theorem, we have 


1 2 a ee Tt). x 1 1 
=| log(1+ x) > =—-—- 1 1+=+-|-...,-l<x<1 
gates] =s =( bea 2 ;) a 


EXERCISE 


1 


Determine the radius of convergence, and the exact interval of convergence of each of the following power series: 


n n non 
1) on Cust) 20 (ii) >, (ii) 2 x 4 
(n+ 2)(n +3) (n+1y n! 
2 2m yt 2" 
(iv) pt) Z 5 (v) pve (vi) Broo 
(2n)! (a!) 2” 
“ay _yyitl i n 
(vii) peo (viii) Ow ay, (ix) ey 
n n 
co y" Bae 2n+1 
(x) = C2) (xt) yp 23m x", (xii) E(-1)" = ‘ 
n=2 logn 1-3-5... (2n -1) (2n +1)! 


2. Prove that the power series 


Ng sere Aa) Ug) Ns, 
lec 1-2e(c +1) 


has unit radius of convergence. 


. Ifthe power series Za,,x" has radius of convergence R, then prove that, for any positive integer k, La, x!" has 
radius of convergence R'’*, 


x" 


@ 


4. Discuss the uniform convergence with respect to x of the series, £ 
n=l py 
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5. Show that the following power series are uniformly convergent: 


2 4 
(i) 145+ +2 to FL KOK <1, 


4 
3 4 
(ii) re St tat Ebi} 
3 7 
be. 1eShow ls3e5 x. 
- = —— + = +...;[=1,1 
Oe oa. pas. ena ee 
6. Show that 
2 
) log(t-x)=-2- 4% -.., seer, 
Th 
(ii) (ey eet es ae 
DS ea) 
1 Doe ti'\xe fl eet 
i) =| log(1- =—+)/1+— +) 1+-+=— He Sx <i 
eee | ( eal 2°3)4 3 
7. Show that o 
a 
3 £ S ays 5 
(i) Bir epee Tees eee 22 coy SSI te 
23 2:45 2-467 E 
oo 
seh ik SREB x 
i —=l2—— i 2S aaes 
2 23 2-4 5 2-4-6 7 as 
{S) 


Also obtain similar expression for 


cos"! x, sinh“ x, cosh” x, tanh“! x 


8. Prove that 


[one atc sin, 

1. () R=1,F4,1[ (i) R=1,E1,1f 
(iii) R=00,R (iv) R=2,}2, 2[ 
(vy) R=0,R (vi) R=3"3, ER, RI 
(vit) R=2, 1, 3[ (viii) R=1, ]0, 2] 
(ix) R=e, }2-e,2+e[ (x) R=1,3,-I[ 


(vf) R= V2, ]-R, RU (xii) R=1, [-1, 1]. 
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1.__ TRIGONOMETRICAL SERIES 


One of the most important and also one of the most interesting fields to which we may apply the subject 
developed so far, is provided by the theory of Fourier series and more generally by that of trigonometrical 
series, which we now propose to study. Such series were first obtained in theoretical physics, in the 
course of investigations on periodic motion, chiefly in acoustics, optics, electrodynamics and the theory 
of heat. The credit to initiate a thorough study of certain trigonometrical series goes to Fourier, although 
he did not go far enough to discover the fundamental results of the theory. 

Periodic processes (motions) are described mathematically by means of periodic functions. A function 
fof one independent variable x is said to be periodic if there exists 2 #0 (called its period) such that 


f (x +A)= f(x), for all values of x. The trigonometric functions, sin x, cos x are the simplest periodic 
functions with period 27. 
A series of the form 


day +(a,cosx + b,sin x) + (a, cos2x + by sin 2%) + i. 


or more compactly * 


1 Se : 
540+ Z (a, cos nx +b, sin nx) 


is called a trigonometric series, and the constants do, ,, 5, (n= 1, 2,3 ...) are called its coefficients. If 
the series converges for all values of x (in fact, in an interval c < x <c + 27), then in view of the 
periodicity of the trigonometric functions, its sum is a function fdefined for all values of x and periodic 
with period 27. To save tedious repetition, it may be mentioned once for all that the functions considered 
in this chapter are all assumed to be periodic. 
. We now proceed to obtain a relationship between the function f and the coefficients a,, b, which 
was conjectured by Euler. 

The following results of integral calculus form the basis of all subsequent work. Throughout, we 
use m, n to denote positive integers or zero. 


0, form#n 


x 
J cos mx cos nx dx=4m, form=n>0 
-" 


2n,form=n=0 
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me x 0, form #nandm=n=0 
J sin mx sin nx dx = 
nm, form=n>0 


TT 
| cos mx sin nx dx =0 
ee 


1.1__Fourier Series 


If the numbers dp, dy, ..., Gy, ++. Dy, by -..5 by, «+. are derived from a function f by means of Euler- 
Fourier formulas: 
1 oz 
a, = = JE F(x)cosnx dx, n=0, 1, 2, ... 


Be |) 
lft ‘ 
b=— J F(x) sinnx dx, n = 0, 1, 2, ... 


then the series 

1 = : 

5 io= Z (a, cosnx + b, sin nx) «(2) 
is called the Fourier series of for the Fourier series generated by f, and the coefficients a,, b, defined by 
(1) as the Fourier coefficients* of f. 

It is to be noted that the Fourier coefficients have been obtained purely on the assumpiion that the 
function fis bounded and integrable on [-z, 7]. 

There is nothing to suggest that the Fourier series (2) is convergent. In fact the series may not 
converge at all, and even if it converges, the sum may not be f, though it often is and there is some 
justification for the hope that the series may converge and have f for its sum. In case the Fourier series 


of fconverges uniformly, the definitions of Fourier constants suggest that its sum will be f, and that fis 
capable of a unique Fourier series expansion. 


A host of questions arise but there are four major problems which prick the mind and which we 
shall try to answer in the subsequent pages. 
|. Is the Fourier series of a given (integrable) function fconvergent for some or all values of x in 
—HSxXSH? 
If it converges, does the Fourier series of f converge to f? 
When and how can a function be expressed as a Fourier series? 
When the trigonometric series be the Fourier series? 


fwNy 


* Justification for the definitions can be seen from the following: 
Let the series Say + Z(a, cos nx + b, sin nx) converge uniformly on [-x. ] to the sum function £ 


Multiplying by cos nx (since uniformity of convergence of the series is not thus destroyed, term-by-term integration is 
justified) and integrating, we get 


1 fz 
a, = eal fcosnx dx 
TN +-x 
Other terms are vanishing in view of the results of integral calculus mentioned earlier. 


1 fz lft... 
Similarly, a= al f dx, b, = -{ f sinnx dx 
TI-n nd-2 
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Note: One of the answer to the last question is straightforward, since we know that, if the trigonometric series 


5 ot PAC cos nx + b, sin nx) 


is uniformly convergent on [-, r] and if f(x) is its sum, then it is the Fourier series of f(x). 
Further, since 


|a, cosnx + b, sinnx| <|a, cosnx|+|b, sinnx| <|a,|+|b, |. 


Therefore, by Weierstrass’s M-test, it follows that, if the series z= (| a, + | b, |) converges, then 
n=l 


the trigonometric series converges absolutely and uniformly on every closed interval [a, b| and that it is 
the Fourier series of a continuous 21- periodic function. 


2. SOME PRELIMINARY THEOREMS 


Before dealing directly with the problems raised above, let us do some preliminary theorems which will 
help in the subsequent development of the subject. 


2.1__Periodic Functions 


We know that a periodic function of period A is such that f (x + 2)= f (x), forall x. 


Theorem 1. For a periodic function of period 27, prove that 


wy forac= fr pax, 


a+2n 


w [iyare [ora 


— Te n 
(iii) ic) dx = fir + x)dx, 
a, B,Y being any numbers whatsoever. 


(/) Foraperiodic function of period 277, we know 
f(e-2n)=F(0) 


Hence, putting ¢ = x + 27, forall @ and £, we get 
B Bion B+2n B+2n 
J flsjar= [or -2m)ar= [0 s(ar= J fae 
a+le —t ci a+le 
(ii) I. fdx= (a fac+ |” far +f fax 


= [" fdx+ ie fdxt a fide [using (i)] 


x 
=| fdx 
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(it) Let y+#x=1 
[it r+ x)av= J" ear 
=| fe Lp ee 
=f [aes JP pa [using ()] 


= fsa [ra 


These results, in fact, mean that the integral of a periodic function over any interval whose length 
is equal to its period always has the same value. 


2.2 Some Definitions 


Piecewise monotonic functions. A function f is called piecewise monotonic on an interval [a, 5], if 
there exists a partition of [a, b] such that the function is monotonic (that is either monotone increasing 
or monotone decreasing) on each of the sub-intervals. Piecewise continuous functions are defined in the 
same way. 

From the definition, it follows that if the function fis piecewise monotonic and bounded on the 
interval [a, b], then it can have discontinuities of the first kind (or finite discontinuous) only. Indeed, if 
x= is a point of discontinuity of the function, then by virtue of the monotonicity of ‘f, there exist the 
limits 


lim f (x)= f(e-). lim F (x)= f (c+) 


ie., the pointc is a finite discontinuity or a discontinuity of the first kind. 


A point c is a point of infinite discontinuity of a function fif 


lim f (x) =+0 


xe 
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Dirichlet’s Integral. Integrals of the following two forms are called Dirichlet’s integrals 


fra, [' pn 
0 i 


sinx 


2.3 Some Theorems 


Theorem 2. If fis bounded and integrable on [-7, | and if a, b,, are its Fourier coefficients, then 


2 (a + br) converges. 
n= 
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The integral 


s 
m 


= rs 
J G — X (a, cosnx + b, sinns)] dx 20 


-= n=l 


as its integrand is never negative, now 
% 


iy Ei =F (a, cosnx + b,, sins) | as 
a 


n=l 
2 


m “ 
| = (a, cosnx + b, sinms)| dx 
n=l 


ya 


= 25, i f cos nxas| = 25[0, ir f sinnx as| 
-t 2 


= [" fae + nda} + Eb; - Ina, - 2D; 
Eg 


Since this is non-negative, we have 


= (a +02)s2 * Pax, 


° n=l 


taking limit as m — oo, we obtain 


2 foes 2 lf 
x (a, +b; ) S =e dx (Bessel’s inequality) 


n=l 
Hence, the series © (a; + b;) is convergent, since f, and so f?, is integrable on [-z., z]. 
n=l 


Corollary. Since 5 (a; + br) converges, its general term (a; +b? ) = 0, andso, a, >0,b, > 0. 
Thus the Fourier coefficients a, and b,, of an integrable (and bounded) function form a null sequence, 


ie., when n>, 


1 ¢* 7 
a, =—| f cosnxdx — 0, and b, =-| f sinnxdx > 0. 
Ue-« Ue-x 


Note: Ifthe function is piecewise continuous on the interval [-. ] then also its Fourier coefficients approach zero 
as n > 0, 

For, then a partition of [-z, ] exists in each sub-interval of which fand so f° is continuous and integrable, and 
therefore the integral over [-x 5 | can be expressed as a sum of definite integrals of continuous functions over the sub- 
intervals. 


Theorem 3. Riemann-Lebesgue. If a function @ is bounded and integrable on the interval (a, b], 


thenas n> ©, 


Fourier Series 


b b 
A, =f dcos nx dx — 0, and B, =f gsinnxdx > 0. 


Ifa and b both belong to one and the same interval of the form —mz < x < mx (m, any positive 
integer), we define f (x)= @(x) in a<x<b, and f(x)=Oat the remafithe points of [-mz, mz]; for 
other real x, fis defined so as to be periodic with period 27. Then 


b 7 
A, =] dcosnxdx = [ f cosnxdx = 7a, 
a -2 


and, similarly B, = 2b, , where a, and 5, denote the Fourier coefficients of f, 


Using Theorem 2, 4,,, B,, tend to zero. 

Again, if a and 6 do not lie in the same interval of the type [-mz, ma], we can split up the interval 
[a, b] into a finite number of sub-intervals, each of which lies in an interval of the form [-mz, ma}. A, 
and B,, can be expressed then as the sum of a (fixed) finite number of terms each of which tends to 0, 


as n > e. Thus 4, and B,, tend to 0. 


Deduction. Fora bounded integrable function 4, limits of the Dirichlet’s integrals are equal, i.e., 


sin nx 
dx,0Sa<n 
* 


fim | 6 dx= lim fo 
0 sinx 0 


Assigning the value 0 to f - A at the origin, the function becomes continuous and bounded in 


sinx x 


I 
(0, a], a< a. Thus the function af fe :] is bounded and integrable on [0, a]. 
x 


sinx 
Therefore by the above theorem Py 
lim “of il --4) sinnxdx = 0 i 
noeo40 \sinx x Ee 
or ' = 
tim fo NX en tim f° 9 ae FS 
0” sinx ia 4 


Note: Compare with Example 16. 


Theorem 4. [fa function f is bounded and integrable in [0, a], a > 0, and monotone in 10, df, 
0<d<a, then 


© sinnx = sinx 


mls 


dx 


dx = f(0+)f 


x oO 2% 


Let us first consider the case when f(0+) = 0. We may suppose, as it does not affect the result that 


f(0)=0. 


Mathematical Analysis 


Let 5 be a positive number less than a. 


By the second mean value theorem there exists Oj, € [o. 6] such that 


in peas =f(0 0) eas rs f(6 if sin nx 


1 x 


Ssinnx 
2 ae ne ds 
nd sint nd sin x 
#6) [i spree= 110) Sa 0) 


* dx is convergent, there exists k> 0 such that for all x 20, 
X sinx 

j — dx 
Oo x 


nd sin x 
) dx|= 
nb, X 


Also f (5) > 0, as 5 > 0 +0, therefore for any € > 0, there exists y > 0 such that 


é = sin 
Since i 
0 


x 


<k 


> <2k wi(2) 


nd sin x nd, sin x 
[oe ar- J dx 
Ov “& 0 x 


| f(6)|< 4k, when 0<d<y (3) 


Hence from equations (1), (2) and (3), we get 


6 Sinnx 
Js 
0 


dx|<| f (6) (6)|-2k < Se, when 0<3 <7 


Now, writing 


a sinnx 6 sinnx a sinnx 
dx = dx 
j; Ai x i. f x * ie f x ae 


and observing that (by Theorem 3) the second integral on the right > 0, as n +0, we see that there 
exists a positive integer m such that for all n 2 m, 


sinnx 
i dx|<-€+—€=€ 
x 
sinnx 
> lim “tf dx =0 
no 40 


so that the theorem is proved for the case when f (0+) = 


In the general case, when f (0+) #0, since 
im [F@)- F0+)]=0 
replacing f by [f—f (0+)], we get 
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sinnx 


= tim f" |f- £004)" ax=0 
iin pe a = lim f (0+) lees sin 
neo 
= f(0+)lim J" ment ar, (r= nx) 


o+) [= sinx 1. 


Hence, the theorem. 


Deductions 


tim fe ax = $(04)[ ar= 2 1 (0+) 


neo 
2. Using deduction Theorem 3, we get 


lim peas (0+) J nha = = F(0+) 


ne 
Theorem 5. If fis bounded and integrable in [-7, x] and monotonic in [-5, 0{ and \0, 6], (not 


necessarily in the same sense), where 0< 6 <7, then 


ao = = a, = plas ae ds) +F(04) [a st 

n=l T ox vs 

where a,, n= 0, 1, 2, ..., denote the Fourier’ coefficients of f. Fe 
Now, & 

m < 

La Ea, =>-[ fax +2 E J" feosmat I 

a ise &n n=l J-x (s) 


=i)" it +E cosns}ax 
5 1 

i sin(m-+ 3x 

| fo a 


1 J-« 2sinhx 


1 1 
palette, a pai, 


2n 40 


sin—x sin—x 
2 2} 
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1. p72 sin(2m + 1)x 
=—2 —2. 
2x Jo F(23) sinx 


ou (2m +1)x 


dx + 2" f(2 dx 


sinx 


Hence letting m > -, 


Lg 2 = sinx 
Lays a= M{ri0-}+ 05] a 


Corollary. Using (te sin —dx = = we get 


1g Eg, f+ 1104) 
2 n=l 2 


Deduction. The theorem may be used to deduce the value of the integral is a 
x 


Taking f(x)=1, V x, we get 


a= [" J dx =1 


2 2a 
1 rz 
and a,=—]| cosnxdx=0 
nN J-x 
so that 
0- 0 © si 2 pesina 
jad y+ f( 4 Y sink y= i sinx 1. 
7 Di oF mvO x 
© sinx 1 
a lb x ons 


3. THE MAIN THEOREM 


We are now ina position to take up the main problem. Our approach will be to write down the partial sum 
sequence of the Fourier series of the function f and lay down a set of sufficient conditions so that 
the sequence (and consequently the Fourier series) converges to f. That will answer all the first three 
questions raised earlier in § 1.1, that a function / satisfying these conditions will generate a Fourier 
series which converges and has a sum f- 

A large number of sets of sufficient conditions for the purpose have been found, of which we shall 
use only one, Dirichlet’s criterion, the great generality of which renders it sufficient for most purposes. 
It was given by Dirichlet and was the first set of exact conditions of convergence in the theory of Fourier 
series. 


Theorem 6. Ifa function f is bounded periodic with period 2x and integrable on [-, 2], and 


piecewise monotonic on [-<. z\, then 


Fourier Series 


—_— s[re- )+ f(E+)]. for-a<E<x, 
zt E (a, cosng + b, sinn§) = 
i slr -)+ f(-1+)], for é=+ 


where a,, b, are Fourier coefficients of f. 


1 = 3 : fl 
Let Sat (a, cosnx + b, sinnx) be the Fourier series of f; and & , a point of [-z, z]. 
mI 


The mth partial sum at the point &, 


54 + z (a, cosn& + b, sinné) 
i m1 fF F - 
ss fi fac + z e lia f [cosnx cosn§ + sinnx sinn€]dx 
1 oz m 
= |e ili +2 E,cosn(x - ale 


4 cd m 
=5-[ fle+8) [1+2 $ cosm ax ($2.1) 


-~I" f(x+8) gies a) de 


aul x 


he ete 


1 + 
sin * sine cc 
= =1j" ne penn +1) 4" f(ree gauze +1)t sit = 
sint 
= 
f(z 

(4) ra} 

£(E-) 

+ £6) 
f(E4 
F =, ——> x 
Discontinuity at § 


Fig.1 
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Proceeding to limits when m — 0, 


54 + = (a, cosné + b, sinné) = tsar -)+ il &+)] 


= £(E-)+ F(E+) ée[-1, x] 


2 


Thus, the Fourier series of a (periodic) function f which is bounded, integrable and piecewise 
monotonic on [-7, z], converges to 4[ f(€-)+ f(E+)] at a point €,-27<é <z, and (using 


periodicity of f) to sire -)+ f(-« +)] at the ends, +7. 


Corollary 1. Ata point ¢ of continuity of £ the sum of the Fourier series of £ 


54+ z (a, cosn€ +b, sinn€) = sire -)+ F(C +)] 


=3[/0)+F@)]= 1) 


Thus for a function f satisfying the conditions of the theorem, the sum of the Fourier series is 
actually f (x) at all points x where fis continuous; while at points of (finite) discontinuity the sum of the 


series is 5 FO) + f(x+)]. 


Corollary 2. Since a function of bounded variation can be expressed as a difference of two monotone 
increasing function (Jordan theorem), it may be easily shown that a periodic function of bounded 
variation can be expressed as a Fourier series. 


Example 1. Find the Fourier series of the periodic function fwith period 27, defined as follows: 


re)={ 


What is the sum of the series at x =0,+7,42,-Sx? 


0, for-z7<x<0, 


x,forOSx<az 


= The function is bounded, integrable and piecewise monotonic on [-z, z]. Let us determine the 
Fourier coefficients 


1 fz 1] f° ud T 
ay = — * paca)" 0-ac+ [*xax]=4 


Ly 1 || xsinnx{? 1 f=, 
a, =-| xcosnxdx = — ||—— --{ sin nx dx 
m0 tr n | no 
<< 10; for n even 
_ 1 |cosmx} _ 2 
mn| n |) |-—;, for n odd 


mn 
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1 
——, for n even 
cosnt _} n 


1 fF. 
b, == ih xsinnxdx = — i 
m a —, for nodd 
n 


In [-x, z], the points +7 are the only points of discontinuity of f Therefore at all points of the 
interval other than +7, we have 


m 2 |cosx , cos3x _ cos5x sinx sin2x | sin3x 
f@)=s- 5) tte te tt 
4 “rll oF 5 1 2 3 
At x = 0 where fis continuous, we get 


Pr 
i4t,1, 27 
=> tet tery 


Because of periodicity, value of the Fourier series at x = 47 is same as at x = 0. 
At x =+7, points of discontinuity of f the sum of the series 


joey x 
or ae tay te 
2 5 8 
Again because of periodicity, value at —5z is same as at x =+7. s+ 
mS 
Note: Figure 2 gives the shape of the function /, i 
= 
oa 
7 <= 
mal 
A A A A A 5) 
rid ' At # £' A 
; | iia} —_ Ae 
-Sn -4n -3n -2n -n OO 2n 3n 4a Sk 
Fig. 2 


Example 2. Expand in a series of sines and cosines of multiple angles of x, the periodic function f 
with period 27 is defined as 


-1, for-7<x<0 
1, forO<xsz 


re)=| 
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1 
Also calculate the sum of the series at x =0, 5h +n. 


= The function (Fig. 3) is piecewise monotonic, bounded and integrable on [-77, zr]. Let us compute 
its Fourier coefficients 
1 ¢z 1 0 ci 
a =~ |" fare ATP cae f \-dr]=0 


Tt 


0 
a, = a [J —cosnxdx + [fcosnvas] =0 
Tu - 0 
0, for neven 


Oo. x Lae _ 
b, = 1] f? -sinnsas +f sinnsds] = all cosnm) = St ata 
mn 


The function is continuous at all points of [-z, | except+z. 


sinx | sin3x | sinSx 
oF “lites 


s (y= 420 ae 


which holds at all points with the exception of the discontinuities, +77. 


Fig. 3 


At x=+7,, the sum of the series 
1 1 
=[fla-)+ Fes) =H(1-1)=0 


1 
Atx= ans a point of continuity, 
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Note: Figure 3 is the graph of the given function. 


Figure 4 illustrates how the partial sums S,, of the series represent more and more accurately the 
function fas m — , 


S,= ${sns + 
cd 


sin3x | sinSx 
+ 
3 5 


Fig. 4 


3.1 Fourier Series for Even and Odd Functions 


Even Functions. If fis an even function, ie., f(-x) = f(x), V x, then fcos nx is an even and sin nx 
is an odd function and therefore 
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loz 1] ro ™ 2 
=— dx =— dx| == 
a, f cosnx Lf feosmae + f f cosnx | = f cosnxdx atl) 


-m 


b, =i/" fsinnxdx = 0, 
Tw -t 


So, the Fourier series of an even function consists of terms of cosines only and the coefficients a, 
may be computed from (1). 


Also, since for an even function, 


f0+) =f(0 =f) 
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and 


f (-7+0)= f(z-0) 
the sum of the series is f(0) at 0 or +(even multiple of 7), and is f(7—) at +7 or +(odd multiple 
of z). 
Odd Funetions. Iffis an odd function, ie., f(-x) =-f (x), V x, then fcos nx is an odd and fsin nx 
an even function and therefore 


1 
a, =—[ f cosnxdx = 0 
nN /-x 


b, =f" fsinnede = [" fsinneas «(2) 
nm d-« 1 +0 


So the Fourier series of an odd function consists of sine terms only and the coefficients b,, may be 
calculated from (2). Also for an odd function 


f(0-)=0=/(0+) 
and 
f(-#+0)=-f(#-0) 
The sum of the series is 0 at x = 0 (or any multiple of z). 
Example 3. Find the Fourier series generated by the periodic function | x | of period 27. Also 
compute the value of series at 0, 27, —3z.. 


a The function is monotone and continuous on [-7., 7]. Moreover it is an even function and therefore 
the Fourier series will consist of cosine terms only. 
The function may be restated as 
rte)={ 


-x,for-—7<x<0 
x, forO<x<z 


a= Alf? -xas + ffxas] = =f xa =0 


2 
=— dx = -1 
a, == i; Xcosnx an (cosnz — 1) 
0, for n even 
a o feelnroda 
mn 
We, thus, obtain the series 
m 4}cosx . cos3x  cosSx 
x)==-— +... 
FG) 2 4 1? 3° 5 


The series converges at all points and its sum is equal to the given function. 


Fourier Series 


Sum of the series at 27 is the same as at 0. 
At 0, 


=> 


At —3a (same as at 7), 


a 
=> ee ala same as above. 


3.2 Half Range Series 


With the help of the Main theorem and those of even and odd functions, we now consider the expansion 
of a function over the interval [0, z] in terms of (i) sine terms only, (i’) cosine terms only. 


(i) The sine series. If a function f is bounded, integrable and piecewise monotonic in [0, x]. 
then the sum of the sine series 


=b, sinnx, where b, = A J fsinneae 
nm 40 


is equal to slr f(x y+ f( x+) )] at every point x between 0 and 7, and is equal to 0, when 
x=0, 7. 

To obtain a series consisting of only sine terms we define an odd function F in [-z, z], 
identical with fin [0, z]. 

Let F=fin [0, z], and F (x) =- F (x) =-f(» in [-z, 0]. 

Evidently, F is bounded, integrable and piecewise monotone in [-7, 7], (i.e. satisfies the 


conditions of the main theorem). Again, F being an odd function, its Fourier series consists of 
sine terms only with sum 


2 Fe 
<b, sinnx, where b, = =] F sinnx dx 
nt 40 
Qtr. : 
= =i f sinnxdx 


equal to slFtx- J+ F(x+ )J= sLr(e- )+ i (x+)] at every point x between 0 and z, and 


equal to 0 atx =0, z. 
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(ii) The cosine series. If f is bounded, integrable and piecewise monotonic in (0, nr), then the 


sum of the cosine series 


1 2 
dy + La, cosnx, where a, =— jf | f cosnxl dx 
2 T 40 


is equal to s[r(« -)+ f(x +)] at every point x between 0 and 1, and f (0+) at x = 0, and 


f(a-) at x=7z. 
To prove the result, define an even function F on [-7, z], identical with fon [0, z], so 
that 


F = f on [0, z] and F(x) = F(-x) = f (-x) on [-z, 0]. 
Proceeding as above, we get the required result. 


Example 4. Find the Fourier series consisting of (/) sine terms only, (//) cosine terms only, which 
represents the periodic function f(x) =x in 0<x<z. 
a (i) The sine series. The function may be extended as an odd function, f(x) =x in -™@<x<z, 
periodic with period 27. 
a; = 0, fori: ='0; 1,23 3, 
and 


a ee 
b, == J xsin nx dx 
Tm 40 


2cosnx i for n even 


n 2/n, for n odd 


Hence for all points between 0 and z, 


1 2 3 


[= x  sin2x | sin3x | 
x=2 + Sin 


According to § 3.2, the sum of the series must be 0 atx =0, 7 and this fact can be verified 
directly as well. The representation holds at x = 0, but not at x =z. 


(ii) The cosine series. The function may be extended as an even periodic function f(x) = | x | in 
[-x, z] with period 27. 
ds b= 0, for'ni=", 2) 3, 0 
and 
2z 
=— dx=1 
dy = ii x 


0, for n even 


2 ie 
a, =—| xcosnxdx = 4 
+0 —4/n", for n odd 


Fourier Series 


Hence for all points between 0 and z, 


1 4]cosx cos3x  cosSx 
x=—t- = +$—— + —— t.. 

2 |. 3° a 
The function being continuous, the relation holds for all x. 


According to § 3.2, the sum of the series must be f(0+) = 0 at x = 0, and f(z-) =f at 
x =a which can be found directly from the above relation. 


Atx=0Oor 7, we get 


INTERVALS OTHER THAN 


So far we have considered the interval [-2, | only. It was just a matter of convenience, otherwise any 
finite interval could have been used. We now show that by effecting certain transformations, any finite 
interval can be made to correspond to the interval [-z, z]. 


4.1__ The Interval [0, 2z 


Iff is bounded, integrable and piecewise monotonic in [0, 27], then the sum of the series 


1 
5% + = (a, cosnx + b, sinnx), 


o n=l 


1 p22 
where a, = =| f cosnxdx, b, ==" f sinnxdx is sre f(x )+ f( Jos )] at every point x between 0 
#0 


and 27, and is s[r(ex -) +f (0 +)] at x =0, 22 and is periodic with period 27. 
On substituting x = y + 7, we find that y varies from —z to 7 as x varies from 0 to 27, and 
f (x)= f(y +2)= F(y), say 
Since fis bounded, integrable and piecewise monotonic in [0, 27], then so is Fin [-7, z]. Hence 


ae Seah F Sel yc hk bree 
by Dirichlet’s criterion (Main theorem) the sum of the series 3% fe, (a, cosny + bi sinny), 


loz si 
where @, = = ff Feosnyay, b= =f" Fin nydy, 


is slrw- ) + F(y+) )] at every point y between —z and z, 


and is s[F(n- ) + F(-2+)] at y =+2, and is periodic with period 27. 


CHAPTER 14 


470 Mathematical Analysis 


On changing the variable, we see that 


a, = waar m)cosn(x — m)dx = CVT p(sjeosnvd 
by = = is — 1m) sinn(x -)dx = CPO p(a)sinnae 
ao c Gu eae 
Also 
Ar(y-)+F(y+ (y+ = 5Lr¢ x-)+ f(x+)] 
and a 


s[F(n- -)+F(-n+)]= slr (2n-)+ £(0+)] 
On making these changes, we get the required result. 


4.2 Interval [-/, /], /is a Real Number 


If fis bounded, integrable and piecewise monotonic in [-l, ||, then the sum of the series 
1 nILx _ NIX 
5% +2] a, CO ime +b, sin ; 


nex lex 
where a, cos——dx, b, = —dx, is 5 =| f(x-)+ f(x+)] for every x between =I 
n 


and I, and is sl f(l-)+ f( -I+)] for x =+1, and is periodic with period 21. 


On making the substitution y = zx/l, we see that y varies from —z to 7, as x varies from —/ to /, 
and 


f(x)= (2 )- F(y), say 


The function F satisfies the conditions of the Main Theorem in [-z, 7], and therefore proceeding 
as in the previous section (§ 4.1) we may prove the required result. 


Example 5. The function x’ is periodic with period 2/ on the interval [~/, /]. Find its Fourier series. 
a The substitution y =z-x/l transforms the function into a periodic function with period 27 on 
[-z, ]. Moreover it is an even function. 
‘ b, =0,n=1, 2,3,.. 


2 
2 pl a. Snex rn 
a, =— | x cos—dx = 
I +0 I 


cosnimw 
wn 


Fourier Series 


4° 
=: for n even 
= rn 
= : +. for n odd 
rn 


Also, the function is continuous on [-/, /]. Therefore for all x, 


> P 4? [ cosaxil  cos2ax/l — cos3rxil 
x a + > eae +o. 


4.3 Any Interval [a, b 


If f is bounded, integrable and piecewise monotonic in [a, b], then the series 


oo Dy = a _ 
ate S |: Gos n(x a—b) Pee al a b) i 
2 n=l b-a b-a 

2 n(2x —a—b) 

where a, = er i cos ( oa dx, 

2 2x-a-b 

b, =—— | pee 
b-ava -—a 


represents sLrt -)+ f(x +)] ina<x<b, and 


1 p(a+)+ f(0-J]arx=a,d 


and is periodic with period (b — a). 
m(2x-a-b) 


On making the substitution y = = 


> we see that y varies from —z to 7, as x varies 


from a to b. 


Considering the function F, where 


y(b-a)+a(at+b) 


x)= f| ———————_ l= F 
i=9 Ol 
and proceeding as above, we get the required result. 


Note: The transformation is obtained by determining the two constants / and m in y= /x +m such that y =—z when 
x=a,and y= whenx=5. 
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44 The Interval [0, /] 


Ifa function f satisfies the conditions of the main theorem (Dirichlet’s criterion) on [0, /], the substitution 


y =axil determines a function F, where 


f (x)= Fle) =F(y) 
which satisfies the conditions of the main theorem on [0, 7]. The function F may now be extended [as 


in § 3.2] as an odd or an even function on [-z, Tr), so as to give series consisting of terms of sines or 
of cosines only. 

We may, if we desire, reverse the above process—that first extend it as an odd or as an even 
function on [-/, /] and then use the substitution y = zx/I to transform it to a function F on [-z, z]. 


Alternatively, like § 4.3 transformation y = (2x —/)/I may be used to get a function F satisfying 
the conditions of the main theorem on [-z, z] where 


ly+al 


res } F(y) 


2n 


Example 6. Expand the periodic function x7, 0<.x<J/, of period J, in a series of (/) sines only, 
(ii) cosines only, (ii/) sines and cosines, of multiples of x. 

Also find the sum of the series at x = 0, /. 
rT (i) The function may be extended as an odd function in [-/, /], by redefining it as 


—x’, for -L<x<0 


x, forO<x<i. 


10-| 


Substitution of y = zx/I transforms it into an odd periodic function on [-7, 7], so that the 
Fourier coefficients are 


a, = 0 for n=0, 1,2, 3,.. 


Iffo 3. Tit Be , 
b,= 5 [f-» sin(nmxil)dx + fe sina) a] 


2! 2 
= =| x° sin (nmxil)dx 

1 4o 

1 

QUiL ! x 
= — x? cos ies + J 2xcos rae dx 

1 nt I |p 0 1 

2 2 
= -——cosnz + cosnz —1 
nt rr ( ) 


Fourier Series 


Dn 
——., for n even 
2) ae 
2 8? 
aS ae for n odd 
nm own 


The function is continuous at all points of [-/, /] except +/. Therefore, the Fourier series 
for all points of [0, /] except /. is 
a -2(-1)'P ae {i 7 (-1)"} . NX 
= 33 sin 


Pes 
n=l nt na 1 


aa ty] 


At x = 0, a point of continuity of the function, the sum of the series is zero, a fact which 
may be verified directly from the series. 


. 4 ess 
Atx=/, the sum of the series =slfll-)+ 1G +)] = (P-P)=0 


my 
which is true on actual verification of the sum of the series. 
Hence the relation (1) holds for all points of [0, /]. 


(ii) Let us now extend the function as an even function on [—/, /], by redefining it as 
f (x)= x,-l<x<l 


Substitution of y = x/I transforms fas an even function on [-z, 7]. so that the Fourier 


coefficients are 


5, =0; for n = 15:2; 3,, .3 = 
2 - 
Lt ae? [eaend 
Cn 7) fares [eae 3 = 
= 
2 (ly nex Al =I" 4r = 
a, =F) is 1 dx = = cos nt = ——; I 
rn rn 
oO 


oe 7E wl nr "ie 
Atx=0, 

2 2 

ee ar iWpaal 
0=—-—1-st+5- 

3 = Pg? } 

}. <¢ ileal a 
ee ae eee erm — 
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Atx=/, 
~ PF ey 1 Vg 
pet a Dy ( D cos nz 
Se a a 
San ae 
3 og wt 
Ie. a 
l+S+5+..=—> 
2 6 


(iii) Let us apply § 4.3. 
If we make the substitution y = 2(2x —1)/, then y varies from —z to z asx varies from 


0 to /. The Fourier coefficients are 


! 2 2 
tea Yar =2P 
i 
2 2x — 2 // 2x — 
= 2's? cos z Le [{-rsin Day 
0 l nt “0 


mee 


2 


n 


? ! 2x=1 2 (ely 
Pe cosn7 + 2 f veos = . Jar =! ( ) 7 
ne nq 40 I ce th 


Hence for all points between 0 and /, 


2 


2 ~ (-1)' ee 2» ("7 oe 
pa! fae 3 ) ee ),! 3S Past id) 


30 Pe 2 1 wl on 1 


At x =0, /, the sum of the series = 3("). 


Pe Meal 
2 Ts ne 
jt al r 
=> 1+sS+5+—5+ — 
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Example 7. Expand the periodic function, of period 2/ > 0, 


f(x)= 


Xx fn F . 
cos he , ina Fourier series. 


a We have 


—cos(#x/l),-1< x $-1/2, 
f(x)=4 cos(axil),-1/2< x <1/2, 
—cos (axl), 1/2 x<1 


Since f(x) is an even function, therefore b, = 0, Vn. 


Now, 
lf 
ay =F lie |cos(zx/l)| dx 
1 -l2 1 pl wo 
=- A cos(rxil) dx + 7 J 008 reall) dv - 7 Joos reals 
2! 212 
= — FJ) 08(rel) ax + al, cos(zx/l)dx = Als 
Similarly, 


a, 


-IR i 
=- an cos(zx/l) cos (nax/l)dx + J * cos(zx/l)cos (nail) dx 


I 
-|, cos(rxil)cos(nzxil) dx 


ft 


; me {e ‘ bes} . co elas = eae 


+ 
rr 
oc 
uu 
= 
a 
< 
<= 
(6) 


a(-1y"" 


ay, =7—>——— Vn anda,,_,=0, Van 
: (4n?-1)x =e 


nl 
Hence, | cos (zx/1)| on x le jo } 
q =!) 7(4n--1 
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Example 8. Obtain the Fourier series, in the interval [—1/2, 1/2], of the function f given by 
SQ) -| 


Boos [x] — 1/2, when x is not an integer 


0, otherwise 


where [x] is the greatest integer < x. 
a We have, 
f(xt+lHxt+1—-[et+ 1]-12=x+1-(fx] + 1)-12=x-[x]-12=f@) 
«. fis periodic with period 1. 
Also 
Sf (>) = - Fe] - 1/2 =e + Px] + 124+ 1-1} 
=-{x + [] —x] -— 1/2} =-{x - [x] - 1/2} =-f(@) 


«. fis an odd function of x, and so a, =0. Vn 


Now 
R 
b,= 2 ai (x)sin (2nzx)dx 
v2 
= 4 Sf (x)sin (2nzx)dx 
i 
rR 
= 4)" (x= W2)sin 2nax)de 
0 
s(2nax)\? . -%cos(2nax s(2nrx) |? 
_ gy S08(2nx) af cos(2nmx) | cos (2nx) 
2nt 0) 2nt nt lo 
cosnit cos nz 1 1 
=- +0+ -— = -—: 
nw nim nw nt 
Hence 
v—[x]- a z (-I/nz) sin(2nzx). 


(-3a, a) (0, a) 
D\ -202 
(-4a,0) (-2a,0) (-a, 0)} (a, 0) 


x 


(2a,0) (4a, 0) 


Fig.5 


Fourier Series 
a Clearly it is the graph of a continuous periodic function fof period 3a in [—a, 2a], where 


f(Qx)= i 


s7asxFa 


asxS2a 


Hence for all values of x, we have 


f(x)= = z [a, cos{nm (2x — a)Ba} +b, sin{nz (2x - a 3a} ] 


where a,= "la =x cos{ nm (2x -a )Ba} dx 


3aJ~a 


b, = “ve ge sin{ nn (2x -a \Ba} dx. 
3a 


Aliter. The graph can also be considered as that of a continuous periodic function / of period 3a in 


3, 
[-*. %). where 
2 2 


0, for —3a/2 <x <-a 
f(x)= and aS x $3a/2 


for -aSxsa 
It is an even function and therefore the Fourier coefficients will consist of cosine terms only. Since 
it is a continuous function, therefore for all values of x, we have 


f(x)= days z, a, cos(nzx/a), 


where ee " lat- x > cos (naxla)dx. 


-a 


EXERCISE 


|. Expand fin a Fourier series in the interval [-z, zr), where f(x) = 1, for —z < x < 0, and f(x)=-2, for0<x<z. 


2. Obtain the Fourier series in [-7, 7] for the function 


r)={ 


3. Are the following trigonometric series, the Fourier series? 


x, if-7<x<0, 
2x,if0<SxSz 


. sinx cos2x  sin3x  cos4x 
(i) SS SSS SSS 
Ie 2: 3° + 


cosx . sin2x . cos3x | sin4x 


din se ey a 


(ii) 
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& sinnx 
(ii) = 


ma 


& cosnx + sinnx 


(iv) = : 
n=l vn 


(y) 3 Sine 


nl 


4. Show that the Fourier series 


as cay" sinnx conn 
3 n=l 2n Th 


converges to the periodic function fin ]—7, z[, where f(x) =2° +x, for -z <x<a, and f(x)=2°, for 
x=tz. 
What is the value of the series at 
x=+7,0, 97, 197/2, 1072? 
Deduce that 


wn 


Find the trigonometrical series which converges in [-7. zm] to the function 


—cosx, for-7<x<0, 
cosx, forO<x<z. 


(o)=| 


6. Find the series of sines and cosines of multiples of x for the functions, | sin x | and | cos x | in the interval [-z. r). 
Expand the following functions in Fourier sine series: 


i) r0s)=| 


~ 


sin(zx/), if 0< x < 1/2, 
0, if /2<x<l 


sin(zw/l), if OS x <I2, 
sin (zx/l), if 2<x<l. 


(i) f(x)= | 
8. Show that for all values of x in [-z. z). when & is not an integer. 


ink. = (-1)' 2keosm 
cna AMD y ores | 
m |koommi er 


Deduce that 


mootkn = + = ak, 
kool Pa? 


1 -ior(a oun 


sink — =0 n+k n+1-k 
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9. Find the Fourier series in [0, 27] for the function 


m3, for0<x< 2/3 
f(x)=30, for 73 < x < 27/3 
—1/3, for 27/3 < x <7 
Find the sum of the series when x = 7, 27/3. 


10. Expand the following function in a Fourier series in [-. a): 


le +x), when -7<x<0 
fQ)= 


—(z-—x), when0<x<7 
<(-x) 


i}. Expand the function f(x) = cos 2x in a series of sines in [o. zi. 
|2. Expand the function e*— 1 ina Fourier series in [0, 277]. 
13. Expand | x | in a Fourier series on [-/. /]. 
\4. Find the Fourier series of e* in [-1, /]. 
\5. Expand the function /(x) = 2x in a series of sines in [0. 1]. 
16. Expand the function 
fooy=f when 0<x<1 


—x, when Il<x<2 


in the interval [0, 2] as a (i) series of sines (ii) series of cosines. 


17. Obtain the Fourier series for functions of the following graphs: 
(i) 


ys 


+ 
- 
co 
uu 
= 
ou 
=< 
(2) 


i) 


Fig.7 
[Hint: (i) Either, a continuous periodic function of period 4a in [-a, 3a[. where f(x) = a?- x” when 


-a<x<a and f(x)=-Ve = , When aS xS3a. 


Or, a continuous periodic function of period 4a in [—2a, 2a]. where i@)= ya? -x°, for 
-a<x<a and f(x)=-ya?- 2? when -2a $x S-a,a<x2a. 


we 


w 
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(ii) A periodic function of period 3 in [-3/2, 3/2]. where f (x) = | x | for -1 <x < 1 and f(x) = 0 for 
92 <x<S—-1,1Sx<32). 


1 2 3 


 2(cosx cos3x _ cosSx sinx sin2x | sin3x 
+3 + SP 


= 


rc 32 52 
(i), (v) Yes: (ii), (iii), (iv) No. 


4 0 


4( 2 
( sin 2x + sindx + iu sin6x +..} 
WAL-3 SRS 5:7 


2 = 4cos(2nx) 2 2 4(-1)"cos(2nx) 
po ae be See 
& nel (4n?=1}z % onal x(4n?—1) 


rea 
(i) 4 sin(xeut) - + = ets 


( 5 : sin(2znx/l),0 <x <1, except for the value x = //2, where the sum equals 1/2. 
T n=l (4n* — 


Dre . 
(ii) a 2a Hite sin sas + 6 sin Gt -.), 0<.x</, except for the value x =//2, where the sum equals 0. 
W\3 I 15 li 35 I 


sin2x  sin4x sin8x_ sinlOx _ sinl4x 
+ + Aiee 


1 2 4 ) a 
y Sinn 
n 
oh yn —1)sin(2n = 1)x 


4 2? - (2n - 1p 


er Was cosa “3 si = 
ae ||?) l+n° Ltn 


1 at _cos{(2n -1)zx1} 
=-= 2 
28 (2n—1)° 
AV teosnicxil Si Gucnres 
sinh] i Feed J Coen: Sanit DEE sine 
U Penn C+nn 
Syeqe sin nx 


T n 


Fourier Series 


in |(2n —1)2x/2 
16. (y Say tien Dax?} 


4 _cos(2n -1)nx 
et EN 
DG (2n -1)° 


17. () f(x)= 5M + z[4, cos{nx(x — a)/2a} + b, sin {nx(x — a)2a}], where 


a 3. 
Qy = x oe x cos{nz(x ~a)Ra}dx -s-) ve = cos {nm(x - a)/2a}dx 


and similar expression for b,, with cosines replaced by sines. 


1 
ii) -+—2 
(ii) 3 3 


2 ,sin2an/3 _3(1—cos2nn/3) cos 22 
m n 2nn? 


ie 3 [= 2nw3 _cos4nx/3 | cos8rx/3 _ | 
1 2 4 ve 


9 | cos2mx/3 | cos4rx/3 | cos8rx/3 
2 + = + 7 “Beals 


st 
— 
oc 
Lu 
= 
o 
<= 
i 
[S) 


Functions of Several 
Variables 


So far attention has mainly been directed to functions ofa single independent variable and the application of 
the differential calculus to such functions has been considered. In this chapter, we shall be mainly 
concerned with the application of differential calculus to functions of more than one variable. The 
characteristic properties ofa function of independent variables may usually be understood by the study of 
a function of two or three variables and this restriction of two or three variables will be generally 
maintained. This restriction has the considerable advantage of simplifying the formulae and of reducing 
the mechanical labour. 


1. EXPLICIT AND IMPLICIT FUNCTIONS 


If we consider a set of n independent variables x. y, z, .... ¢and one dependent variable uv, the equation 
u= f(x, y, Z,-5¢t) ae ft 


denotes the functional relation. In this case if x)... 2), .... 4. are the 7 arbitrarily assigned values of the 
independent variables, the corresponding values of the dependent variable uw are determined by the 
function relation. 


The function represented by equation (1) is an explicit function but where several variables are 
concerned it is rarely possible to obtain an equation expressing one of the variables explicitly in terms of 
the others. Thus most of the functions of more than one variable are implicit functions, that is to say we 
are given a functional relation 

x, Y, 
connecting the 7 variables x, y, z. ..., 4, and is not in general possible to solve this equation to find an 
explicit function which expresses one of these variables say x, in terms of the other 7-1 variables. 

In this chapter we shall be mainly concerned with the explicit functions. 


1.1__An Explicit Function of Two Variables 


If x, y are two independent variables and a variable z depends for its values on the values of x, y by a 
functional relation 


wt) =0 | 


c= f(x,y) cl} 
then we say z is a fiction of x, y. The ordered pair of numbers (x, y) is called a point and the aggregate 
of the pairs of numbers (x, y) is said to be the domain (or region) of definition of the function. 
When the domain of definition is bounded by a closed curve C, it is said to be closed if fis defined 
for all points within and on the curve C; but open or unclosed when the function is defined for points 
within but not on the curve C. 
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1.2 _The Neighbourhood of a Point 


The set of values x, y, other than a, b that satisfy the conditions 
|x,-—a|<d,|y,-b| <6 
where 6 is an arbitrarily small positive number, is said to form a neighbourhood of the point (a, b). 
Thus a neighbourhood is the square 
(a-6,a+6;b-6,b+6) 
where x takes any value from a — 6 to a + 6 excepta, andy from b — 6 to b + 6 except b. 


This is not the only way of specifying a neighbourhood of a point. There can be many other, though 
equivalent ways; for example the points inside the circle x* + y? = 6? may be taken as a neighbourhood 
of the point (0, 0). 


1.3 Limit Point 


A point (¢, 7) is called a limit point or a point of condensation of a set of points S, if for every 
neighbourhood of (, 77) contains an infinite number of points of S. The limit point itself may or may not be 
a point of the set. For example, the point (0, 0) is a limit point of the set {(I/m, I/n):m, n€ N}. 


1.4 The Limit of a Function 


A function f is said to tend to a limit / as a point (x, y) tends to the point (a, b) if for every arbitrarily 
small positive number €, there corresponds a positive number 6, such that 
| fa, y) -1| cay 
for every point (x,y), [different from (a, b)] which satisfies 
y- b| <é 
In other words, a function f tends to a limit 1, when (x, y) tends to (a, b) if for every positive number 
€, there corresponds a neighbourhood N of (a, b) such that 
| f(% y)-I] <e, 
Jor every point (x, y) other than (a, b) of the neighbourhood N. 
Symbolically we then write 


|x-al|<6, 


lm f(x, ye=l. 


(x ya, b) 
lis the limit (the double limit or the simultaneous limit) of f when x, y tend to a & b simultaneously. 
Remark: The above definition implies that there must be no assumption of any relation between the independent 
variables as they tend to their respective limits. 


For instance take f(x, y) where 


and find the limit when (x, y) > (0, 0). 
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m, 


If we put y= m,x and let x > 0, we get the limit to be equal to =. While putting y= mx leads to a limit 
+m, 
m aes : i P ; 3st 
j 2—_ Similarly letting x — 0, while y remains constant or vice-versa leads to zero limit. Thus, we are led to 
+ my 


erroneous results. Geometrically speaking when we approach the point (0. 0) along different paths, first along lines with 
slopes m, and m, and then along lines parallel to the coordinate axes, the function reaches different limits. The 
simultaneous limit postulates that by whatever path the point is approached, the function /attains the same limit. In 
general the determination whether a simultaneous limit exists or not is a difficult matter but very often a simple 
consideration enables us to show that the limit does not exist. 


It may however be noted that 
lm f(x, y)=l => lim f(x,b)=l= lim f(a, y) 
xa roe 


(x, (a,b) 


Non-existence of limit. The above remark makes it amply clear thatif lim = f(x, y) =/ and if 


(x, y)(a, b) 


y = @(x) is any function such that 6(x) +b, when x >a, then lim f(x, 6(x)) must exist and 


xa 
should be equal to /. 

Thus, if we can find two functions @(x) and @,(x) such that the limits of f(x, 6,(x)) and 
f(x, (x) are different, then the simultaneous limit in question does not exist. 


Example 1(a). Let 


xy 


if x'+y?#0 


5 


f(x y)=4at4 y 
0, if x+y=0 


If we approach the origin along any axis, f(x, y) = 0. 
If we approach (0, 0) along any line y= mx, then 


3 
mx - mx 


f(x, y) = f(x, mx) = -~—0, ax—0 


22 2 
x bmx x+m 
So any straight line approach gives. 


lim f(x, y)=0 


(x, ¥)3(0, 0) 
, 2 
But putting y= mx", 


m 


lim f(x, y)= lim Sx mx?) = 
x0 


(xy) (0,0) 1+m? 


which is different for the different m selected. 


Hence, lim — f(x, y) does not exist. 
(x, y) (0,0) 


Thus, the function possesses no limit at the origin, but a straight line approach gives the limit zero. 
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Example 1 (4). Show that 


: xy? 
lim = ———> does not exist. 
(x. 9)30,0) x2 4 y 


a If we put x= my" and let y + 0, we get 


, 2my* 2m 
lim ——_,, = 5 
y30 (m+ ly 1+ mm 


which is different for different values of m. 


Hence, the limit does not exist. 


Remark: _Itis pointed out earlier also that the determination of a simultaneous limit is a difficult matter but a simple 
consideration, as shown above, very often. enables us to show that the limit does not exist. We now show that 
sometimes it is possible to determine the simultaneous limit by changing to polars. 


Example 2 (a). Show that 


lim 
(xy) (0,0) 


a Put x=rcosé, y=rsin@ 


fa 
4 
or if 


lxlew¥e =, |ylexie <3 


Thus for € > 0, 3.6 > 0 such that 


-O}<e, when |x| <6, 


y|<d 


lim xy 
= (x y)9(0,0) 7 ye op 
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Example 2 (4). Show that 
2.2 
Vry+l—1 
lim 2" "20 
Cx. y) (0,0) Xe Ey 
a Since x, y are small 
22 2 )2 
yerytl-1_ d+xey?-1 97? 
= 2 2 uo 2 
Boy KEY 


72 
xe 
Now changing to polars, we can show, as in the above example, that 


132 
=x*y 
=0 


lim Ss 
(x. y)(0,0) x7 + y 


Hence the required result. 
Ex. 1. Show that 
: i. 1 ; x 
(i) lim —+— |=, (ii) lim = y 
(x. y) (0, 0) |x| |y| (x, 9) 90,0) x7 + y 
(ii) lim (x+y)=0, (ivy) lim (I/xy) sin Gy + xy?) =0 
(x, y) (0,0) (a, y)(0, 0) 
Ex.2. Show that the limit, when (x, y) — (0, 0) does not exist in each case 
Ss 3 
ee in (i) im, 
aye Reb: 
22 3 3 
: rye ._ x+y 
(ii) lim>5 zs be = (iv) lim ee 
zy toy yl LY 


[Hint: (iv) Puty=x-—mx’]. 
Ex.3. Show that the limit, when (x, y) — (0, 0) exist in each case. 
AS 


(ii) lim = 


x 
oe ye 


() lim 
Vt) 
x'+ yt 
(iv) lin =—,;- 


3 
xy 


(i) lim 
Ee yO 


1.5 Algebra of Limits 


Iffand gare two functions with a domain N, we define four functions, f + g, fg, f/g on Nby setting 
(f + 8) @ y) = f(x y) + 8Q, y) 


Functions of Several Variables 


(f - 8) @ y) =f, y) - 8G, y) 
f-g (x,y) = f(x, y)> a(x, y) 
(f/g) (x, y) = f(x, y)/g(x, y). if g(x. y) #0, for (x, y)e N. 


Theorem lt. If f, g be two functions defined on some neighbourhood of a point (a, b) such that 
lim f(x, v) = 1. lim g(x, y) =m, when (x, y) > (a, b), then 


() lim(f + g)=limf + limg =/+m 
i) lim(f — g)=lim f -limg =/-—m 
(i) lim(f - g)=limf -limg =/-m 

f _ilimf 


(iy) lim> =—~= ay provided m # 0, when (x, y) > (a, b) 
g limg m 


The proofs are exactly similar to those of the corresponding theorems for a single variable. 


Example 3 (a). Prove that 


lim (x +2y)=5 


(x, yPUL 2) 


a Method |. (Using definition of limit). We have to show that for any € > 0, we can find 6 > 0, 
such that 


|x°+2y-5|<e, when| x -1|<6,|y-2|<6 
If|x—1|<6,and| y -2|<6,then 


1-8 <x<1+6and2-d5< y<2+6, excludingx=1,y=2 


Thus 
1-25 + 8 << 142648 
and 
4-265 <2y<4+26 
Adding 
5-464 0 <x? 4+2y <54+4648 
or 


45+ 0 <x + 2y-5< 4648 
Now if 6 <1, it follows that 
55 <x +2y-5<56 


CHAPTER 15 


tes x+2y-5|<5d=e 


so that db = €/5 (or 6 =1 whichever is smaller). 
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x74 2y-5|<e when|x-1|<d,|y-2|<6d 


lim = (2? +2y)=5 


(yy) 0, 2) 
Method2. Using above theorem on algebra of limits, 
lim (?+2y)= lim + lim 2y=1+4=5. 
(x, yO, 2) (x. y)91..2) (x,y), 2) 
Example 3(b). Show that 
: x sin (x + y sin (xy-2) _ 1 
(i) lim xsin (27+ y*) =0, (ii) lim, Sa eet 
(x, 9) (0, 0) ee y Gy.) tan "Bay -— 6) 3 
ee) ae ee 
' x sin (x7 + y~ sin (x° + y~ 
1 (i) lim sine ty) = lim x- an 2 =0.1=0 
(x, ¥)9(0, 0) Ky” (x, y)9(0, 0) (x, y)(0, 0) x+y" 


y in! Wl 
(ii) lim sin” (xy ~2) =lim a : . Where f = xy — 2 = lim————- = 2 
(wy)(2.) tan” 'Bxy -—6) 0tan™ 3r 1903K14+917) 3 


Ex.1. Showthat lim 


J 3 
tan~ (y/x), does not exist. 
(x. 90.) 


[sa : Limit from the left is and that from the right =| 
Ex.2. Show, by using the definition that 


lim  3xy=6 


(yy), 2) 


Ex.3. Prove that 


=x (y- 1? 


() lim x sing = 82, (ii) lime 


(x y)(4,. 72) (x y)3(0.1) 


=; 


Xx P= 


=0,x>0,y<l. 
(ii) we. Ace ra Be 
1.6 Repeated Limits 
Ifa function fis defined in some neighbourhood of (a, 5), then the limit 
lim f(x, y), 
yob 


if it exists, is a function of x, say @(x). If then the limit lim (x) exists and is equal to 2, we write 


xa 
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lim lim f(x, y)=2 


xa yb 


and say that 2 is a repeated limit of fas y 3b, x >a. 
If we change the order of taking the limits, we get the other repeated limit 


lim lim f(x, y) =’ (say) 


yb xa 


when first x > a, and then y > b. 


These two limits may or may not be equal. 


Note: In case the simultaneous limit exists, these two repeated limits if they exist are necessarily equal but the 
converse is not true. However if the repeated limits are not equal, the simultaneous limit cannot exist. 


Example 4.(/) Let 


xy 
(x, y) =. then 
>. = 
x+y" 


lim lim f(x, y) = lim (0) = 0, 


y30 x30 


lim lim f(x, y) =0. 


x30 y30 
Thus, the repeated limits exist and are equal. But the simultaneous limit does not exist which may be 
seen by putting vy = mx. 
(ii) Let 


fx, y= 


y+x Ilty 


lim lim f(x, yy =tin( 5) = 


x30 y0 x90) 


5 . 1 
lim lim f(x, y) = in iF L 
y30 x30 yoo{ 1+ y 
Thus, the two repeated limits exist but are unequal, consequently the simultaneous limit cannot 
exist, which may be verified by putting y= mx. 


Example5. Show that the limit exists at the origin but the repeated limits do not, where 


asf ; [1 
xsin|— |+ ysin]— |}, xy #0 
f(x y= E ) (;] 


0, xy=0 
a Here lim f(x, y), lim f(x, y) do not exist and therefore lim lim f(x, y); lim lim f(x, y) do 
yoo x30 x30 y30 v0 x30 


not exist. 
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Again 
| re! 2) 212) 
x sin — + y sin — <|x|+|y| S$ 2Q°+ y’) <6, 
y x 
if 
2. 5. 
Pe, po 
4 
or 


|x|<$=6. |y|<5=6 


Thus for ¢ > 0,46 >0 such that 


<e, when |x|<6, |y|<6 


ee! a 
x sin —+ y sin — 
y x 


: pe! Sem 
=> lim xsin—+ ysin— |=0. 
(x, y)(0, 0) y x 


Example 6. Show that the repeated limits exist at the origin and are equal but the simultaneous limit 
does not exist, where 


fay) 1, if xy #0 
x, y)= 
“lo, if xy=0 
a Here 
lim f(x, y) 1, if x20 
im f(x, y)= 
yo V0, Gf x=0 
lim tim f(x, y)=1 
Similarly, 


lim lim f(x, y) =1 


y30 x30 
Hence, the repeated limits exist and are equal. 


Again, since there are points arbitrarily near (0, 0) at which fis equal to 0 and points arbitrarily near 
(0, 0) at which fis equal to 1, therefore, there is an € > 0, such that 


| f(x. y) - £0, 0)| =| fx | te, 
for all points in any neighbourhood of (0, 0). 


Hence, lim — f(x, y) doesnot exist. 
(x, y) (0, 0) 
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Ex.1. Showthat lim f(x, y) and lim lim f(x, y) exist, but lim lim J (x, y) does not, where 
(x. ¥)3(0, 0) y30 x30 x30 y30 


y+xsin ut , if y#0 
FQ y)=4° y sy 


0 . if y=0. 
Ex.2. Show that lim lim J (x, y) exists, but the other repeated limit and the double limit do not exist 
1390 yo 


at the origin, when 


x=0 


eae y sin (I/x) + xvi + y*), x #0 


Ex.3. Show that the repeated limits exist but the double limit does not when (x, y) > (0, 0): 


: xy Fs xy? 
® f@ y= a (ii) f(x, y)={~— 
3 x+y ieee xt+ yl xy? 
Q = yy? 
oki * > x#y = a a Te aii: x#y 
(ii) f(y y=) x-y (iv) fy y)=4 47+ y? 
0, x=y 0, x=y 


Ex.4. Show that the limit and the repeated limits exist when (x, y) > (0, 0): 


gay 

xy>=—.  y) 4 (0,0 

fQ%, y= 2 rey eeu 
0, (x, y) = (0, 0). 


2. CONTINUITY 


A function fis said to be continuous at a point (a, b) of its domain of definition, if 


lim f(x, y) = f(a, b) 


(x, ¥) (a, b) 


In other words, a function fis said to be continuous at a point (a, b) of its domain of definition if for 
€>0, there exists a neighbourhood N of (a, 5) such that 


| #0, ») - f(a, b)|<e, forall (x, yye N 
Note: The definition of continuity of a function fat a point (a. b) requires that besides (a, b), fis defined in a certain 


neighbourhood of (a, b) and moreover the limit of fwhen (x, y) — (a, b) exists and equals to the value f(a, b). 


A function which is not continuous at a point is said to be discontinuous there at. 
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Remark: A point to be particularly noticed is that ifa function of more than one variable is continuous at a point, it is 
continuous at that point when considered as a function of a single variable. To be more specific if a function f of 
two variables x, y is continuous at (a, 6) then f(x, b) isa continuous function ofxatx=aand f(a, y) thatofyaty=6. 
The converse however is not true, i.e., a function may be a continuous function of one variable when the others 
remain constant and yet not be a continuous function of all the variables. 
For instance, consider a function /, where 


257 (x, y) # (0,0) 
f(% y=yxt+y 
0, at (0, 0) 


The function is not continuous at (0.0) for — lim ; f(x, y) does not exist. But 
( .0) 


x (0, 
lim f(x, 0) =0 = f(0,0), and lim f(0, y) = 0 = f(0, 0) 


so that fis continuous at (0. 0), when considered as a function of a single variable x or that of y. 

A function is said to be continuous in a region if it is continuous at every point of the same. 

Asin limits, it can be easily proved that the sum, difference, product and quotient (provided the denominator does 
not vanish) of two continuous functions are also continuous. 

The theorems on continuity for functions of a single variable can be easily extended to functions of several 
variables: the proofs for some of them, except for verbal changes. are the same while for others the method is not quite 
the same. However, within the scope of the present work, it is not possible to discuss all of them here. 


Example 7. Investigate the continuity at (0, 0) of 


» (x, y)# (0,0 
fe ater y (x, y) # (0, 0) 


0, (x, y) = (0, 0) 
a Since lim) E f(x, y) does not exist, therefore the function is not continuous at (0, 0). 
(x, 990, 0) 


Example 8. _ Investigate for continuity at (1, 2 


xv+2y, (~% y) #2) 


( y)= 
Das i (, y)=(,2) 


a Here 
lim — f(x, y)=5# f(l, 2). 


(x, ya, 2) 
Hence, the function is not continuous at (1, 2). 
The point (1, 2) is a point of discontinuity of the function. 
However, if the function has the value 5 at (1, 2), it was then continuous at the point. 


Remark: If, as in the above example, it is possible to so redefine the value of the function at a point of discontinuity 
that the new function is continuous, we say that the point is a removable discontinuity of the original function. 
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Example 9. Show that the function 


xy 


FS —., (x, y) # (0, 0) 
f(x y=hyxrty? 
0, (x, y) = (0, 0) 
is continuous at the origin. 
a Let x=rcos@, y=rsin@. 
r|cos@ sin@|<r=Jx°+y? <e, 
if 
2 
2,€ 2. €& 
x<—, ye 
7 2 
or, if 
|x/< 4, ly|<= 
v2 v2 
Thus 


xy 


> 2, 2 
(x, 9) 3(0,0) | Bip y 


lim 
(x, ue ai FO y= FO, 0) 


Hence, fis continuous at (0, 0). 


1. Show that the following functions are discontinuous at the origin: 


1 
=: (, y) #0, 0) 
(i) FG, y)=4axr+ y? ies 


0, (x, y) = (0, 0) 


=e 
® f= [4 yO, 0,0 =0 


aire) 


oS 
GY) (x, 9) #@,0), £0,0)=0 
Datoys) 


(ii) FQ, y)= ( 
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2. Show that the following functions are continuous at the origin: 


() FO, y=. @ y)# 0,0), £0, 0) =0. 
(x7 + y?) 
xy? 
Y (x,y) #(0,0 
(i) f(x y=>\x74+ 9? Gey 0) 


0, (x, y) = (0, 0). 
3. Show that the following functions are discontinuous at (0, 0). 


xy 
sas & ) # 0,0 
() fa y=srey (x, y) # (0, 0) 
0, (x, y) = (0, 0) 


xy 
di) f(x, y= y 


x=y 


(iii) f(x y) » (x y) # (0, 0), FO, 0) = 0. 


x+y? 


4. Discuss the following functions for continuity at (0, 0). 


@) fQ yWayety 


x 
2wX—, (xy) #(0,0 
i) faye rea F PEO 


0, (x, y) = (0, 0) 


Gy f@y)= 0, (x, y)=(2y, y) 
oD exp {lx — 2yMx? — 4xy + 4y?)}, (x y) # 2y, y)- 


5. Show that /has a removable discontinuity at (2, 3): 
3xy, (x, y) # (2, 3) 
6, (x, y) =(2, 3) 


Suitably redefine the function to make it continuous. 
6. Show that the function fis continuous at the origin, where 


v-y 
fy yayxrty’ 
0, (x, y) = (0, 0). 


f(x, v=f 


(x, y) # (0, 0) 
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7. Can the given functions be appropriately defined at (0, 0) in order to be continuous there? 


ti) fG: y)=|z", (i) f(x, y)=sin~, 
y 
ety 2 Tne 
(ii) fx yes = (iv) FQ, y) = 2 log (x° + y*). 
x+y? 


3. PARTIAL DERIVATIVES 


The ordinary derivative of a function of several variables with respect to one of the independent variables, 
keeping all other independent variables constant is called the partial derivative of the function with 


respect to the variable. Partial derivative of f(x, y) with respect to x is generally denoted by df /dx or 
J, or Gs y), while those with respect to y are denoted by df /dy or f, or f(x, y). 


Af — jim £2 +5% y= fos») 
Ox 6x30 Ox 


and 


of = lim f(x, y + dy) — f(x y) 
dy = 8y30 oy 


when these limits exist. 
The partial derivatives at a particular point (a, b) are often denoted by 


of of (a, b) 
——= 2b 
ER ox — 


and 


[Z| FOD o£ (a,b) 
(a,b) . 


dy oy 
_ pa flat+h, b) - fla b) 
f<(@, b) = lim — e— 
f(a, b) = lim fla, b+ k)~ fla, b) 
k30 k 1 
pale 
i the limit exists. c 
In case the limit exists. wi 
Example 10. If f(x, y) =2x?— xy + 2y°, then find of dx and df Ayat the point (1, 2). ou 
a Now = 
i>) 
a at (1, 2) 
ox 
of 


=-=-x+4y=7, at (1, 2) 
oy 
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Note: f,(1, 2) and f{(1, 2) have been respectively obtained from /,(x. y) and fi(x. y) by replacing (x, y) by (1. 2). The 
procedure, though simple, is not always possible. The reader has to be on his guard. 


Example 11. If 


(x, y) # (0, 0) 


7 


ety 
0, (x, y) = (0, 0) 


fy) = 


show that both the partial derivatives exist at (0, 0) but the function is not continuous there at. 
a Putting y = mx, we see that 


m 


lim f(x, y)= 
x30 Fe l+m 
so that the limit depends on the value of m, i.., on the path of approach and is different for the different 
paths followed and therefore does not exist. Hence the function f(x, y) is not continuous at (0, 0). 
Again 


£0, 0) =1im £0740 -F0.9) 5,99 

. h30 h fete 
f,(0, 0) = lim £(0-0 + k) ~ FO, 0) = lim o =0. 
eau k k0 k 


Notes: 

I. Unlike the situation for functions of one variable, the existence of the first partial derivatives at a point does not 
imply continuity at the point. The explanation lies in the fact that the information given by the existence of the two first 
partial derivatives at a point is limited. The values of f, and f, at a point (a, 5) depend only on the values of falong two 
lines through (a, b) respectively parallel to the coordinate axes. This information is incomplete and tells us nothing at all 
about the behaviour of the function fas the point (a, 6) is approached along lines not parallel to the axes. On the other 
hand, the continuity of fat (a, b) requires the function to tend to its value f(a, 6) by whatever path the point 
(a, b) is approached. Therefore, there is nothing surprising in the fact that the partial derivatives may exist at a point at 
which the function is not even continuous. 


2. Inthe above example. if x # y, 


(+ yy z 


and £,(0, 0). f,(0, 0) cannot be computed from them by letting x = 0, y= 0. 


EXERCISE 


1. If f(x, y) =8y +e”, find f,and f. 


(x?- y’) 


2. If f(x, y= =; 
fy) eaERty 


, when x74 y?#0, and f(0, 0) =0, show that 
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fx. 0)=0=f,(0.y) 


f(y) =, Ax, 0) =x. 


x —=/xy, 
—, if (x, y) #(0,0 

3, If fe) =4 eye * (, y) #0, 0) find £,(0, 0) and (0, 0). 
0, if (x, y) = (0, 0) 
xrty? ae 

4. If f(x, y)=) x-y ” ~ ” ~ , show that the function is discontinuous at the origin but possesses partial 
0, xay 

derivatives f, and f, at every point, including the origin. 

xy tan(y/x), (x, y) # (0, 0) 


On 


If f(x, y)= show that xf, + yf, =2f. 


0, (x, y) = (0, 0)" 


6. Calculate f.. fy. (0, 0), f,(0, 0) for the following: 


3 


=, #0, y#0 
() ff, y)=4x°4 y? 


0, x=0=y 
xy se 2 2) 
a—————— I eee 
(ii) f(x, y) =4 2x? + y? 
0, if x=y=0. 


7. Show that the function 
2 
xy 
f(x, y)=4 x44 y? 


0, x=0=y 


, x +y'40 


possesses first partial derivatives everywhere, including the origin, but the function is discontinuous at the origin. 
8. If F(x, y) = fn], find £0, 0), 6(0, 0). 


3.1__AMean Value Theorem 


If f, exists throughout a neighbourhood of a point (a, b) and F(a, b) exists then for any point 
(a +h, b +k) of this neighbourhood, 


f(a +h, b+k)— f(a, b) — hf,(a + Oh, b +k) + Kf, (a, b) +7) 
where 0<@<1, and 1) is a function of k, tending to zero with k. 


Now 
flat+h,b+k)— f(a, b)- f(a+h,b+k)- f(a,b+k)+ flab+k)-flab) — ...(1) 
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Since f, exists in a neighbourhood of (a, 5), therefore by Lagrange’s mean value theorem, 
flath,b+k)— fla,b+k)—hf(a+ 0h, b+k),0<@<1 aly 
Also f,(a, 5) exists, so that 


lim teh ere = f,(a,b) 


=> f(a, b +k) — f(a, b) = kf, (a, b) +7) ad 


where 77 is a function of & and tends to zero as k > 0. 
From equations (1), (2) and (3) we get the required result. 
3.2__A Sufficient Condition for Continuity 
A sufficient condition that a function f be continuous at (a, b) is that one of the partial derivatives exists 


and is bounded in a neighbourhood of (a, b) and that the other exists at (a, b). 


Let f, exists and be bounded in a neighbourhood of (a, 5) and let f(a. b) exists, then for any point 
(a+h, b + &) of this neighbourhood we have (§ 3.1) 


flath, b+k)— fla, b) — hf, (a+ Oh, b + k) + Lf, (a, 6) +m) 


where 0<@<1, and 70 as k > 0. 


Proceeding to limits as (h, k) — (0,0), since f,(a + @h, b + k) is bounded. we have 


i k)= * 
eee Tee 


> fis continuous at (a, 5). 
Note: A sufficient condition that a function be continuous in a closed region is that both the partial derivatives exist 


and are bounded throughout the region. 


4. _DIFFERENTIABILITY 


Let (x, y), (x + 6x, y + Sy) be two neighbouring points in the domain of definition ofa function 7: The 
change df in the function as the point changes from (x, y) to (x + 6x, y+ dy) is given by 


Of = f(x+ dx, y+ dy) — f(% y) 
The function fis said to be differentiable at (x.y) if the change df can be expressed in the form 
Of =Adx+ B dy + dx O(6x, Sy) + dy w(x, dy) wll) 

where 4 and Bare constants independent of dx, Sy and ¢, y are functions of dx, dy tending to zero as 
Ox, Oy tend to zero simultaneously. 

Also, Adx + Boy is then called the differential of fat (x, y) and is denoted by df. Thus 

df = Adx + Boy 
From (1) when (dx, dy) — (0, 0), we get 


Functions of Several Variables 


f(x + dx, y+ dy) — f(x, y) 30 
or 
f (xt 6x, y+ dy) > f(x, y) 
=> The function fis continuous at (x, y) 
Thus every differentiable function is continuous. 
Again from (1), when dy =0 (i.e., v remains constant) 
Of =A dx + dx (6x, 0) 


Dividing by 5x and proceeding to limits as 6x — 0, we get 


of 

=—=A 

ox 
Similarly, 

of 

—=B 

oy 


Thus, the constants A and B are respectively the partial derivatives of f with respect to x and y. 

Hence, a function which is differentiable at a point possesses the first order partial derivatives 
there at. 

Converse, of course is not true, so that functions exist which are continuous and may even possess 
partial derivatives at a point but are not differentiable there at (see example 12), 


Again the differential of fis given by 
df = Adx+ Bdy= of gy + # sy 
ox oy 


Taking f= x, we get dx = 6x. 
Similarly taking f=, we obtain dy = dy. 
Thus, the differentials dx, dy of x, y are respectively 6x and dy, and 
i ee tee dy ide W fd wile) 
ox dy : : 


is the differential of fat (x, y). 


Notes: 
!. Ifwe replace dx, Sy, by h, kin equation (1) we say that the function is differentiable at a point (a, b) of the domain 
of definition if df can be expressed as 
df = f(a+h,b+k)— f(a, b) 
= Ah + Bk + ho(h, k) + kw(h, k) (3) 
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where A =/,, B=f, and 9, W are function of h, k tending to zero as h, k tend to zero simultaneously. 

2. We have seen that a function differentiable at a point is necessarily continuous and possesses partial derivatives 
there at. Not only that, we talk of differentiability at a point of a function only when it is continuous and has partial 
derivatives there at, for it is only then that it can be expressed in the form of equation (1). 
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Let a function fand its partial derivatives f,, f, be continuous at a point (x, y) of its domain of definition, and let 
Of = f(x + dx, y + dy) — fx y) 


=(f(x+ dx, y + dy) — f(x, y + dy)} + (f(x y + dy) — FO, y)} 
Using Lagrange’s mean value theorem of one variable, we get 
Of = 6x f(x +0, 6x, y + dy) + dy f,(x, y + Ody) 
where 0< @<1,0<0,<1. 
Since f., dy are continuous at (x, y) therefore when (6x, Sy) > (0, 0), we get 
Of =(f.+ 0) 6x + (f+) dy 
when @ and Y¥ tend to zero as (6x, dy) > (0, 0) 


Of =f, 6x+ f, dy + dxo+ dyy 


We now give an example to show that a function may be continuous and possess partial derivatives at a point and 
still may not be differentiable there at. 


Example 12. Let 


pe 
x-y 
ss Oy) # (0, 0) 
fa y=4xr4+y 
0, (x, y) = (0, 0) 
Put x=rcos0@, y=rsin@. 
3_ 3 
~ Ba =| r(cos*@ - sin’ @)| < 2|r|=2 x+y? <e,; 
x+y” 
if 
2 
Le, ye 
or, if 
x\< lyl< 
I+ wW2 ly! 2/2 
5A 
x-y é € 
—0|<e, when | x} <—~, | y]}<—= 
r+y? Ix| 22 »| 2/2 
3_ 3 
= lim +2 =0 
(9990.0) x? 4 
=> 


lim f(x, y) = f(0, 0) 


Cx, y)(0, 0) 
Hence the function is continuous at (0, 0). 
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Again, 
pes FRO — SO) _ 2 A=D 
fOr 0)= fy FOO LOD = gO 
(0,0) = tim SO AOD 2 tig SY 21 
z k0 k k>0 k 


Thus, the function possesses partial derivatives at (0, 0). 
If the function is differentiable at (0, 0), then by definition 
df = f(h, k) — f(0, 0) = Ah + Bk + h@ + ky re 
when 4 and B are constants (A = f,(0, 0) =1, B= f,(0,0)=—1) and ¢,y tend to zero as 
(h, k) > (0, 0). 
Putting h = p cos@, k = p sin 9, and dividing by p, we get 
cos’ 6 — sin? @ = cos@ — sin@ + ¢ cosO + y sin@ niko} 
For arbitrary @ = tan”! (h/k), p — O implies that (h, k) — (0, 0). Thus we get the limit, 
cos* @ — sin? @ = cos@ — sin@ 
or 
cos@ sin@ (cos@ — sin@) = 0 
which is plainly impossible for arbitrary @. 
Thus, the function is not differentiable at the origin. 


Note: The method used to show that the function is not differentiable, can also be used to show that the function is 
not continuous at (0, 0); for example, 


The function /; where 
xy se ae) 
» x+y #0 
f(x yaqx?+ y? : 
0, if x=y=0 


is not differentiable at the origin because it is discontinuous there at. 


Example 13. Show that the function £ where 


ee tet y’#0 
fy =4 4x4 y? 
0, if x=y=0 


is continuous, possesses partial derivative but is not differentiable at the origin. 
a As was shown in Example 9, fis continuous at the origin. Also it may be easily shown that 
f,(0, 0) =0 = f,(0, 0) 
If the function is differentiable at the origin, then by definition 
df = f(h, k) — f(0, 0) = Ah + Bk + hg + ky zt bY 
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where 4 = f,(0, 0) = 0, B= f(0. 0) = 0, and @, y tend to zero as (h, k) — (0, 0). 
hk 


Putting k = mh and letting h > 0, we get 


=ho+ky (2) 


oe == lim (6 + my) =0 
yltm? te 
which is impossible for arbitrary m. 
Hence, the function is not differentiable at (0, 0). 


Note: Ifwe put h =r cos@, k =r sin@ in (2) we get 
cos@ sin@ = ¢ cos@ + y sin@ 
For arbitrary 6, r > 0 implies (h, k) > (0, 0). 
Thus when r — 0, we get 
cos@ - sin@ =0 
which is impossible for arbitrary @. So fis not differentiable at the origin. 


Ex. 1. Show that the function £, where 


xsin I/x + ysin I/y, xy #0 


xsin 1/x, y=0,x40 
f@y=4 

ysin I/y, x=0, y#0 

0, x=O0=y 


is continuous but not differentiable at the origin. 
Ex. 2. Show that the function |xl+1y! is continuous, but not differentiable at the origin. 


Ex. 3. Discuss the following functions for continuity and differentiability at the origin. 


xy 


() fy y= when (x, y) # (0, 0) and f(0, 0) =0 


= 


ty 
(ii) f(x, y)=ysin I/x, if x #0, Ff, y)=y. 


4.1__A Sufficient Condition for Differentiabili 
Theorem 2. If (a, 6) be a point of the domain of definition of a function f such that 


(/) f. is continuous at (a, b), 
(ii) dy exists at (a, b), 
then f is differentiable at (a, b). 
The condition (i) implies that f, exists in a certain neighbourhood (a — 6, a + 6; b- 6, b + 6) of 
(a, 6). Let (a + h, b + k) be a point of this neighbourhood. Thus 
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df = f(at+h,b+k)—- f(a, b) 
= f(ath,b+k)—- f(a,b+k)+fla,b+k)—- fla, b) (1) 
Since f, exists in (a — 6, a+ 6; b — 6,b +6), applying Lagrange’s mean value theorem, we get 
f(at+h, b+k)— fla,b+k)=hf(a+ 6h, b +k) (2) 
where 0 < @ <1, and depends on / and k. 


Again, since f, is continuous at (a, 4), therefore 


f(a + Oh, b +k) = f(a, b) 


lim 
(h, k)3(0, 0) 
so that we can write 
fa + Oh, b + k) = f.(a, b) + O(h, k) is(B) 
where @(h, k) > Oas (h, k) > (0, 0). 
Again, since by condition (ii), f,(a, 5) exists, therefore 


lim f(a, b +k) — fla, b) 


k30 k 


= f,(a, b) 


so that we can write 


FOOD ALO) - Ka b) + yk) AA) 
where w(k) 30 as k 30. 
From (1), (2), (3) and (4), we get 
df =hf,(a, b) + Kf, (a, b) + h@(h, k) + ky(k) 


> fis differentiable at (a, b). 


Note: Ina similar way it can be shown that fis differentiable at (a, b), iff, exists and f, is continuous at (a, b). 
In fact, one of the partial derivatives is to be continuous and the other merely to exist at the point. 


Remark: We have shown that the condition of existence of one partial derivative and the continuity of the other is 
sufficient to ensure that the function is differentiable but with the help of an example (Example I below) we now show 
that the condition of continuity is not necessary so that function may be differentiable even though none of the partial 
derivatives is continuous. However, if the function is not differentiable at a point, the partial derivatives cannot be 
continuous there at (Example II). 


Example I. Consider the function 


x’ sin x + ysin I/y, if xy #0 

2. : 

x” sin I/x, if x#Oand y=0 

FREWEY o.. . 
y’ sin I/y, if x=Oand y#0 


0, 
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a The partial derivatives, 


fA ) 2x sin I/x — cos I/x, if x #0 
x, y= 
Ei |) if x=0 
6» 2y sin I/y — cos I/y, if y #0 
(x, y) = 
pede Vo. if 7=0 


are discontinuous at the origin, so that both the partial derivatives exist at the origin, but none is continuous 
there at. 


Let us show that the function is differentiable at the origin. Here, 
f(h, k) — f (0, 0) =f’ sin Wh + k? sin Wk 
= 0h + Ok + h(h sin /h) + k(k sin 1k) 


Now (/ sin 1/h) and (& sin 1/k) both tend to zero when (h, k) > (0, 0) so that fis differentiable at 
the origin. 


Example II. Prove that the function 


f(x, y) = Vhol 


is not differentiable at the point (0, 0), but that f, and f, both exist at the origin and have the value 0. 
Hence deduce that these two partial derivatives are continuous except at the origin. 


a Nowat(0,0), 
im Lt.) = FO, 0) ae 


£,(0, 0) = Het h 10 h = 
£,(0, 0) = lim £00.) = FO. 0) =lim 0 =0 
k30 k k0k 


If the function is differentiable at (0, 0) then by definition 
f(h, k) — f (0, 0) = Oh + Ok + hd + ky 

where @ and W are functions of and k, and tend to zero as (h, k) — (0, 0). 

Putting h = p cos@, k = p sin@ and dividing by P, we get 

|cos® sino |” = ¢ cos +y sin@ 
Now for arbitrary 8, 9 — 0 implies that (h, k) > (0, 0). 
Taking the limit as p — 0, we get 
|cos@ sin oe” = 0) 

which is impossible for all arbitrary 6. 


Hence, the function is not differentiable at (0, 0) and consequently the partial derivatives f, /, 
cannot be continuous at (0, 0), for otherwise the function would be differentiable there at, 
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Let us now see that it is actually so 


For (x, y) # (0, 0). 
f(x th, wie y) 


oo Met Allyl-viallyl zai - yi |x|] y| 


pa 


ar yl |x| |x| 
neal + rl] 


Now as h->0, we can take x +h > 0, i.e, Int+hl=x+h, when x > 0 andx+h<0or 


Ix + hl=-(x +h), whenx <0. 


fy) = lim 


o et. when x > 0 
2 |x 
f.(% y= 
ey Fay when x <0 
2\| 
Similarly, 
1 |x 
— |—, when y>0 
2 ly 
f,@ y= 
1 [|x 
-—,/——, when y<0 
2\Iy| 


which are, obviously, not continuous at the origin. 


Example 14. Show that the function £ where 


fe yet ee ye 


is differentiable at the origin. 
a Itmay be easily shown that 


f,(0, 0) =0= f,(0, 0) 


Also when x?+ y? #0, 
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Evidently 
SAX, y) =0= f,(0, 0) 


lim 
(x.y) (0.0) 
Thus f. is continuous at (0, 0) and £(0, 0) exists. 
> Sis differentiable at (0, 0). 


4.2 Algebra of Differentiable Functions 


If f and g are two functions differentiable at (a, b), then f + g, fg are differentiable at (a, b); fig is 
differentiable at (a, 5), if g(a, b) #0, and 


d(f +g)=df +dg 
d( fg) = gdf + fdg 
d(flg) = (gdf + fag)/g’. 


5. PARTIAL DERIVATIVES OF HIGHER ORDER 


If a function f has partial derivatives of the first order at each point (x, y) of a certain region, then f,, Ty 
are themselves functions of x, y and may also possess partial derivatives. These are called second order 
partial derivatives of fand are denoted by 


SF er = 
aie } Sola he 
(of )_ Of _ 
Be geet 
a(a)_®F _, 
dx\ dy | axdy ~” 
a(n) ee ., 
dy\ ax} daydx ~™ 
3 
In a similar manner higher order partial derivatives are defined. For example 5 we = fy and so 
Ixdxdy 


on. 
The second order partial derivatives at a particular point (a, b) are often denoted by 


[=| LGD) (a,b) oF £300) 
Ox" Jean) OF ‘ 


or fey (a, b) 


af a f(a, b) 
Oxoy ae > axdy 


and so on. 
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Thus 
fi sa, b) = tim BEAR LAG) 
fy (a, b)= fim 2O* ROA HED 
Fg (@y b) = him phieht OE 


fy (a, b) = lim k 


in case the limits exist. 


5.1__ Change in the Order of Partial Derivation 


In most of the cases that occur in practice, a partial derivative has the same value in whatever order the 
different operations are performed. Thus, for example. it is usually found that 


Sey Sw Seve Tease evay. deo, 
and one is often tempted to believe that it is always so. But it is not the case and there is no a priori 
reason why they should be equal. Let us now see why f,, may be different from /,, at some point (a, 5) 
of the region. 


Now 
(a+h.b)— f.(a,b 
AG b) = lim Ss (a +h, b) Js (a, b) 
hoo h 
iret [im flathb+k)~ flath.b) 5 flab+k= fa 2) 
h>0 fy | k0 k k30 k 
= Jim lim flat+h,b+k)— flat+h,b)— fla,b+k) + fla, b) <iniilin oh, k) 
ho0 k30 hk ha0k30 hk 
where @(h,k) = f(a+h, b+k)— flat+h,b)— f(a,b+k)+ f(a. b). 
Similarly, 


Fela, b) = tim tim 242 
k30n30 hk 


Thus we see that f(a, b) and f,,(a, 5) are the repeated limits of the same expression taken in 
different orders. There is therefore no a priori reason why they should always be equal. 

Let us consider an example to show that f,, may be different from /,. 
Example 15. Let 


a(x y y) 


fQ%y)= . (x, y) # (0, 0), f (0, 0) = 0, then 


show that at the origin f,,# f,,. 
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(h,0) — f,0, 0 
fy(0,0) = fim PAO LOO) f,(0.0) 


h 
f,(0, 0) = lim £0. k) = FO, 0) = lim 0 =0 
e k30 k ko0k 


f(h, k) = f(h, 0) aie hk(h° — k-) =h 


(h, 0) = li 
F(t, 9) io k0 k- (+k?) 


Again 
— i fx (O, &) — (0, 0) 
F(0, 0) = lim = 
But 


fh, 0) ~ £0.0) _ 5 


£,(0, 0) = lim - 


Sh, k) = f(0, k) at hk(ho—k-) _ 
h 


0, k) = li = 
F,0.1) io ho0 hh? +k?) 


=e 0 
Fyg(0, 0) = lim —[—==1 


Fey (0, 0) # fy (0, 0). 
Example 16. Examine the equality of f,, and f,,, where 
f% yyeeyte™ 
a Now 
fy = + 2Qxye™ 
* fp HBr v2 ye” + 2Qxwe™ 
Again 
f= Bx°yt ye™ 


fe = 3x +2 ye™ + 2Qayre™ 


= ay = fee 
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EXERCISE 


|. Verify that /, =, for the functions: 


2x-y 
(a) =, (b) xtanxy, (c) cosh(y+cosx), (d) x 
Bes) 


indicating possible exceptional points and investigate these points. 


5 2 Ore sidne 
Show that z = log {(x—a) + (v— bY} satisfies ae + 3 = 0, except at (a. b). 
x by 


Show that z = x cos (j/x) + tan (y/x) satisfies x°2,, + 2x9 = 


i) 


+ yz, = 0, except at points for which x = 0. 


4. Prove that fi, # dies at the origin for the function: 
f(x, y)=x tan (y/x) — y? tan! (x/y), «#0, y #0 
f(x, y) =0, elsewhere. 
It f(xy, = (P+ +21", show that 
a ao e 
= + = + ae = 05 


6, Examine for the change in the order of derivation at the origin for the functions: 


wn 


() f(x, y)=e* (cosy + x sin y) 


(ii) f(x, y) =yx+ y® sin 26, 
where f(0, 0) =0 and = tan! (y/x), 
(iii) f(x, y= | x-y | 
7. Examine the equality of f,(0, 0) and f,,(0, 0) for the function: 
f(x, y) = (+ y?) tan (y/x), x #0, £0, y) = zy?/2. 
8. Given u=e* cos y +e’ sin z, find all first partial derivatives and verify that 
au du du du du du 
axdy dydx’ dxdz dzdx' dydz ~ Azdy" 


5.2 Sufficient Conditions for the Equality of f,, and f,, 


As was said earlier there is no a priori reason why f,, and f,,, should always be equal. We now give two 
theorems the object of which is to set out precisely under what conditions it is safe to assume that 
Ay =f at a point, ie., sufficient conditions for the equality of f,, and f,,.. 


Theorem 3. Young’s theorem. If f, and f, are both differentiable at a point (a, b) of the domain of 
definition of a function f. then 
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Soa, b) = f(a, 6) 


The differentiability of f, and f, at (a, b) implies that they exist in a certain neighbourhood of (a, 6) 
and that all the second order partial derivatives f.. fy fix» fy exist at (a, 6). 
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We prove the theorem by taking equal increment /: both for x and y and calculating #(h, h) in two 
different ways. 
Let (a+ h, b+ h) be a point of this neighbourhood. Consider 
o(h,h)= f(a+h,b+h)— flat+h, b)— f(a, b+h)+ f(a, b) 
G(x) = f(x, b +h) — f(x, b) 
so that 
Oh, h)=G(a + h) — G(a) ail) 


Since /, exists in a neighbourhood of (a, b), the function G(x) is derivable in Ja, a+ A[ and therefore 
by Lagrange’s mean value theorem, we get from (1). 


Oh, h) =hG(a+ Oh), 0<O<1 
=h{ f(a + @h,b +h) — f(a + Oh, b)} «i(2) 
Again, since f, is differentiable at (a, b), we have 
f(a + Oh, b + h) — f(a, b) = Ohf,,(a, b) + hf, (a, b) + Oh, (h, h) + hy, (h, h) «if 
and 
SL. (a + Oh, b) — f(a, b) = @hf,,. (a, b) + Ahd,(h, h) (4) 
where ¢,, YW, % all tend to zeroas h > 0. 
From equations (2), (3), and (4), we get 
(h, h)lh? = f,. (a, b) + OG,(h, h) + (hy h) — 09,(h, h) (5) 
By asimilar argument, on considering 


H(y)= f(a+h, y)—- fla, y) 
we can show that 


O(h, hy/h? = f(a, b) + O(h, h) + O'Ya(h, h) — O'y(h, h) (6) 


where $;, Wa, YW; all tend to zero as h > 0. 


On taking the limit as h — 0, we obtain from equations (5) and (6) 


lim hy h) = 
h30 fy? 


Sry (a, b) = f(a, b). 


Note: Analternative set of conditions which involves only the existence of one of the second order partial derivatives 
of fat (a, b) provided we assume also its continuity. is made in the following next theorem. 


Theorem 4. Schwarz’y theorem. If f, exists in a certain neighbourhood of a point (a, b) of the 
domain of definition of a function f, and f,,, is continuous at (a, b), then f,,(a, b) exists and is equal 
to f,,(a, b). 


Under the given conditions, /,, f,, and f., all exist in a certain neighbourhood of (a, 5). Let (a + h, 
b +k) bea point of this neighbourhood. 
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Consider 
o(h, kk) = f(at+h, b+k)— flat+h, b)— f(a,b+k)+ fla, b) 
G(x) = f(x, b +k) — f(x, b) 
so that 
oO(h, k) = G(a + h) — G(a) wal 1) 


Since f, exists in a neighbourhood of (a. b), the function G(x) is derivable in Ja, a+ h[, and therefore by 
Lagrange’s mean value theorem, we get from (1) 


(h, k) =hGa+6h), 0<O<1 
=h{ f(a t+ 0h, b +k) — f(a + Oh, b)} sala) 


Again, since f,,. exists in a neighbourhood of (a, 5), the function f, is derivable with respect to y in 
Jb. b+ &{, and therefore by Lagrange’s mean value theorem, we get from (2) 


O(h, k) = Nify.(a + Oh, b+ Ok), O<6' <1 


or 
1} f(ath,b+k)—- f(a+h, b) _ f(a, b +k) — f(a, b) = f(a + 0h, b + Ok) 
h k k ’ 
Proceeding to limits when k — 0, since f, and, exist in a neighbourhood of (a, 5), we get 
(a+ h,b)— f(a, b 
BEN. Ne) =lim f,.(a + 0h, b + 0k) 
h k>0 °° 
Again, taking limits as h — 0, since f,, is continuous at (a, 5), we get 
fy (a, b) = tim lim fyx(a + Oh, b + OK) = f(a, b) 
Notes: 


I. Iff,, and f,, are both continuous at (a, b). then f,,(a, b) = f,,(a. 6). for the assumption of continuity of both these 
derivatives is a wider assumption than those required for proving either Theorem 3 or Theorem 4. 

2. If the conditions of Young’s or Schwarz’s theorem are satisfied then f, = /,, at a point (a, 5). But if the conditions 
are not satisfied. we cannot draw any conclusion regarding the equality of f,,, and /,, they may or may not be equal 
(see examples 17 and 18). Thus the conditions are sufficient but not necessary. 


Example 17. Show that for the function 


2.9 


xy 
: ——_ @.y)# (0,0) 
FO, y)=4x°+ > me 

0, (x, y) = (0, 0) 


f(0, 0) =7,,(0, 0), even though the conditions of Schwarz’s theorem and also of Young’s theorem are 
not satisfied. 
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0) x 


f(0, 0) =1 0 
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Similarly, £,(0, 0) = 0. 
Also, for (x, y) # (0, 0), 


WiGe Ws (x2 + y?)- Qxy?— x7 y?- 2x Z 2xy* 
x) (e+yy Ott yy 
axty 
(2) = Sa 
f (© sae oa a a 
Again 
fye(0, 0) = lim LOM= £0.90) _ 
3 530 y 
and 
F,(0, 0) = 0, so that £,(0, 0) = f,(0, 0) 
For (x, y) # (0,0), we have 
28. d= Buy (xt y?)P—2ayt dy ty?) By? 
yw ) (et yy (ety 


and it may be easily shown (by putting y = mx) that 
lim f(x, y) #0= f,.(0, 0) 


(x, y)3(0, 0) 
so that f,, is not continuous at (0, 0), ie., the conditions of Schwarz’s theorem are not satisfied. 
Let us now show that the conditions of Young’s theorem are also not satisfied. 
Now 


im S,(x, 0) — f,(0, 0) -0 


FeO, 0) = li 
x ¥ 


Also f, is differentiable at (0, 0) if 
f(A, k) — f.(0, 0) = fe (O, 0) + fy, 0) +k + ho + ky 


or 


4 
a =ho+ky 
where @, y tend to zero as (h, k) — (0, 0). 
Putting 4 = p cos@ and k = p sin@, and dividing by P, we get 
2 cos@ sin* @ = cos@ - o + sinéy 
and (h, k) — (0,0) is same thing as p — 0 and @ is arbitrary. Thus proceeding to limits, we get 
2 cos@ sin’ @ =0 


which is impossible for arbitrary @. 
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=  f-is not differentiable at (0, 0) 
Similarly, it may be shown that /, is not differentiable at (0, 0). 
Thus the conditions of Young’s theorem are also not satisfied but, as shown above, 


J,(0, 0) =f,,(0, 0). 
Example 18. Show that the function 


» (x, y) 4 (0, 0) 


(0,0) =0 
does not satisfy the conditions of Schwarz’s theorem and 
fey (0, 0) # fy, (0, 0) 


a Itmay be shown, as in example 15, that 
Fry (0, 0) =1, f,,(0, 0) =-1 
so that 


S(O. 0) # fy (0, 0) 


Now, for (x, y) # (0, 0) we have 


Acton (x? + y?) yx? = y?) — 2x? yO? = y?) be y{xt+ 4x? y?- y4) 


(eyy (e+ yp 


(x? + y?)? (xt + 12? y? — Sy} — ay? Ot y?) (28 + 40? y?- yt} 
ET 
Get y’) 


Fox, y) = 


2 2 
“ x°4 Oxy? 9x7 y*— yo 


(2 + y? S 
By putting y= mx or x = r cos@, y =r sin@, itmay be shown that 


(x ben 0) ful W#-1= fx(O, 0). 
Thus f,, is not continuous at (0, 0). 
It may similarly be shown that f,, is also not continuous at (0, 0). 


Thus, the conditions of Schwarz’s theorem are not satisfied. 


6. DIFFERENTIALS OF HIGHER ORDER 


Let z= f(x, y) bea function of two independent variables x and y, defined in a domain N and let it be 
differentiable at a point (x, y) of the domain. The first differential of z at (x, y), denoted by dz is given by 
dz dz 


dz =—dx + —dy 2th) 
Ox oy * 


its) 
b ad 
oc 
Wu 
= 
oO 
< 
< 
() 
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dz dz 
If dv and dy are regarded as constants and if Ax and Dy are differentiable at (x, y) then dz is a 


function of x and y and is itself differentiable at (x,y). The differential of dz, called the second differential 
of z, is denoted by a’z and is calculated in the same way as the first. 


dz = aude) =a{ Joc a J wsi(2) 
dz 


dz 
Replacing z by ae and en in(1), we get 


al } Oz ey nz ii 


ax) ax? dyox 
dz) d°z az 
d|— I 
ay ~ Oxdy ay? 
dz dz 
Also by Young’s theorem, since =— ae and 5~ ay are differentiable, we have 
az _ az 
axdy dydx 
Ce Ce | Oz 9 
d*z = —>dx" +2. dx dy + — dy" sis) 
a a2 dx Bid dx dy ay d) 
where, of course, dx? = dx « dx = (dx)’, dy? = (dy)? 
In abbreviated notation, it may be written as 
cea | 
dA“ z =| —dx +—dy | z a4) 
d [i y ay dy 
Again az is differentiable at (x, y) if all the second order partial derivatives a = are 
* axdy dy 


differentiable at (x, y). This condition also ensures the legitimacy of inverting the order of the partial 
derivatives with respect to x and with respect to y, and so 


3 a, 3, 3 3 
dz MEP +3 az dx’ dy + 3 az —dx dy~ 24 Tzay3 = a —dx pay z (5) 
x3 "dy axdy? ays ox oy 
Proceeding in the manner, we can define the successive differentials d‘z,d°z,... Thus the differential of 


nth order, d"z exists if d”~ 'z is differentiable, which implies that all the partial derivatives of the 
(n— 1)th order are differentiable. This condition also ensures the legitimacy of inverting the order of the 
partial derivatives with respect to x and with respect to y in the partial derivatives of order . Thus it may 
be shown by Mathematical induction that 
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d"z= oe a +n oe dx"! dy + n=) 
ox" ax" !ay , 2! 


= fa + 5” re 


Note: In the above discussion, x and y are Independent Variables and so dx and dy may be treated as constants. The 
reason for this being so is that the differentials of independent variables are the arbitrary increments of these variables. 


dx = 5x, dy = by. 


7. FUNCTIONS OF FUNCTIONS 


So far we have considered functions of the form 


z= f(x, y,..) 
where the variables x, y,... are the independent variables. We now consider functions 
z= f(x, y,-) 


where x, y,... are not independent variables, but are themselves functions of other independent variables 
Uy Vy... $0 that 
X= g(u,V,...)and y =h(u, v, ...) 


To fix the ideas, we consider only two variables x and y as functions of two independent variables 
wand v. The method of proof is, however, general. 


Theorem 5. Jf z= f(x, y) is a differentiable function of x, y and x= g(u,V), y=h(u, v) are 
themselves differentiable functions of the independent variables u, v, then z is a differentiable function 
of u, v and 


dz= 2 # ey 
ox oy 
just as though x, y were the independent variables. 


Let (w, v), (u + du, v + dv) be two neighbouring points of the domain of definition of x and y, and 
(x, vy), (v9 + 6x, y + dy) the corresponding points of the domain of definition of z, so that 
Ox = g(u + du, v + dv) — g(u, v) 
Oy =h(u + du, v + dv) — h(u, v) 
The differentiability, and hence the continuity of g and / imply that 
dx > 0, dy > 0, as (du, 5v) > (0, 0) 
Again, since g and /: are differentiable function of w and v, 
6x = g,0u + g,dv + 6,du + y,dv a) 
by =h,du + h,dv + 6,du + w,dv, w(2) 
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where ¢,. .W%, W> are functions of du, dv, and tend to zero as, 
(du, dv) > (0, 0). 


Also, dx = g, du + g, dv, dy =h, du+ h, dv. 
Also, since fis a differentiable function of x,y, we have 
z= f, Ox+ f, dy +6, dx + Wy dy, 


where @;, y, are functions of dx, Sy, and tend to zero as (dx, dy) — (0, 0). 


From equations (1), (2), and (3) we get 
62 = (fut fyh,) Ou + (fe) + fyh,) Ov + F du + F dv 


F=f. + LO, + O8y + OG + Woh, + War 


Fy= LY + LyWr + O38, + BW + Woh, + War 
Since the coefficients *, and F, of du, dv tend to zero as (du, dv) — (0, 0), therefore z is a 


where 


differentiable function of u, v and 
dz = (f.8, + f.h,) du+ F& + fh) av 


= fig, du + g, dv) + fi(h, du + h, dv) 
=f, dx + f, dy 
Oz 


dz 
dz =—dx + —dy. 
ee sade ly 


Remark: The theorem establishes a fact of fundamental importance that the first differential of a function is expressed 
always by the same formula, whether the variables concerned are independent or whether they are themselves functions 


of other independent variables. 


Note: The differential dz is sometimes referred to as the total differential. 


7.1 __ Differentials of Higher Order of a Function of Functions 


dz dz 
If —, — are differentiable functions of x, y so that they are also differentiable functions of w, v, and dy, 


ax’ dy 
dy are differentiable functions of wv, v, then from the preceding theorem we have 


dz dz dz dz > 
d(dz) =d dd. d’xt+d dy d-y 
= d(dz) (ifr C+ Rb+s y 


and on comparison with (2) and (3) of § 6, we see that 
az 9 oz zo, 2. & 2 
d?z =< dx? + 2—~dxdy + dy? +d? xt a? 
ax” oxdy as ay? ax oy 2 
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The differentials of higher orders can be written in the same manner, but their formation becomes 
more and more complicated and lengthy, and no simple general formula for "2 can be given. 


The introduction of more than two iitermediary variables causes no fresh diificuliy. Thus, when 


= f (XX), x4) and x, xX, x; are not the independent variables, 


te ee, 
ax, ae ~ Oe 


Ny 


2 C) Cc) a ) 
1 2= dx, + dx, dx, | 2+ 
; Ax, ss Ox, sae Ox, ‘ 


Note: Ifx, y are linear functions of independent variables u and y, i.e.. x and y are of the form x = a+ bu + cv. 
y =a’ +b'u+c’v then dx and dy are constants, and so d’x, dy and all higher differentials of x and y are zero, and 
therefore 


a OV 
d"z =| —dx + —dy | z, 
c-(Za+20): 


the form being same as for independent x and y. 


7.2__The Derivation of Composite Functions (The chainrule) 
From the preceding theorem we deduce two important results: 
Lif 
(i) x, y be differentiable functions of a single variable, and 
(ii) z is differentiable function of x and y, 
then z possesses continuous derivative with respect to t, and 


dz _dede , de dy 
dt oxdt oydt 
Because of (i), 


des > Gandy =D te 
dt “dt 


Since z is a differentiable function of x and y, and x, y are differentiable functions of /, we deduce 
from § 7, that z is a differentiable function of r. 


dz 
dz=—-dt ah 
z ai (1) 
Also dz= cis dx + vs dy = Be oe iy + de dy dt 2) 


ox dy oxdt dy dt 
From equations (1) and (2), 
de _ de dx, de dy 
dt oxdt oy dt ~-Q) 


* Variables like x, y which are functions of independent variables u, v are called intermediary variables. 
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F oe ? my oes ‘ , 
Again because of conditions (i) and (ii), a is a continuous function of /. 
t 


Corollary. Jf z= f(x, y) possesses nth order partial derivatives, and x, y are linear functions of a 
single variable 1, i.e.,x = a+ ht, y = b + kt, where a, b, h, k are constants, then 


Now 


SE, BM (24 pen 
dt oxdt odyd! ox dy 


Replacing z by nde + pe in(1), we get 
ox dy 


Oe OB og 8 ye ee a 
dt? dt\ dt ax| dx ay ox 


de Ble, teat yi 4242 42) «0 


By induction, we may obtain the required expression for f F 
a" 


IL if 


(i) x, y are differentiable functions of two independent variables u and v, and 
(ii) zis a differentiable function of x and y, 

then z possesses continuous partial derivatives with respect to u and v, and 

dz dzox dz dy oz dzdx  dzody 


and —= 


du dean # oy ou av dxav 2 dy ov 


Because of (i) 


x= ae a, + Say 


tt Vv 
will’) 
oy oy 
dy ==—du + —dv 
uu Vv 


Since z is a differentiable function of x and y and x, y are differentiable functions of w and v, we 
deduce from § 7, that z is a differentiable function of w, and v, and 
a) 


dz z 
dz =—du + —dv 
uu av 
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Also dz= oz dx + we dy = “= ae du +& dv 2 ay du + ay dv 
ox c\ Ou ov 9 ou ov 


_{ d¢ ax - dz oy Eee dz ox i dz dy iv 8) 
ox du dy du ox dv dy av nee 
Hence, from equations (2) and (3), we get 


dz _dzox dz dy dz _ dzdx dz dy 
= + and — = + 
du dxdu = day du’ ov dxdv dyav 


‘ a oz dz : 
Again, because of conditions (i) and (ii) we see that mn and 3 are continuous functions of w, v. 
1 Vv 
3 . 2 dx ba UX, 
Note: In(1) when xis a function ofa single variable ¢. we have dx = Bae so that the derivative aE appears as the 
It 


coefficient of a differential and that is precisely the reason why the derivative is also called the differential coefficient. 


2 z dz ba 
Example 19 If g =e” , x=fcost,y=/sins, compute SE atr=—. 
t 


de _dede , dy _ 2, 
. dt oxdt oy dt 


2 xy" 


) (cost —1 sint) + (2xve™ ) (sint + t cost) 


At pe ss x=0, y= 
2 


eal 


es (mm) «© 
dthien 4\ 2 8° 


dz Oz 


. Ifz=x-xy+y', x=r-cosd, y =r sin8, find —,—. 
Example 20, x -xyty, y 28 


dz __dzodx dz oy 
ees res 


fees aye 6 = 
‘7 a ede Bak = (3x7 y) cos@ + (3y*— x) sin@ 


dz _ dz ax , dz dy 


aA oe wae -yC r sin) + (By? —x)rcosé . 


Example 21. Show that z= f(x" y), where fis differentiable, satisfies 


&)-™(5} 
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dz dz du : 

— = - 2xy 
ox du ax 5D 2 
az _ az du 
dy duoy re 


a = f(u) y= aye 


& 


Aliter. dz= f'(u)du= f(xy) (2xy dx + x dy) 


Also dz = 3, pay 
ox ox 


then = = 2yp'aty), =x 6'"y) 
ox oy 
The result now follows as above. 


Example 22. If for all values of the parameter 2, and for some constant n, F(Ax, Ay) = A" F(x, y) 
(F is then called a homogeneous function of degree n), identically where F is assumed differentiable, 


OF OF GEE oo 6) 
prove that is a ya = nF. Hence show that, for F(x, y) =x y" sin” —, 
) ) x 


as Let Ax=u, Ay =v. Then 
F(u, v) = A" F(x, y) sty 
The derivative w.r.t. A of the left side of (1) is 


OF _ OF ou OF ov =r alas OF 
dA audd ovad du av 


The derivative w.r.t. A of the right side of (1) is n2"~! F(x, y). Then 


The result follows for A =1, then u=x.v=y. 


Again, since F(Ax, Ay) = (Ax)' (Ay)? sin! y/x = A°F(x, y), the result follows for 7 = 6. 
That it is so, can also be shown by direct differentiation. 


Example 23. Ifzis given as a function of two independent variables x and y, change the variables so 
that x becomes the function, and z and y the independent variables, and express the first and second 
order partial derivatives of x with respect to z and y in terms of the derivatives of z with respect to x 
and y. 
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= When x and y are independent variables and z the dependent, a usual notation (which will be often 
employed) is 


We know 
de de et = pdx + qdy i'l) 
ox oy 
Again, when z and y are independent and x the function, 
dv = Faz + Say met 1 
From equation (1), 


dx = —dz —- —dy mils 


ox_ 1 ox _ og 


dz ip dy Pp (4) 
Taking the differential of the first, we have 
et 
dz P 
or 

ax ne 1 

> dz + —— dy =-—~d (5) 
ae aya pe 


But p is a function of x and y. 


dp = Lee ere oe eae =rdx+sdy 


ox 
Hence from equation (5), 
ax ax r rq — sp 
Say dx +s dy)= ail ae +——dy using (3 
a ba re: r ra [using (3)] 


In this equation, we have only the differentials of independent variables and can therefore equate the 
coefficients of dz and dy, hence 


ax Dor Oe _ rq - sp 
ap Oye *P 


CHAPTER 15 


Mathematical Analysis 


In the same way, the second equation of (4) gives 


Di. 2 = 
ax cons a i __ pdg = adp 


wit) 
dzdy ay* p 


But dg = 2 a + Say = s dx +tdy, substituting, as before for dp, dg and using (3), we have 


from (7) 


2 2 2 2 
re is. rq — 2 pqs — tp — rq" 
E re Y dy =4 Pe + Pas P ue) 


ra ai dy 
dzdy oy” Pp P . 


and, therefore 


Ox _ 2pqs tp - rg 
ay o 


The value of 9*x/dzdy being the same as d°x/dvaz. 


Note: 


ax 3 eval ax ie rt—s? 
ac? ay? | dzdy p 


8. CHANGE OF VARIABLES 


In problems involving change of variables it is frequently required to transform a particular expression 
involving a combination of derivatives with respect to a set of variables, in terms of derivatives with 
respect to another set of variables. A general method, illustrating the principles involved is given below, 
but it can often be modified so as to reduce the algebraic work. 


We shall consider derivatives up to second order only. The higher derivatives may be obtained by 
exactly the same method; fortunately they are not often required. The algebra of the transformation is 
tedious but the method seems simple. 

Problem. [fz is a function f(x, y) of the independent variables x, y, and if x, y are changed to new 
independent variables u, v by the substitutions x = @(u, v), y = W(u, v), it is required to express the 
derivatives of z with respect to x, y in terms of u, v and the derivatives of 2 with respect to u, v. 

It is understood that f, ¢, y are differentiable (or possesses continuous partial derivatives) with 
respect to the corresponding variables. 

But rule II of § 7.2, we have 

a _ dea , day 
du oxdu dy du 
a _ dae , ae ay Al) 
dv oxdv dyav 
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Solving these for “ and oe we get 
x 


oy 

ae 42, gat 
ox ou ov 
de _ pd, pak 
dy ou ov 

= /. _ -2 | = -2/. _ a / 

where AS J,B= om J,C= ae WD= 5. J and 

ae ar 

= san = > Hd , called the Jacobian, 
du ov 


are functions of w and v. (Refer to § 2 of Chapter 16, for properties of Jacobians.) 
Thus, 


dz _ _ Ay, z) /A(x, y) and dz = _ Az, x) /A(x, y) 
ox a(u, v)/ A(u, v) dy Au, v) / Ou, v) 


dz a: 


Equation (2) expresses we and we in terms of 4, B, C, D, =, = which are all functions of U,V, 
ox oy du av 


and not contain x, y explicitly. 
From (2), 


Replacing z by & in equation (2), we get 
IX 


dz _ d(daz) af a dz a a az dz 
= = B =|A 
ax? alt) al 455 sl 4 f ou ‘i os (az ip | 


a(,9 , ,a a( ,a dz 
=A A B B A B 
| r) av }' ral ou 2 z | 
20°z az 20°z 0A 0A \dz OB OB \dz 
= A’ A A B 
ee au - al oe av? + ou % dv Jou as ou : dv Jov 


2 2 
The values of oe and oe may be found in the same way. 
yy 


dxdy 
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az dz 
Remark: The expression for ae 5, can also be found as follows: 
Ix dy 


dz _ dz du dz dv Az _ dz Ou ra dz dv 


= + —— 3 
dx dudx dvdx dy dudy odvoy ¢) 


Cl) 
To obtain = differentiate x= (u,v) and y=y(u, v) with respect to x, 
x 


Ox du dx dv dy du dy ov 
= + and 0= + 
du dx dv ax du dx dv ax 


and these give 


ou ov 
—=A.—=8' (4) 
ox ox 
Differentiating x= (u,v), y=y(u, v) with respect to y, we get 
av 
au 6p a 
oy oy “= 


Equation (3) now gives the required result. 


Note: Inthe ‘change of variables’ the variables x, y which are functions of u, v are called the Intermediate variables, 
while w, v are independent variables. 


Example 24. If w= F(x, y, z), and z= f(x, y), finda formula for 9?u/dx° in terms of the derivatives 

of F and the derivatives of z. 

a __ Inthe expression for F we consider x, y, z as intermediate variables, while in the expression for f we 
consider x and y as independent variables. 


Now ou ar Sane mS 


but since x and y are independent, ~ =0. 
IX 


Also, —= 


Differentiating a second time, we get 


OH ey ae Ep ep Veep @)\y oe 
ax? Ox LOM Oke Oul * - i 


2 
oP tor 24, 3 be roe 
% ox ax * axe 


of course, F and fare supposed to be differentiable. 
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Example 25. Show that f(xy, z—2x)=0 satisfies, under suitable conditions, the equation 


a = yes = 2x. What are these conditions? 
ox oy 
a Letw=xy, v=z—2x; then f(u, v)=0, and 
df =f, du + f, dv = f(x dy + y dx) + f(dz —2 dx) = 
Taking z as dependent variable and x and y as independent variables, we have 


az dz 
dz =—dx +—dy 
ox " oy 


= f,(xdy + ydv) + f, (F dx + 2a - 24s} 0 
Vv 


foe $|ar=o 
ox 


But, since x and y are independent, we have 


or 


Wat f, & _, = 0), and G8 hoe 
ox oy 
Finding f, from one equation and putting in the other. we get 


ae y= =2s, provided f,#0 


Thus, the result holds when fis differentiable and f, + 0 (and then f, #0). 
Example 26, Prove that, by the transformations «=x — ct, v =x + ct, the partial differential equation 


az az a: 


=c’— reduces to —~ =0 


ar? ax? duov 


a In this problem, we consider z as a function of wand v which are linear functions of the independent 
variables x and f. 


Now by § 7.1, 
y § 9 
az > ez Oz 5 Oz se Oz 8 
az = du? + 2 dudv + av + Sans Sa? 
Ou? dudv ea ar 4 ou ov ; = 
But w=x—-ct, and v=x+ct a 
du = dx —cdt, dv = dx + cdt x 
= 
du=0,dv=0 1S) 
2 2 2 
z az 5 
dz= — (dx 
: Sav z 
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= 2 2_ ie Di a 
a (ee 922 a d+ Bdxdt+c ae dt” whl) 
oue audv av" ou" dudv ov 
the coefficient of dx df is written as B since its actual value is not required for this problem 
Again regarding z as a function of independent variables x and f, we have (by § 6) 
2 2 a 
Paut® ateoo2 2 adr oar? ala) 
ax oxot are 
From equations (1) and (2) by comparing the coefficients 
4 28 5 84 ez 3) 
ax” due dudv dv" 
_ az s az ‘ 
“Quay” av? si 
az 
dudy 


2 a 2 2 
Note: g ae pe reniueesito 262) © ae Es 
ar” ax” ou? ave 


PV av 
+ —— is invariant for change of rectangular axes. 


Example 27. Prove that —~ 
ax? ay 
a The change of origin does not affect the expression, for then x=a+x,y=b+y, and 
dx = dx’, dy = dy’, and all the partial derivatives V remain of the same form. 
Let the axes turn through an angle @, so that 
x’ sina + y’ cosa, 


, es 
x= x’ cosa@— y’ sina, and y 


where @ is a constant. 


We have 
av av 
dV =—dx + —dy 
ox dy 
OV ax’ cosa — dy’ sina’) + Da’ sina + dy’ cos@) 
IX ly 
av ov ov. ov. , 
=|— cosa +— sina |dx’ +| -— sina + — sina |dy 
ox y ox oy 
we a ag ov 
ax oy" 


Also 
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dV ov Vv. ov ov. V 
7 = >—cos @ + —sin@ and — =——sina + —cosa (1) 
ax’ ox oy oy ox oy 
These give wa(2) 
av ov 
= ==> cosa —- — sina 
ax ox 
dV _ ov 
= ==>5sina + —cosa 
dy ax y 
av Sener ile cos a — ¢ sing aF weeny = sine 
ax? ax\ ax ax’ ay’ ox’ ay’ 
avo ae PVE a 
= 57 Cos" & — 2-—_ sin@ cosa + — sin" @ 
ax? ox’dy oy” 
ay a( ev |_| 2 sina + a cosa@ BY tise cai cosa@ 
dy? dy| ay ax’ oy’ ox’ ay’ 
yg 2y 2 5 
= 7 Sin’ @ + 2<—-sin@ cosa + —~ cos” a 
ox”* ax’oy oy 


av av av av 
+ = — 


Thus, the expression remains invariant. 


Note: Ifwe write x’ =x cos@ + y sing, y’=—x sina + y cos@ the procedure is slightly simplified. 


Example 28. If Vis a function of two variables x and y and x =r cos@, y =r sin, prove that 


av k: av_ov_ lav. lav 


fs 
aay? ar 08?) rar 
a Wehave 
dV dVox  aV dy oe. av 
aM Y sreas6 6 19 
dr oxdr oy or oe x ae yy A 
ti 
aV_OV dx AV ay . eK a 
eee =-rsing 0 
00 oxd0. ado. ae a 
Solving these, we get - 
WV _ cosa 2¥ _ sing av » 2 = cos 2 Sind 9 = 
ox rr 00) kStC stir 
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ov. _,0V_. cos6 dV a. .0 ws 0 
=sind— + =>—=sind—+ 
oy or r dy oy or r 00 
Hence, 
av _ 9 (av 
ax? axl ax 
( cb a sin@ a cos 9 oY. sin@ dV 
=| cos = - 
t or r 006 or r 06 
~ cost oY — 2 8in8 cos av, sin’ AV, 2cosé sing aV | sin’ 6 aV 
“ar r drag? 0? fe 08 97 OF 
Similarly, 
VV ..2,0°V . 2sin@cos@ d°V cos?@0°V 2cos@sin@ dV _ cos? dV 
— = sin” 9— + : a = = + 
ay" or* r drde r 3e? r 00 fr oF 
av oVv_daVv, 1dV_, le 
2 aoe or 
ax ay? ar? 0? ar 


Deduction 1. 


as [:ose 


aD 


dQ sin@ a . ,0V . cos@ dV 
= sin@— + 
or r 00 or r 00 


sin cos@.d°V _ cos20 dV _ sin@ cos@ dV 


=cosé sing?” epee 29 V - 
ar? r  orae ro 3e? r 00 r ar 
Also 
x°— y*=r* cos 20, and 4xy = 2r? sin 20 
i385 av av gel =pov_ av _av 
“7 ‘Lax? ay? dxdy ar? Or 0? 
Deduction 2. To show that oo =- cin 
oxdy a 


Here x =r cos0@, y=rsin@ 
Differentiating w.r.t. r, @ are (functions of x and y) 


a Leer aa Lae) 
ox ox ox 
00 sin@ 


(een eee —=- 
ox ox ox r 
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Differentiating w.r.t. », 
00 


ar 


or 


0 = —cos@-—rsin@—| +. —=sin@ 
y oy oy 
tal sind = rloos oe ee 
oy oy oy r 
re a0 _d(90)_ 9 (cosé __cos@ dar sin@d@ __cos20 
we dxdy dx\ dy} axl or rodx or ox r 
Similarly, it may be shown that 
ao _ cos 20 
oyax r’ 
ar __ sin@ cosé _ ar 
oxdy r dyox 
Note: Using the method of Ded. 2, we get 
oV__dVor  oV08 aV_sin@ oV 
= ——+ = cosO9— — 
ox dr dx 00 dx or r 00 
and 
gv. Eee ar coi 
dy or r 00 


which are same as in the above example. 


Example 29. Given that F is a function of x and y and that x = e’ + e", y= e" +e", prove that 


F ,0F oF 50°F 7 


OF 70°F 


2xy 


au uy Ov 


Now x=e"+e”, and y=e"+e™ 


a” 


Here Fis a function of the intermediary variables x and y; and w, v are the independent variables. 


(e" 


2 Wwe 
“du —e" dv) +2 
(e" du — e* dv) ey 


z 


du — ee" dv) (e' dv —e™ du) 


dx =e" du-e™* dv, dy =e" dv—e" du 

dx =e dv +e’ dv, dy=edvite" dv 
wo 
2 2 2 - 
bE ae wa pety yg TE aya OE ginal hy x 
ax” oxdy oy? ox dy Wi 
- 
2 2 oa 
oF <x 
aE 
(3) 


oF 


z 


oF 
4a 
ox 


+(e" dv—e" du)? (e“ 


du? +e dv") + ee dv? +e™ du’) 
by 
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(BF PF PE OF, wey 
ox” 2 ae ay ox dy 
+2|-e"e” — oF + (ee + ee" )—— Otte -ee" bias du dv 
ax? oxoy oy” 
alo PF OF OF OF, OF) ae 
a aay ay ax ay 
2 2 2 
Also d*F = z Fue + 2 oF du dv + ¢ Pw 
dum ov av" 
Comparing the coefficients, we get 
BP OR Ser 4 OF. OF. OF 
> =e aoe +e > +e +e 
ou" ox” oxdy oy> ox dy 
2 2 2 é 
a eee eed 
duov ax? oxdy ay" 
YF »0°F OF . »0°F , OF , OF 
=e ear +e are te 
av" ax’ oxdy ay” ax oy 
OF OF OF _ 20°F F . 90°F . OF | OF 
=~ +— =x — - 2x +y—+x—+y 
oun dudv ax? ox” oxdy dy* ox oy 


Remark: The four examples 26 to 29 give different methods for solving problems of this type. However any one 
method could be used to solve all such problems. The reader is advised to try. 


\. If x=ucos@—vsin@ and y =u sin@ +v cosa, where @ isa constant, show that 


2B (BF) 


2. If 2axz + 2byz + cz? =k, ax + by + cz = R, prove that 


2 

pee ak, R22 = abk, BO =H 
ax? dxdy dy’ 

4. [fz +3 (ax+ by)z=c’, prove that 

2 2 2 2 3 

pe 2 4 day oz in 20 2 2elax + byy : 

ox oxdy dy” (axt+by+z°) 
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|. fax’ + by' + ez? + 3hxyz = k, show that 


Given that «= 


6. Ifz=atan'(/x), show that 
() (+ @ r= 2pgs + (1+ p= 0 
(i) (t= +prt ¢ > =~? (x7 +¥ +a? 


where p,q, r, 8, have their usual meaning as in Example 23. 


7 Wuay tz var tx? w=s7 + and if lisa function of x, y, z: prove that 
sla, yo nla wo. Pen Cl Erg (yee. ev. + ev 
“ax “oy “dz | ow av aw “ou” Ov” ow 


f{(ny = mz)Knx = Iz)|, prove that 


(nx 1p +(ny - mys =0 


Oo Wf w= f(x +2y) + g(x—2y), show that 


2 2 
“uo 


ax? ay? 


10, If w= @(x + at) + w(x — at), show that 


2 
oe ; “u 
Prove that ify =x + at, z=x—at, the equation becomes oe =0. 
dz 


oe ou 
5 and sae in terms of the derivatives of F and f(as in 


!1. Given that «= F(x, y, 2) and z= f(x, y), find 
Example 24). 
12. If V= F(x, y) and x =e" cos t, y =e" sin ¢, show that 


av av» av , av 
Seay i el |e 
dum or ox” dy” 
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(3. IPV= F(x, y)and x=4u(e"+e"), y= 4u(e"—e"), show that 


I 1 
Vax — Voy = Vi + save + qe : 


cr 


16, 


17 


19 


20, 


” 
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Ifz is a function of wand y, and wu =x° — 7° — 2xy. v=y. prove that the equation 


dz Ci eee dz 
(x+ y)—+(x— y)— =0 is equivalent to = =0. 
Were es aa 
Ifx=u+v, y= uv and z is a function of x and y, prove that 


2 2 


oz) 5.072) OPEN 2 yr One 
Bg Oe 4 Oe Ay 
du? dudv ss av? s ae 


If x=rcos@, y=r sin@, prove that the equation 
vu eu 2 
2 eee a | (eam 
ox” ay” 


n Ou Ou 
ara@ 08 


becomes 


Ifx=c cosh u cos v, y=c sinh w sin v, and F is a function of x and y, show that 


F, 


“it Fy = 5e° cosh 2u — cos 2v) (Fy, + Fy), 


If Vis a function of w, v, and w=. —y*, v = 2xy, prove that 


A(u? + v?) + 2u— + 2v— = 
f y av ou 


OV, OV: peOVe A (for. (ar¥. Blo a av 
dudy K 


Given that fis a function of x and y and that x = wv, y = wv", prove that 


2x’ 


2 See 
et 2y"f,2 + Saf yy = Wy - Flu +vf,) 
Prove that, if in the equation 
az oz 


az, 2.22 
2 + Oxy? = 4 Hy — y’) — +2" y*z7=0, 
ae My (y Ws xy 


i 1 pate ei ote 
the variables x, y are changed to u,v, where x=uv, y = —, the new equation is obtained by writing w for x and v for 
y 
y, then z is the same function of u, v as of x,y. 
If the variables x, y in the equations 


2, .2{ 2 
Qe+ »{ 


2 


= 


ox 


are changed to u, v, where 2x =e“ +e", 2y 


If x=rsin@ cosd, y =r sin@ sing, z =r cos, prove that 


a =sin@ cos¢, > =sin@ sing, z =cos8, 
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Q2 = cose cosd, we ease sngree Let), 
Ba: oy or lz r 


0¢_ sind d¢_ cosd Og _ 


= a = i 0. 
ox rsin@ dy rsin@ dz 


Find also the derivatives of x, y. z with respect to r, 0, 0. 


23. Ifwisa function of x, y, z. prove using values in Ex. 22. that 
au Y (au) (auY_ (avy (1auy i ony 
+ + = +} - + 
ox oy dz or r 00 rsin@d¢ } * 
9. _TAYLOR’S THEOREM 


If f(x, y) is a function which possesses continuous partial derivatives of order n in any domain of a 


point (a, b), and the domain is large enough to contain a point (a+ h, b + k) with it, then there exists a 
positive number 0. < @ <1, such that 
a 


flash bs b=flab)+(h3 
Ix 


gee a f(a, b) 


oy 


n= 
1 a ) 

h—+k— b+ R,, 
te alee 4 aa ia 


where R, =3{+3 + 3] f(at+0h,b+0k),0<@<1. 
nil ax oy 
Let x= a+ th, y=b + tk, where 0 <1 <1 is a parameter, and 
f(x, y) = f(a + th, b + tk) = b(t) 
Since the partial derivatives of f(x, y) of order 7 are continuous in the domain under consideration, 
¢" (t) is continuous in [0, 1], and also 


df _afdx afdy af a (a a 
es =h FL =|} 
hee ae ge a | ae 


¢(t)= 


" a ay 
=| h— 
o'(t) [rates]! 


ay 
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(n) = oO pe) 
6 Oe (ea ae 
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therefore by Maclaurin’s theorem 


n-1 n 
H11) =90) + 190) +5 -" (0) + + ~— 6") + £960), 
"hi —1)! n! 


where 0< 6 <1. 


Now on putting ¢=1, we get 


(1) =6(0) + 6'(0) + 1 9"(O)+ a+ 9-0) + +9) 
2! (n-1)! n! 


But @(1) = f(a +h, b +k), and 6(0) = f(a, b) 


, C) a 
=|h—+k— 5 
¢(0) tae + a Je b) 


o-( id +n2) f(a, b) 


o"(0) = [Se * f(a +h, b + Ok) 


flath,b+k)= fla, b) + (2S f(a, b) 
ox oy 


a1 
1(, 0 1 a a : 
+Hrdeng] f(a, b)+.. Sg ates | f(a, b)+R,, 


n 
where R,, = a md he ef, f(a + 0h, b + Ok),0<0<1. 
n!| dx oy 
R, is called the remainder after n terms, and the theorem, Taylor theorem with remainder or 
Taylor s expansion about the point (a, 5). 
If we put a= b=0;h=x, k=y, we get 


Fos y)= 70,0) +( x2 + y2 |, 0) 
ox oy 


1(.a 1 a...) 
Sl py ——] x+y 0,0 
Pera 10.01. 0) + ees £00) + R, 
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Pin? 
where K,, = me a tse SOx, Oy), 0<@<1, is called the Maclaurin’s theorem or Maclaurin'’s 
nit ax y 


expansion. 


It is easy to see that Taylor’s theorem can also be put in the form: 
(ath, b+k)= f(a, b) + df(a, b) + a fla, b) +... 


1 
(n-1)! 


+ 


d""' f(a,b) + Lapa + Oh, b + Ok) 
n! 


The reasoning in the general case of several variables is precisely the same and so the theorem can 
be easily extended to any number of variables. 


9.1 The Theorem can be Stated in Still another Form 


S(x,y) = f(a, b) + @-a24y-Ht f(a, b) 
ox oy 


if. 2 ay 
+p{o-92+0-02] f(a, b) +... 


1 a ay 
x- y— , BI) +R, ; 
7 (n- ale ox aah) 2] FUG, BY 


where Ret an Cane Ome tl f(a+(x-a)0,b+(y—b)@), 0<@<\1, called the 
n! ox oy 


Taylor’s expansion of f(x, y) about the point (a, 5) in powers of x — a and y — b. 
Example 30. Expand x’y + 3y—2 in powers of x — | and yt2. 


= Let us use Taylor’s expansion with a = 1, b = —2. Then 


f(x, y)=x?y + 3y —2, f(l, -2) =-10 

f(y) = 2xy, f.(l, -2)=-4 
f,(%, y) =x? +3, fy(l,-2) =4 R 
ely 
we (% Y= 2Y, (lh -2)=-4 fc 
See(® y) = 2) ferl c 
Says y) = 2x, Fey (1, —2) = 2 & 
fry y) = 0, fy, —2) =0 r 
(S) 


Fox Y)=0= frye, y), free (l, 2) = 2 = fey (1, -2) 
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All higher derivatives are zero. 


vy t3y—-2=-10-4(x- 1) + Ay +2) +4 - I? +4(x-1)(y + 2)] 
+ + 3x 1) + DQ) +0 


= 10 — A(x — 1) + 4(y + 2) — Ax — 1)? + Ax-D(y + 2) + (X- 1) (y +2) 


Example3l. If f(x, y) = ylxyl, prove that Taylor’s expansion about the point (x, x) is not valid in any 
domain which includes the origin. 
a As was shown earlier in Example II § 4.1, 


f,(0, 0) =0 = f,(0, 0) 


fa W=4 | 
—x=yly/xl, x <0 
2. 
1 lisp, y>0 
AQ y=4 4 


—1 isi, y<0 


f(x, x) = fy, = 


Now Taylor’s expansion about (x, x) for n = 1, is 

f(xth, x+h) = f(x, x) + hl f(x+ Oh, x + Oh) + f(x + Bh, x + ON)] 
or 

|x|+A, if x+O@h>0 
xth|=4|x|—A, if x+6h<0 Ll) 
|x|, if x+@h=0 


If the domain (x, x; x + 4, x +/) includes the origin, then x and x + / must be of opposite signs, that is 
either 


x+hl=x+h, |x|=-x 


or 


x+h|=-(x+h), |x|=x 
But under these conditions none of the inequalities (1) holds. Hence the expansion is not valid. 


Ex. 1. Expandx!+2°)?—y* about the point (1, 1) up to terms of the second degree. Find the form of R). 
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Ex. 2. Find the expansion of sin x sin y about (0, 0) up to and including the terms of the fourth degree 
in (x, y). Compare the result with that you get by multiplying the series for sin x and sin y. 


Ex.3. Expand e“ tan! y about (1. 1) up to the second degree in (x— 1) and (y— 1). 
Pp J 


Ex.4. Show that the expansion of sin (xy) in powers of (x—1) and (y — 7/2) up to and including second 
degree terms is 


Lay aya Per a a (as 
Le (x-1) ee Al 3[) 
Ex.5. Show that, for 0 < @ <1, 


ee 1 F , 
sin x sin y = xy — gle + 3xy*)cos@x sin@y + (y+ 3x°y) sin @x cosy] 


a 


Ex. 6. Prove that the first four terms of the Maclaurin expansion of e“ cos by are 


rx by i ax? —3ab?xy" 
2! 3M 


1+ax+ 


Ex. 7. Prove that for 0<@ <1, 
e“ sin by = by + abxy + gles —3ab>xy) sin(b0y) 


+ Ba*bx’ y — by*) cos(bOy)] e“* 
Ex.8. Show that iff f.,/, are all continuous in a domain D of (a, 5), and D is large enough to contain the 


point (a+h, b +k), within it, then for 0< @ <1, 


f(at+h,b+k)= fla, b) + hf (a+ Oh, b + Ok) + kf, (a + Oh, b + Ok). 


lf f(x yy=uyxt y?, a=b=-1,h=k=3, verify that the above conditions are satisfied and find 


the value of @. 


10. EXTREME VALUES: MAXIMAAND MINIMA 


The theory of extreme values (maximum or minimum) for functions of one variable was considered in an 
earlier chapter. We now investigate the theory for explicit functions of more than one variable. That for 
implicit functions will be discussed in the next chapter. 


Let (a, b) be a point in the domain of definition of a function Then f(a, b) is an extreme value of 
J. if for every point (x, y), [other than (a, b)] of some neighbourhood of (a, 5), the difference 


f(x, y)- f(a, b) A) 


keeps the same sign. 
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The extreme value f(a, b) is called a maximum or a minimum value according as the sign of (1) is 
negative or positive. 
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10.1 ANecessary Condition 


A necessary condition for f(x, y) to have an extreme value at (a, b) is that f(a, b) = 0, f(a, b) = 0, 
provided these partial derivatives exist. 
If f(a, b) is an extreme value of the function f(x, y) of two variables, then it must also be an 


extreme value of both the functions, (x, b) and f(a, y) of one variable. But a necessary condition 
that these have extreme value at x = a and y = / respectively, is 


f (a,b) =0, f(a, b) = 0. 


Notes: 


1. The function f(x, y) = lvl +1 yl hasan extreme value at (0, 0) even though the partial derivatives f,and f,, do not 
exist at (0, 0). 


2 UW f(x, y) =0, ifx=O0ory=0,and f(x, y) =1 elsewhere, then both the partial derivatives exist (each equal to 


zero) at the origin, but f(0, 0) is not an extreme value. Thus the conditions obtained above are only necessary and 
not sufficient. 


3. Point at which f, = 0. f, = 0 (or df= 0) are called Stationary points. 


10.2 Sufficient Conditions for f(x, y) to have an Extreme Value at (a, b) 


Let f(a, b) = 0 = f(a, b). Further, let us suppose that f(x, y) possesses continuous second order 


partial derivatives in a certain neighbourhood of (a, b) and that these derivatives at (a, b) viz. f.,(a, b). 
Ayla. b), f(a, b) are not all zero. 


Let(a+h,b +k) bea point of this neighbourhood. 
Let us write 

A=f,(a, b), B=f,,(a, b). C =f,,(a, b) 
By Taylor’s theorem, we have for 0 < @ <1, 


f(a th, b +k) = f(a, b) + (hf (a, b) + kf, (a, b)] 


+ dt? fe (a + Oh, b + Ok) + kf, (a +h, b + Ok) +k” f,.(a + Oh, + b + Ok) 


But f(a, b) = 0=f(a, 6), and 
Since the second Bidet partial derivatives are continuous at (a, b), we write 
f(a + Oh, b + Ok) — f(a, b) = p, 
fiy(a + Oh, b + Ok) — fiy(a, b) = pz 
Sy(a + Oh, b + OK) — fy. (a, b) = ps 
where (;, P2, P3 are functions of h and k, and — 0 as (h, k) > (0, 0). 


flath, b+k)— f(a,b)= sla? + 2Bhk + Ck? + p] 


where P = P,+ P,+ P;— 0 as (h, k) > (0, 0) and is of unknown sign. 


Functions of Several Variables 


Let G = Ah? + 2Bhk + Ck, so that 


fla+h.b+k)~ fla,b)=41G +p] om (| 


There are several cases to consider. 


(i) 


(ii) 


(iii) 


(1) 


G3) 


(4) 
(5) 


G never vanishes and keeps a constant sign. Since p — 0 when (h, k) > (0, 0), therefore 
P isasmall number and the sign of G + p is same as of G,i.2., G + p remains negative or 
positive according as G is negative or positive. Thus the difference, 


flat+h,b+k)— f(a. b) < 0 according as G $ 0 

But we know by definition that f(x, y) has a maxima ora minima at (a, 5) according as the 
difference f(a +h, b+k)— f(a, b) is negative or positive for all (, k) except (0, 0). 

Thus f(a, b) will bea maximum ora minimum value according as G is negative or positive. 


If G can change sign, since f(a +h,b+k)— f(a, b) and G have the same sign when / is 
small, f(a, b) will not be an extreme value. 


If G, without ever changing sign, vanishes for certain values of (h, k), the sign of 
flath,b+k)—- f(a, b) will depend upon p, which is of unknown sign, and so no 
conclusion can be drawn. This is the dowhiful case and requires further investigation. 


Let us first take A #0. 
G may be written in the form: 


gaat Bk) + k>(AC - B°) 
A 
If AC — B’ > 0, the numerator of G is the sum of two positive quantities and it never vanishes 
except when k = 0, h = 0, simultaneously, which is not permissible [see(/)]. Hence, G never 
vanishes and has the same sign as A. 
Thus, f(a, b) has a maximum value if 4 <0, and a minimum value if 4 > 0. 
If AC — B < 0, the sign of the numerator of G may be positive or negative according as 
(Ah+ Bk) > or < P(B° — AC), i.e., according to the values of (i, 4). Hence, G does not keep 
the same sign for all values of (/7, 4), and therefore. f(a, b) is not an extreme value. 
If AC — B° = 0, the numerator of G is a perfect square but may vanish for values of (/, ) for 
which 4h + Bk=0. Thus G, without changing sign, may vanish for certain values of (/,, 4). 
This is the doubtful case in which the sign of f(a +h, b +k) — f(a, b) depends upon P 
and requires further investigation. 
If 4=0, then 
G=2Bhk + Ck = k(2Bh + Ck) 
If4=0, B #0, Gchanges sign with & and (2Bh + Ck), and there is no extreme value. 


If A = 0, B=0, G does not change sign but may vanish when & = 0 (without / = 0). This is 
therefore the doubtful case and requires further investigation. 
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Rule. f(a, b) is an extreme value of f(x. y), if f(a, b) = 0 = f(a. b), and 


fla, b) + fy (a. b) = Lf (a. BYP > 0, 


and this extreme value is a maximum or a minimum according as f(a, b) [or f,,(a, b)] is negative or 
positive. 
Further investigation is necessary, if 


fola. b) f(a. b) - [f, (a, BYP = 


Remark: Since at (a, 5), 
df= hf,a, b) + kf,(a, b) 
and 
&f = lf,a, b) + 2hkf,(a, b) + Ef,(a, b) = Al? + 2Bhk + CK 


sof(a, b) isan extreme value of /(x,y) ifat (a,b), df = 0. and df keeps the same sign for all values of (h, k) # (0, 0). 


Note: Discussion of the doubtful case involves the consideration of terms of higher order than the second in the 
Taylor expansion of f(a +h, b + k) but this is generally not easy and will not be considered here. 


However, it is sometimes possible to decide whether fhas a maxima or a minima at (a. b) by algebraic or geometric 
considerations. 


Example 32. Find the maxima and minima of the function 
f(x, y) =x + y?-3x-12y +20 
a Wehave 
f(x, y) = 3x°-3=0, when x=+1 
fs y= 3y" —12=0, when y=+2 
Thus, the function has four stationary points: 


C,2),\E15-2); (1,=2),'G1, =2) 
Now 


Fels ¥) = OX, fy. ¥) = 0, Ay Y) = OY 
At(1, 2) 


fec=6>0, and fufy— (fy) = 72 >0 


Hence, (1, 2) is a point of minima of the function. 
At(-I, 2) 


Su =—6, and fe. fyy — (fey) = -72 <0 


Hence, the function has neither a maxima nor a minima at (1, 2). 
At (1, —2), 


f= 6,and fe fy — fy)” =-72 <0. 


Hence, the function has neither maximum nor minimum at (1, —2). 
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At (-l, -2). 
Se = 6. and fx fy — (fy) =72>0 


Hence, the function has a maximum value at (—1, —2). 


Note: Stationary points like (-1, 2), (1, -2) which are not extreme points are called the saddle points. 


Example 33. Show that the function 
f(x, y) = 2x7 - 3x7 y + y 


has neither a maximum nor a minimum at (0, 0), where 


fey ~ Fy) = 0. 

as Now 
fl, y) = 8x° - Oxy, f(x, y) =— 3x7 + 2y 
f,(0, 0) =0= f,(0, 0) 

Also 

fe (X, y) = 24° - 6y =0, at (0, 0) 
fey (X, y) = —6x = 0, at (0, 0) 
fy, y) =2, at (0, 0) 


Thus at (0, 0), (0.0) ~ fy (0, 0) — Lf,.(0. OF = 0. 
So that it is a doubrful case, and thus requires further examination. 
Again 
f(x, y) = O° = y) (2x°= y); f(0,0) =0 
or 
f(x, y) — FO, 0) = (= y)(2x" = y) 
>0, for y<0orx’> y>0 


s 
< 0, for yrxr>o>0 


Thus f(x, y)—f (0.0) does not keep the same sign near the origin. Hence f has neither a 


maximum nora minimum value at the origin. 
Example34. Show that 


f(x, y)= y?+ xy +2°, hasaminimumat (0, 0). 
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a Itcanbe easily verified that at the origin, 
K=0,f,= 0, f= 0, A, = 0, = 2- 


Thus at the origin f.fy — hy )?=0, so that it is a dowbifil case and requires further investigation. 
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But we can write 


fx, v= 


and 


f(x, y)— f(0, 0) = (> + 


which is greater than zero for all values of (x.y). Hence fhas a minimum value at the origin. 


EXERCISE 


|. Examine the following for extreme values: 


(1) 4x7 -xy + dy? +p tay -4 (i) *V(12-3x—4y) 
(iii) y? + dxy + 3x7 +x° (iv) QF? +y—4P- 
(Y) (2+ y?y e827 (vi) @-yP +? -2) 


Gif) +p —63(x+y) + 12xy.1 


2. Investigate the maxima and minima of the functions, 


(1) 21x= 12x? - 2)? +3 +297 (ii) 2-y? 
(iii) P+3xy+ "tx +)? (iv) + 4xy + dy? $3 +27y ty" 
(v) 7? -5x?-8axy— 5)? (vi) P-Ayt +--+ 


Show that the function (y —x)* + (x — 2)* has a minimum at (2, 2). 


{. Prove that the function f(x, y) = Qxy + yt xte y* has a minima at the origin. 


5. Find and classify the extreme values (if any) of the functions: 
(i) P+ +xt+y try (i) x? +xy+y? + axt by 
(iii) Y—x* (iv) xt +y*—6(x? +37) + Bay 


6. Arectangular box, open at the top. is to have a volume of 32 cu fi. What must be the dimensions so that the total 
surface isa minimum. 


7. Show that the function f(x, y) = 2° — 3xy" + 2y* has neithera maximum nora minimum value at the origin. 


[Hint: f(x, y) =(x- y?)(x-2y") |. 


I. () min, at (0, 0), max. at (£3/2, $3/2); (ii) max. at (2, 1); 
(fi) min. at (2/3,-4/3); (iy) min. at (#3V272, 0): 
(vy) extremes at (0, 0). (—1, 0), (-1/2. 0): (y/) min. at (F/2, +1N2); 
(vi) min. at (3, 3), max. at (-7. 7), and neither max. nor min. at (5,—1) and (-1, 5) 
2. (/) min. at (7, 0), max. at (1.0): (i) max at (0, 0): 
(if) max. at (—5/3, -5/3): (iy) min. at (0, 0): 


(vy) max. at (0. 0): (v)) neither max. nor min. at (0, 0): 
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1 1 
5. (i) min. at (-2/3, -2/3); (/) min. at [Lo S28) Ka - 2»} 


(///) neither at (0, 0): 


(/y) max. at (0, 0), min at (4V5. #15), neither at (£1, $1). 


11, FUNCTIONS OF SEVERAL VARIABLES 


We conclude the chapter by referring briefly—in fact very briefly, to the functions of several variables. 


An ordered set (a), a, .... @,) of 7 real numbers is called a point in a space of dimensions. The 
aggregate of points (x), x5, ..., x,,) When x), x5, .... x, range over the entire set of real numbers is referred 
to as the space of n dimensions, denoted by R". 


Neighbourhoods. The set of values x,, x, ...,.x,, other than a). d), ..., a, that satisfy the conditions 


| a,|<6,|x%- a |<6,...,|%,-4,|< 6 


where § is an arbitrarily small positive number, is said to form a neighbourhood of the point 
(dy, >, «+5 @,). The neighbourhood may however be specified in other, though equivalent ways. 


The rectangle 
(a, — hy, ay + Nyy ay — ly, Ay + Nyy 5 A, — Ny a, + hy) 


where /,, hy, ..., /,, are arbitrarily small positive numbers, is said to be rectangular neighbourhood of 


CGip: Aine asc 
The points inside the sphere x; + x3 +... + x2 = 5° may be taken as a neighbourhood of the point 
(0, 0, .... 0), called a spherical nbd. 


Continuity. A function f(x, x, ..., x) is said to be continuous at a point P(d,, ay, .... d,), if to every 


positive number €, there corresponds a neighbourhood of P such that for every point (x,.. 
neighbourhood 


ws X,) of this 


| FG, Xp, 0 X,) — f(A, , won| <é 
A function which is continuous at every point of a region is said to be continuous in that region. 
Partial Derivatives 
The derivative of a function with respect to one variable, when all others are kept constant, is called the 


partial derivative of the function with respect to that variable. Thus the partial derivative of f with 
respect to x, at (a), a), .... d,) iS 


lim SL, + Nyy Ag 1 Ay) — f(y, Ag, 5 G,) 


h0 hy 


and is denoted by fy, (4), dp. ---.,). 


The other partial derivatives of the first, second or higher orders may be defined similarly. 
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Differentiability. A function fis said to be differentiable at (a), ay, .... a,). if the change Of in the 
value of the function, when the point changes from (a), a), .... d,,) to (a) + 1, @) + My, «.., a, + h,), can 
be expressed in the form 


Of = Ajh,+ Ayhy +...+ A,h, + hy, + hyd, +...+ h,d,. 


where ¢,, @,....,, are functions of /,, My, .... /,, and tend to zero as (hy, hy, ....h,) > (0,0, ..., 0). 


A function which is differentiable at every point of a region, is said to be differentiable over the 
region. 
The differentials df, df, ..., may now be easily defined as in the case of functions of two variables. 


11.1__Extreme Values of a Function of n Variables 


A point (a, a5, .... a) is said to be an extreme point, and f (a,, a,,...,4,) an extreme value of a 
function f, if for every point (x,. x). .... X,,), other than (a), a), .... @,) of some neighbourhood of (a), a), 
.. @,), the difference, 

Fis as ee) — Lass en8,) anc IY 
keeps the same sign. The extreme value is a maximum or a minimum value according as the sign is 
negative or positive. 

If f(a,,a),....4,) is an extreme value of the function f of 1 variables, then it must also be an 
extreme value of the function f (x;. @...-.@,) of one variable x, and therefore the partial derivative 
Fi, (Qs Qa + @,), incase it exists, must be zero. The same is true for all the other variables x,, x;, 


Thus, the necessary conditions for f(@,, a3, .... @,) to be an extreme value of the function fare 


that all the partial derivatives f,,. f.,+--» f,,+ in case they exist, vanish at (a), ), .... d,,). 


Since these are only necessary and not sufficient conditions, therefore points which satisfy these 
conditions may not be extreme points. A point (a, a, .... @,,) is called a stationary point if all the first 
order partial derivatives of the function vanish at that point. Thus the stationary points are determined by 
solving the following n equations simultaneously. 


Fe, Ops Xoo oy My) = 0 
fey Ops 3a, es ¥,) = 0 


fi, (x), %), -- X,) = 0 


For a function f of n independent variables x,, x,, ..., x,, the condition can be given in a more 
compact form. 


Thus, if (@,, a), .... @,) is a stationary point, then 
df (a, ay, ..., 4,) =0 


i.e., the differential of the function vanishes at a stationary point. For, at the stationary point all the partial 
derivatives vanish and therefore, 


Af (Ay. Ags ves Gy) = fy (ys Gay on GVA FA fe (Qs Gay ++ A, ) OY 


tet fy (Qs dy, 05 d,) dx, = 0 
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Conversely, when df= 0, the coefficients of the differentials dx,, dx. .... dx, 


1 


of independent 
variables, are separately equal to zero. 

Further investigations are necessary to decide whether a stationary point is an extreme point or not, 
or whether it is a maxima or a minima. We now state a rule (without giving a proof which is beyond the 
scope of this book) for a function of three variables but is applicable to a function of any number of 
variables. 


The Rule 
For a function f(x,y. 2) of three independent variables, sufficient conditions for (a, b, c) to be an 
extreme point are that 

(i) df(a, b,c) = f.dx + fydy + f,dz =0, so that f.=f, =f.=0, and 

(ii) d?f (a,b,c) = fa (dx) + fy (dyY + (de) + 2fydxdy + 2f,. dy de + 2f,dzdx, 
keep the same sign for arbitrary values of dx, dy, dz: the extreme point being a maxima or a minima 
according as the sign of a fis negative or positive. The point will be neither a maxima nor a minima if 
d’f does not keep the same sign; and requires further investigation, if af keeps the same sign but 
vanishes at some points of a nbd of (a, b, c). 


The conditions that af keeps the same sign may be stated (without proof) in terms of matrices, as 
follows: 
Consider the matrix 


fe fy fez 

Fix fy Sy 

fa fy fez 

d’f will always be positive if and only if the three principal minors 
fix Sez 
~ [fa Lo 

fe» f. f fix fiz 
a a” des Fs 


are all positive, and df will be always negative if and only if their signs are alternatively negative and 
positive. 


Example 35. Show that 
F(x, y, z)=(x+ yt zp—3(x+ y +z) — 24xyz + a 
has a minima at (1, 1, 1) and a maxima at (—1,—1,—1). 
a Wehave 
f.=3@+y +2) —24yz-3 
f,=3(x ty +2) —24ex -3 
f.=3actytz) —24xy-3 


Hence, the stationary points are given by 
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(xt y+ z)>-8yz-1=0 
(x+y +2)?-82r-1=0 
(x+ty+ zy 8xy -1=0 


Subtracting second equation from the first, 
2(x—y)=0. 
Similarly, x(v —z) = 0, (2 —x) = 0. 
Therefore, either x = 0, y=0,2=Oorx=y=z 
Hence, stationary points are (1, 1, 1), and (-1, -1, -1). 
Again, we have 
Fe = 60+ yt+z2=f,=f, 
Toy = 6x + y +z) — 24: 


ye 


Se = (x + y + 2) - 24x =f, 


Sy = 6(x + y + z) — 24x 


At (1, 1, 1), 
Fee ig Tee = V8 gf Tee 


f= 18(dx? + dy’ + dz) — 12(dx dy + dy dz + dz dx) 


FB 


= 6[(dx? + dy? + dz”) + (dv — dyy + (dy — dz) + (dz - dx)’ 
which is positive for all values of dx, dy, dz and does not vanish for 
(dx, dy, dz) # (0, 0,0) 
Thus (1, 1, 1) is a point of minima of the function. 
At (-1,-1, -1), 
foe = Sy =f = 18 fy = Se = Sa = 6 
af = —18(dx? + dy? + dz?) + 12(dx dy + dy dz + dz dx) 
= ~6[(dx? + dy" + dz’) + (dx - dy) + (dy — dz + (dz - dx)’ 


which is negative for all dy, dy, dz and never vanishes. Hence the function has a maximum value at 
(-1,.-1,—-1); 


Example 36. Show that the minimum and the maximum values of 


f(x, y, 2) = (ax + by + €z) ett BYP? are 


ee eee ee Pree ety ee 
[era “+ b°B+c"y~)le and [here “+b B+ cy yle 
a Wehave 
f.=la- 2a? x Lax] exp (-Ea@’x°) 
f,=[b — 2B’ y Lax] exp (-Za?x*) 
f.=le-2y'z Lax] exp (-Za"x?) 
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At the stationary point, since exp (-Z@x?) #0, we have 
a-2e°x Lax =0 
b- 2py Bax =0 0) 
c- 272 Zax =0 
xDax=al2a? Multiplying by a, b, c and adding, 
x Lax =b/2p? (Lay? =FEa°o 


= saipid 2 
xYax=c/2y 2. Sa Axa? =2k,say 


Hence from (1). the stationary points are 


(ser-are a] aes ay) 
207k’ 28k’ 2k S| 207k’ 2B kK’ 277k 
Again, we have 
See =~ 2a°x[a = 20° xZax] exp (-Larx?) 20? [Zax + ax] exp (Zax?) 
‘y= 2a? x[b — 2B? yEax] exp (-Za@7x") — 287 ay exp (-Zarx") 
and similar expressions for Trnileo Iota 


a b c 
ork’ 287k? 277k 


At the stationary point ( } we have Yo? = 


i 
= 


af= Tete a )dx? + (287k? +b?) dy? + (2? + C2) dz? | 
kVe e 
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Now f,, < 0 
_20PK + a __ab 
Foe fay | ke kVe |__1 |207k? +a" ab 
fue Ay ab 2+) Kel ab 2B?k? +b 
kVe kVe 
2 olay eee J 22 2p2 
==(e° Bk’ + arb +a Bp )>0 
é 
fe Foo Te ork +a° ab ac 
fu fy Se =-am1 ab 2B +b? be 
wi Ss Bee | 
fa, ty Se ac be ayer tc? 


= | ore + 2) 22 (202 BK? + Ob? + a? B?) + ae? (-2BPK*) — 207 H7C7k? | 
Bel? 


4k 5 eB. By ae 
- -** patty? 40RD C+ OPC+ Ay <0. 
Bn 


Thus, the three principal minors have alternatively negative and positive signs and so d’f is always 


negative, and hence (a/2a°k, b2B?k, 27k) is a point of maxima, and the maximum value 


= ke? = | raartle. 
2 


Atthe point (-a/2a7k, -b/2B°k, —c/2y°k), itmay be shownas above that Lorex =—, and 


Nil 


fa 207k? +a ee WPR+h . PK +c 
Jax ele ile hve 


_ ab _ be _ a 
fy = yg fn = fg te ‘ele 


and the three principal minors are of positive si: so that d’f is positive, and hence the point in question 
princip: P gn. P p q 


is a minima and the minimum value of the function = — ke!” = — SSa*a le i 


|. Show that the following functions have a minima at the points indicated: 


(i) x2 +y7 + 27 + 2xyzat (0, 0, 0) 
(i) 82+ 2x? + 3y? + 42? — 3xy at (0, 0.-1) 


(iii) xt +yh+z4—4yyzat (1, Nay, 
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wu 


Show that the function 
I (X,Y, 2) = xyz — ex —2yz +3? +? +27? — 2x — dy t dz 


has 5 stationary points but has a minimum value only at (1, 2, 0). 


. Show that the function 


3 log (x? +7 + 27) - 2x7 - 2-223, (x, y, 2) # (0, 0, 0) 
has only one extreme value at log (3/e”). 
Show that the function 
O+Y+EtsF tz 
has no maximum or minimum value. 


Ifall the letters are denoted by positive numbers, show that the maximum value of 


Mee eee ars 
xy(z—h)] = +=5-7 Jis (2W5)ablc*. 
a bye 


ite) 
ae 
c 
Wu 
= 
Qo 
< 
ae 
[S) 


Implicit Functions 


1. DEFINITION 


It is generally assumed that a functional equation f(x, y) = 0 determines y as a function of x, but such an 
equation may not define any such function or it may define one or more than one such function. For 
example, the equation 


x+y-5=0 


y= 5-27 and y=- 5—x°, for <5, 


r+y+5=0 


determines two functions 


whereas the equation 


determines no such function. 


Definition. Let f(x, y) be a function of two variables, and _y = @() be a function of x such that, for 
every value of x, for which (x) is defined, f(x, @(x)) vanishes identically, i.2.. y = @(x) is a root of 
the functional equation f(x,y) =0, then y = 6(x) isan implicit function defined by the functional equation 
fe y)=0. 

It is only in elementary cases, such as those given above, that it may be possible to express y as a 
function of x (.e.. determine the implicit function). For more complicated functional equations no such 
determination of implicit function is possible. The difficulty of actual determination of an analytical 
expression does not rule out the possibility of the existence of the implicit function or functions, defined 
by a functional equation; the actual determination may demand new processes or may be, from a practical 
standpoint, too laborious. We now consider an Existence theorem, known as Implicit function theorem, 
that specifies conditions which guarantee that a functional equation does define an implicit function 
even though actual determination may not be possible. For many purposes, however, it is the fact that an 
equation does define a function, rather than an expression for the implicit function thus defined, that is 
of real importance; hence the value of Existence theorem. 


1.1 Existence Theorem (Case of two variables) 


Let f (x,y) be a function of two variables x and y, and (a, b) be a point of its domain of definition such 
that 


(i) f(a, b)=0, 
(ii) the partial derivatives 
and 


“and f, exist, and are continuous in a certain neighbourhood of (a, b). 
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(1) f(a, b) #0, then there exists a rectangle (a—h,a+hib—k. b+ k) about (a, b) such that 
for every value of x in the interval [a—h, a+ h), the equation f (x, y) = 0 determines one and 
only one value y = (x), lying in the interval [6—k, b +k], with the following properties: 
(1) b=@(a), 

(2) fx, @(x)] = 0, for every x in [a—h,at hj, and 


(3) @(x) is derivable, and both @(x) and (x) are continuous in [a-—h,a+h)]. 
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Existence. Let f,,f, be continuous ina neighbourhood 
Ri i(a-h,a+h:b—k, b +k), of (a, b) 
Since f., f, exist and are continuous in R,, therefore fis differentiable and hence continuous in R. 


Again, since f, is continuous, and J, (a, b) #0, there exists a rectangle 


Ry: (a-hy at hy; b = ky, b + ky). hy <I, ky <k, 
(R, contained in R,) such that for every point of this rectangle, f, #0. 
Since f= 0 and f, #0 (it is therefore either positive or negative) at the point (a, 5), a positive 
number & < k, can be found such that 
t(a.b—k), f(a,b +k) 
are of opposite signs, for, fis either an increasing or a decreasing function of y, when y=. 
Again, since fis continuous, a positive number / < hy can be found such that for all x in [a — h, 
ath], 
Sx, b- kb. f(x, b +h, 
respectively, may be as near as we please to f(a, b — k), f (a, b + k) and therefore have opposite signs. 


Thus, for all x in [a—h, a+ h], fis a continuous function of y and changes sign as y changes from 
b—ktob+k. Therefore it vanishes for some vin [b-k, b +k. 


Thus, for each x in [a —h, a + A], there is ay in [b—k, b + k] for which f(x, y) = 0: this visa 
function of x, say (x) such that properties (1) and (2) are true. 

Uniqueness. We, now, show that Y= O(x) is a unique solution of f(x, ¥) = 0 in Ry: (a-h,at+h; 
b—k, b +k), that is, f(x, ) cannot be zero for more than one value of y in [b—k, b +k). 

Let, if possible, there be two such values Vy. Pz in [b—k, b + K] so that f(x. ¥,) = 0. fF (x. J») = 0. 
Also f(x,y) considered as a function of a single variable y is derivable in [b— k. b +k], so that by Rolle’s 
theorem, f, = 0 for a value of y between y, and y,, which contradicts the fact that Sf, #0 in RD R,. 
Hence our supposition is wrong and there cannot be more than one such y. 

Derivability. Let (x,y), (x + 5x, y + Oy) be two points in R, :(a—h,athi b—k b+ k) such that 
Y=O(x), y + Oy = O(x + Ox) 
and 
S(x, y)=0, f(x + dx, y+ by) =0 
Since fis differentiable in R, and consequently in R; (contained in R,), 
O= f(x+ dx, y+ dy) - f(x, y) 
= Oxf, +0y f, + dxy, + yy, 
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where YW are functions of dx and dy, and tend to 0 as 
(dx, dy) > (0, 0) 


or 


(f, #0 in Ry) 


Proceeding to limits as (6x, dy) — (0, 0), we get 


i dy_ fk 
(Qo ry) = ——— = -— 
ii dx fs 


Thus, @(x) is derivable and hence continuous in R;. Also @(x), being a quotient of two continuous 


functions, is itself continuous in R;. 


Note:  Itshould be clearly understood that the theorem is entially ofa /ocal character. That is, the implicit function 


y= (x) isa unique solution of f(x. y) = 0 ina certain neighbourhood (a—h, a+ h; b—k, b+ k) of (a. b). 


It may have a different solution y= y(x) ifa different neighbourhood of (a, 5) is considered. 


Example 1. Let f(x.y)=x° +)" — |, and a point (0, 1) so that 


f(0,1)=Oand f,(0,1) #0 


Of the two possible solutions y = +1 
(ij) y=t+yl- x° is the implicit function in a nbd of (0, 1), where | x |<ly>0. 
(ii) y= -ji-% is the implicit function in a nbd of (0, -1), where |x |< l,y<0. 
Example2. Let f(x,y) = = 2x°, and a point (1,—1) so that 
f(1,-1)=0, and f,(1,-1 #0. 
Itcan be easily verified that the partial derivatives 
FE. @, y) =—2xy — 10x47, and f, (x,y) = 2y-x 


are continuous in a nbd of (1.—1). 
Of the two possible solutions 


3 
Y 
7 


(1+ J1+ 8x), x>—- 1/8, 


2 
x 


2 


y=—(1- Jl + 8x), x>- 1/8, 


is the unique solution of f(x, y) = 0 ina nbd of (1, -1), since, —1 = y(1). 


1.2__General Case 
Let f (4, X95 +++ Xp) be a function of (n+ 1) variables, X\,Xy, ++ Xyp Y aNd (A), Ay, «+, 4,» b) be a point of its 
domain of definition such that 
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(i) f(a, a, «.., 4, 6) = 0 
(ii) the partial derivatives with respect to all the (n+ 1) variables exist and are continuous in a 
certain neighbourhood of (ay, a, .... a,, b), and 


(iii) fy (Gy. dy, w+ Gy, b) #0, 


n? 


then there exists a neighbourhood 
(a, — hy, a, + hy ay — Ny, ay + hy; 5.4, —h, a, + hy b—k, b+) 
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Of (Ay, Ay, +++5 Ayy b) Such that for every point (x1, X5_ x,,) of the neighbourhood 
Ri (a, —hy, ay + hy; ay — fy, ay + Nyy «3 Gy, — Nye a, + I) 


the equation f (x1, X>, .... Xj» Y) = 0 determines one and only one value y=O(m, 


lying in [b—k, b + k] with the following properties: 

(1) b=@(a,, ay, ...,4,). 

(2) fQ4. Xa, +) Xp. 9) = 0 for every point (x1, Xp, ....%,) in R, 

(3) @ is continuous and possesses continuous partial derivatives of the Jirst order with 
respect 10 X,,X>, ...,X,,in R. 


The proofis essentially a repetition of that given for the preceding theorem and offers no fresh 
difficulties. 


Ex. Examine the following equations for the existence of unique implicit function near the points 
indicated and verify by direct calculation. Also find the first derivatives of the solutions whenever these 
exist. 


1, ¥ + 2p +x°=0,(1,-1) 

2 y t+yx3 +x =0, (0, 0) 

3. yp +3-3xy + y=0(0, 0) 

4. 2xy—log xy = 2, (1, 1) 

5. y+ yx? -2x° =0, (1, 1) 

6. ¥°—yx*? 2x5 = 0, (0, 0) 

7. xP +xptyP-1=0, (1, 0) 

8. xx,—y log x, + exp (x), y)— 1 =0, (0, 1, 1) 
9. yeosx + y? sin? x—7=0, (23, 2) 
10. xysinx + cos y = 0, (0, 2/2) 

Il. ax+by + Ax’ + Hxy + By’ =0, (0, 0)(b #0) 


1.3 Derivative of Implicit Functions 


When the equation f(x, y) = 0 defines y as a function of x that has a derivative dy/dx, that derivative may 
be obtained simply by differentiating the equation with respect to x, on the understanding that y is a 
function @(.x) of x. Thus 


dy 


—=0 sh) 
dx 


fet fy 
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If the higher partial derivatives of f(x. y) are continuous, we obtain the higher derivatives of y or 


(x) by successive differentiation of (1). provided always that f, is not zero: thus 


Ce on ee ed oe ee 
* dx 3 dx )dx "die 


or 


"i d 7 2 
pat ele lg (2) 
dx “\ dx i 


Provided f, is not zero, this equation determines the second derivative. and ina similar way the third 
and higher derivatives may be found. 


Note: Iff(x.¥)=0, and y is a function of x, we have from (1) 


DyesH 


and also from (2). 


d’y __r+2s(—plg) + 1(-plq)” a (rq? — 2spq + 1p’) 
dx’ q ¢ 


2. _JACOBIANS 


oe A ON 


For further development of the subject, acquaintance with the notion of Jacobians is necessary. We shall 
now define a Jacobian and also prove some of its important properties. 


If i, 2, .... u, be 1 differentiable functions of 7 variables x1. X>. 5X)» then the determinant 
du, ut, ou, 
Ax, OX, ox, 


a 
Ox, OX, Ox, 


a tp. 


‘Ox, Oy Ot, 


n 


is called the Jacobian or the Functional Determinant of the functions 1, #4. ..., ¥, With respect to x1, >. 
... X,, and is denoted by 


O (ty, 9-9 Uy) se if Ups cesgith, ) 


Os Xogvry Md. Dene: 


2.1 Some Properties 


Jacobians have the remarkable property of behaving like the derivatives of functions of one variable. A 
few of the important relations are given here and the proofs depend upon the algebra of determinants. 
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: 5 eat dy, dy, 
For n= 1, the determinant is simply =! or ; 
x; dx, 


the notations for a Jacobian is suggested by a certain analogy between the properties of the Jacobian and 


the derivative of y, with respect to x,; the first of 


the derivative. 


Theorem 1. [fi th, ..., u,, are functions of ¥;.¥>, .-. ¥;, and Vy Vas vs, are themselves functions 
Of X14 Xp5 v0. Ny then 
OU lay ovey Uy) — OCU. yy es hy) OV Vos vers Vy) 
a atl) 
OK, Haisistee Xp) OC» Vasroer Vo) OCLs Ayarrons Xp) 


For n = 1, the theorem reduces to the usual notation 


du, _ du, dy, 


dx, dy, dx, 


The proof of the theorem depends on the “row by column” rule of multiplication of determinants 
combined with the rule for the derivative of a function of a function. 


du, du, du, 


Thus for determinants on the right hand side of (1), rth row of the first is i i , sth 
yy, dy, OY, 
‘ dy, , ‘ 
column of the second is Oe” so that the element in the th row and the sth column of the 
IX 


product is 
du, dy, in du, dy> Per du, dy, 
dy, ax, dy, ax, dy, ax, 


du, 


and this is equal to , Which is the element in the rth row and the sth column of the Jacobian on the 


x, 


left hand side. Hence the theorem. 


Corollary. Ifx, =u, r= 1, 2, ..., 2 and assuming the existence of inverse functions Ds Sa ak 
(that is, assuming that the equations which define y,. 5, .... 7, aS functions Of x1, X>, .... x, determine x,, 
Xp, «+ X, aS functions of y,, ¥, .... y,,) we find 


Cle ve Xy) ON» Yas ener Ya) a A(X ys an-5 Me) ze 
OY, Yor -s Yn) OCG waity) OCI Suez, %,) 


1 (2) 


: Ox; si a 
since Si <0, fori # j=1, fori=j 
Ox; 


Theorem 2. If, y>, ...,¥, are determined as functions Of X14 Xz. «+ X,, by the equations 


D(X ps Xa5 0005 Xp Vis Vos es Wn) = 0,7 = 1, 2,50 
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then 


IG, Gos +--+ Or) =(-l 1» OG, Ors os Gy) WO V2 
OKs oy 205 Xy) O(N, Yas es Yn) OCH, 2 


{Theorem | is a particular form of this theorem.] 


Differentiating the equations ¢=0 with respect to x,, we get 


9g, , 99, A, 29, Ar, Or Mn 
ax, dy, Ox, dy OX, dy, OX, 


=0 


or 


a6, a , 20, Ay, , 24, Ay» __ 2, 


dy, ax, dy Ox,” ay, Ox, OY, 
so that the element in the th row and the sth column of the determinant which is the product of the two 
‘ , . 06, 3 
determinants on the right of (3) is — an from which the result follows. 
x, 
Theorem 3. (i) PY eps Vnge on Yn are Constant with respect 10 Xy, Xp. +5 Xpp OF (il) IVs Vas oes Vy AVE 


constant with respect tO Xin.js Xpigs 2 Xp then 


(Ms Yas wees Ys ves Yn) — OMe Yas ose Yn) Ons Yes 1 Yn) 


wul(4) 
D(X s Xs eee Xpreee Xp) — AAs ees Mn) VOLets Mets 9 Xn) 


oy 
(i) atta =0, whenr=m+1,m+2,....m;5=1,2,...,m. 
x, 


s 


dy, dy, OY dy, dy, 
ax, Ox, OX, Wn ox, 
dy> dy> 2 dy, dy, 
Ox; OX Oy yet Ox, 
Wm Ym Wm Ym, Ym 


ox, Ox, OX, nat Ox, 
Winer — mst Vs net Yims 


Ay, Yn ny Yn 
ax, ax, On — nay ox, 
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ay, ay aa ay, ay, a Yn 
Ay Ox” Ay Aina, 
Ym Ym Wm Ym yy 

dx, Ox, Xp, ng ox, 

oy, oy, 

= 0 0 0 ‘m+ ~mtl 
OXyn4 Ox, 

OV na? WV na2 

0 0 sf Vn+2 —, NV ms2 
ys ox, 
dy, oy, 

0 0 0 an ven 
st Ox, 

= OCs Yor os Yn) . O(Ymei» Ymers oo Yn) 
OCS) Oa Passa) 

(ii) may also be proved similarly. 


Corollary. Jn particular, 


(Yo n-9 Yas Ste Sy) _ Oya or Yu) 


OCs Bis Reetcayte) OKs.) 


wah’) 


Theorem 4. Ifu, v are functions of €.n, ¢, and the variables &,n, €, are themselves functions of 


the independent variables x and y, then 


Au,v) _ Au,v) AE.) , Au,v) AN,é) , Au.v) AC, 
: es . + : 


ax, y) A.M) Ax. y) A.4) Ax. y) OE.8) Ax, y) (6) 
We have 
ou 2 du 0& € du on n du 0 li 
dx 0€ dx an ax OE ax 
du du 0€ , du On , ou O€ 
dy d& ay a an oy ¥ ag ay (8) 
i ; : 4 o(u, v) 
and if we substitute these values in the Jacobian we get 
ae. 
A(u,v) _ du A, v) 4 ou 97, v) 4 ou ag, v) —_ 


(x,y) dE Ax, y) ON Ax, y) OE Ax, y) 


which is a linear expression of the Jacobians of (€, v), (7. v) and (¢, v) with respect to x and y. 


re) 
& 
oc 
P= 
o 
< 
= 
(2) 
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: ‘ ; ov av, 
Now in each Jacobian on the right of equation (9), substitute the expressions for _ and = which 
Ix NY 
are similar to (7) and (8). Each of these Jacobians will be given as a linear expression of the Jacobians 
of (€,7), (9, €) and (¢, &) since those of (€, €), (7. 17) and (¢, ¢) have two identical parallel lines 


and so vanish. Thus we see that the terms which involve the Jacobian of (€, 17) are 


du dv o(€,) i du dv a(n, €) 
0€ dn A(x. y) ANF A(x, y) 


au, v) (€, 1) 
a(&, 7) A(x, y) 


Similarly we obtain the remaining two terms and the formula is established. 


which is equal to , the first terms on the right of equation (6). 


Example 3. If x=rsin@ cos@, y=rsin@sing, z=rcos@, then show that 
ax, Ys 2) Ys 2) _ r?sin@ 
ar, 8, @) 
sinOcos@ rcos@cos@ —rsinOsing 
a(x, y, Z) 


————=|sin@sing rcos@sing  rsin@cosd 

ar, A, 

a 9) cos@ —rsin@ 0 
sin@cos@ cos@cos@ —sind 

=r’sinO@|sin@singd cos@sing cos 


cos@ —sin@ 0 
Adding (cos @) R, to (sind) R,, 
ois sin@cos@ cos@cos@ —sing 
r- sin : me 
=— sin@ cos@ 0 |=rsiné 
sin j 
cos@ —sin@ 0 


Example 4. If yy + yy +... + Vy = Xs Vo + V3 F oe FV = XpXay oes Ve FV psy Foe TV FHI oe Xp vos 
Y,, =X,X ...X,, then show that 


“ne 
OY» Yoo--s Yn) _ yn-tyn-2 2 
Se ee nel, 
OKs Hos X,) 
a Solving for y), >. .-.V,. We get 


Jy FX — XH =I, (1%) 
Vy = XYXq — XpXXy = XX (5) 


Vint =XXQ Xp (1 =%,) 
Vn = Xp¥q Xn 
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O(N. Yoo -2 Vy) 


A(X s Ayo e025 Xy) 


x4 (1—.5) x (1-23) =XXy ae 0 


im 
I 
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Adding &, to R, ;, then R,,, to R,, 5, .... then R, to R, and expanding by last column 
= (KX Ky 1) (Kp Qe--Xy_g)---(%pX2)(X}) 


= yl? 2 | 
ie ei en 


Example 5. The roots of the equation in A 


(A-xp+(A- y+ (A- 2 =0 


are u, v, w. Prove that 


Au,v,w) __,(y- 2(z-DE- y) 
a(x, y, z) “(v= ww = w(u — v) 
= Here w, v, w are roots of the equation 
BH (xt yt Dart (+ y+oya— S(t y+z)=0 


2, .2 1 
Let xtytz=6, Pty tan, gery eat () 


utvt+w=€,vw+ wutuv=7,uw=f m4) 


Hence from (1), 


1 1 1 

96.9.9) Jo. ay 9, 

A(x, y, z) nae 

a a 

= 2(v—-z) (z-x) (x-y) (3) 
and from (2), 
1 1 
a... $) _ 


=|v+w wtu ut+v 
(u,v, w) 


vw Wu uv 


=+(v—w)(w—u) (u—v) a4) 
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Hence from (3) and (4) and using theorem |, we get 


au, v,w) _ Ow, vw) a(é,7, ¢) 225 (y — zz — x(x - y) 


a(x, y, Z) . aé,7.0) x, y, 2) (v = w)Gw — u)(u — Vv) 


u . . : * 
Example 6. If y, =—5. r=1,2...., 2, and if wand u, are functions of the 7 independent variables x,, 


u 
X}, ..+5.X,,, prove that 

i ou Ou ou 

ax, ax, Ox, 

du, ON, Ou, 

4 te ie 

= u Ou, duty Ou, 

|e = a as SS 

“ OX Ox Ox, 

du, du, ou, 

x, Oy a, 


a Now 
dy, _ lou, _u, du 
dx, wax, uw? Ox, 


Lou my ou Lou my ou 

wdx, uwedx wax, OX, 

lou, wu, du ldu, uy du 
OY. Yar es Yn) ee Cio =a 
web eee lu dx, ou? Ox, udx, > OX, 
A(X, Xs +5 Xn) : : 

lou, uy, Ou lou, u, du 

u dx, ue dx, wax, —u? OX, 


. 1 . ‘ 
Taking out — from each column and bordering the determinant, we get 


u 
1 0 is 0 
5 Ou, hy Ou 7 Ou, uy Ou 
ax, uu OX, ax, OX, 
O(Y> Yor +2 Yn) 2 a Oy _ Uy Ou r Ou, _ Uy Ou 
AQ. %,) ou | OK uw ON, Ox,  u OX, 
0 Ou, — Uy OU Y, Ou, — Uy Ou 
Bay | 0x, ax,  u Ox, 
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5 1 
Operating Cy+ Ae ,C,+— ae Gis naiGuag Je o 
“wx, 1 OX, u Ox, - 
gf Ae deen th 
u OX, u OX, a 
Ou, Ou, 9 
eee 5 
x, x, 
I 1 n [S) 
= ale, ola ity 
ee Oe ox, 
du, du, 
U, —— —= 
* 0 Ox, 
git, Se ee 
ax, Ox, dx, 
«, 2. Se ae 
‘ "Ox, Ox) Ox, 
Saigo Se 
a 2 ax, Ox, ax, 
du, Ou, du, 
u Se SS eee: 
"dx, dx, ox, 
Bee Bug: opt Bieta Ca vee noe 
Example 7. If u=2 ue ‘5 vee Bae a: , and w= fy he find OCs Ys 2). 
x y Zz (u,v, w) 
ie y+ 27 2y 2z 
x” x x 
(u,v, w) 2x 1-2 +2 2z 
A(x, y, z) y y? y 
2x 2y i= x+y? 
z z a 
= Applying Cc, >¢,+2C,+26, 
* x 
+ y+ 2? 2y 2z 
x x x 
Ou,vw)_ |xr+y ez fs x42? 2z 
a(x, y, z) xy y y 
2,02, 2 2,2 
x+y +z 2z 1 x+y 
ae 2 


xz z z 
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1 2xy 2xz 
2, .2, 2 2 
ay iz Pa ye 
_& y yo x(x" + y ) 0 
Xyz y 
Ki oe 8. 
0 0 —=(X"+ y+ 2°) 


aAx,y,z)_ x yz 
Au,v,w) Oty?42Ph 


Ex.1. Ifw=cos x, v= sin x cos y, w= sin x sin y cos z, then show that 


O(u,v, w) 
a(x, y. 2) 


Ex. 2. Ifw=acosh x cos y, v=a sinh x sin y, then show that 


Se ee ee 
=(-l) sin’ x sin” y sinz. 


a 7 = 5° (cosh 2x —cos2y). 


Ex.3. Ifx+y+z=u,y+z= wy, z= wu, then show that 


A(x, ¥.Z 2 
———_ =n'y- 


(u,v, w) 
Ex. 4. If af, y are the roots of the equation in /, such that 


u v Ww 
+ + =1, 
a+t b+t ¢+t 


then prove that 


aus, w) __ (B= Wy- aa - B) 
aa, BY) (b — c)(c — aya — b) 
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Ex.5. Ifw=x/(1—7)!?, v= yl —7°)!?, w= 2/41 — 7°)? where P=? + y° +2, then show that 
u,Vvi,w 1 
J =——__—s 
is | a-ry? 


3.__ STATIONARY VALUES UNDER SUBSIDIARY CONDITIONS 


To find the stationary values of the function 
F Bp Bp My Wy My, th) eal) 


of (n + m) variables which are connected by m differentiable equations 


DA Ms Xa ors Xs Uys Uys 009 iy) = 0,7 = 1, 2,...5 (2) 


If the m variables w,, wp, ..., u,, are determinate as functions of x,, x5, .... x, from the system of m 
equations of (2), then f can be regarded as a function of 1 independent variables x, x5, .... x, 


Ata stationary point of f£ df= 0. 
Hence at a stationary point (by § 11.1, Ch. 15). 


O=df = f,dx+ Sep Uhg Fone + fe By + fy, My to + fy My ay 


n 


Again differentiating the equation (2), we get 


2 dx, +... ae dx, + se du, +...+ 96 du, =0 


Ox, IX, My Ou, m 
a9, dx, +..+ oy dx, + og, du, +...+ 2, du,, =0 
an, Ix, Ou, OU, 
: (4) 
99, dx, +..+ 26m dx, + 24m duty +...+ 99m du,, =0 
ax, IX, ty My, 


From these m equations of (4), the differentials du,, du, .... du,, of the m dependent variables may 
be found in terms of the 7 differentials dv, dx,, ..., dx,, and substituted in (3). This way dfhas been expressed 
in terms of the differentials of the independent variables, and since the differentials of the independent 
variables are arbitrary and df= 0, the coefficients of each of these n differentials may be equated to zero. 
These n equations together with the m equations of (2) constitute a system of (7 +1) equations to determine 
the (1 + m) coordinates of the stationary points of 6 


Example 8. F (x, y, 2) is a function subject to the constraint condition G (x, y, z) = 0. Show that at a 
stationary point 


FG,-F,G,=0 
= We may consider z as a function of the independent variables x, y. 
As a stationary point, dF = 0 
0 =dF = F,dx + F,dy + F.dz jehy 


Differentiating the relation G(x, y, z) = 0, we get 


CHAPTER 16 


Mathematical Analysis 


G, dx + G,dy + G.dz=0 a2) 
Putting the value of dz from (2) into (1), or what is same thing, eliminating dz from (1) and (2), 
we get 


(F,G.- GF.) dx + (F,G.-G,F.) dy =0 23) 
Since dx, dy (being differentials of independent variables) are arbitrary, therefore 
F.G.-GF_=0 
F,G.-G,F.=0 
which give j 
F.G,—F,G,=0. 


Ex. 1. Find the stationary points of the function xy*z* subject to the conditions 
xtyt+z=6,x>0,y>0,z>0. 
Ex.2. Find the stationary points of x° +)” subject to the condition 
3x? + 4xy + 6)" = 140. 
Ex.3. Find the stationary points of the function x°y°z" subject to the condition 
x +yp+2=a. 

Ex.4. Find the stationary points of the function xyz, when x, y, z are connected by the equation 

7/9 + P16 + 27/36 = 1. 


3.1__Lagrange’s Undetermined Multipliers 


In this section we shall discuss the determination of stationary points from a modified point of view. The 
process consists in the introduction of undetermined multipliers, a method due to Lagrange. 

Before we discuss the method proper, let us notice that in the above section (§ 3) the differentials 
du,, duty, ..., duty, of the m dependent variables were found from equations of (4) and substituted in (3), 
so as to express dfin terms of the differentials of the independent variables. All this amounts to elimination 
of the differentials of the dependent variables from (3) and (4). This process of elimination is effected 
due to Lagrange by the introduction of multipliers. The process is as follows: 

Multiply each of the equations of (4) by 4,, A,..... 4,,, Which are to be specified later, and add to 
(3). Now the m multipliers are so chosen that the coefficients of the m differentials of dependent 
variables all vanish. This gives m equations to determine A’s. Thus in equation (3) there remain only the 
differentials of n independent variables, the coefficient of each one of them may be equated to zero. The 
process thus gives 7 + m equations which along with m constraint conditions form n + 2m equations, to 
determine the m multipliers 2,, A,,..., 4,,, and m+n variables x),X5, 0.5 Xjp Uys Uys -++s Us for which the 
function has a stationary value. 


3.2 _Lagrange’s Method of Multipliers 
To find the stationary points of the function 


S Xs Xap eves Nps Upp Uay oa Un) (1) 
of n+ m variables which are connected by the equations 


Dy (Xs Xy5 vey Xpyp Uys Uys +09 Uy) = O.r=1,2,...,m ak2) 


As in § 3, if the m variables 1, >, ..., u,, from equations of (2) are expressed in terms of variables 
X1, Xp, .., x, the function fmay be considered as a function of n independent variables 
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Mig Roget By 
For stationary values, df= 0 
O=df = of dx+ of dx) +... “ = + of diy +...+ of du, G) 
ox, Ox,” Ou, du 


m 


Differentiating equations of (2), we get 


26 dx, +...4+ 2 dx, + a diy +... a du,,=0 
Ix, x, Ou, a 


a6, Or ay 4 Obs 
ax, 


m 
06, 
=du,,=0 
a ,, 


m 


dx, +...+ diy +...+ 


(4) 


n | 


2n dx, +...+ nm dx, + nm du, +...+ nm du,,=0 


Ox, ax, "On Oi 


m 


Multiplying the equations of (4) by 4;, 4), ..., 4, respectively and adding to the equation (3), we get 


0=df -| oF 5, ob . uct FF 54, 20 Jos 


ox, Ox, x, Ox, 


abs + 2A, of Jinn of + 2A, 24, Jin w(5) 


Ou, Ou, 1 du, 


m ” 


Let the m multipliers 4,, 4, .... 4,, be so chosen that the coefficients of the m differentials duu, dus, 
., du,, all vanish, i.e., 


F ia 29, =0, ea + 2A 99, _9 


(6) 


Ou, ” Ot, Oty "Ou, 
Then (5) becomes 
of 00, of 0g 
O0=df= +X, dx, +...+ + ZA, —* dx, 
J & " Ox, Ox, “Tox 
so that the differential dfis expressed in terms of the differentials of independent variables only. Hence 
of 0¢, of a6, 
+ZA,—* =0,..., +2/A,— =0 (7) 
x, ” Ox, ax, Ox, 
Equations (2), (6) and (7) form a re of n + 2m equations which may be simultaneously solved to 
determine the m multipliers 2,, 2,,..., 2,, and the m + m coordinates x), x5, ..., Xp Uy, Us, «.., U,, Of the 


stationary points of /- 


An Important Rule. For practical purposes, the process of obtaining equations (6) and (7) of the above 
section, may be put in a precise form as follows: 
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Define a function 


F=f + hOt Ady +--+ An Gn 


and consider all the variables x), X>, .... Xp Uys Us «+5 Up, aS independent. 
Ata stationary point of F, dF = 0. Therefore, 


O=dF= oy dx+ ii dx, +..+ oF dx, + BF diy +...+ oF du, 


ox, ax, ox, "On ae = 
OF oF oF oF 
= Op. =0, SOs =0 
ax, ox, Ou, du, 


which are same as equations (7) and (6). 


Thus, the stationary points of fmay be found by determining the stationary points of the function F, 
where 


F = f + AG, + Ady +--+ An Gn 
and considering all the variables as independent variables. 


A stationary point will be an extreme point of fif @F keeps the same sign, and will be a maxima or 
minima according as d°F is negative or positive. 


Note: It may be easier to deal with dF by expressing it in terms of two variables only or by expressing dx dy, dy dz, 
dz dx in terms of dx’, dy’, dz’, with the help of constraint conditions. Solved examples will illustrate the procedure. 


Example 9. Find the shortest distance from the origin to the hyperbola 
x + 8xy + Ty" = 225, 2=0. 
= Wehave to find the minimum value of x” +)” (the square of the distance from the origin to any point in 
the xy plane) subject to the constraint 
x + 8xy + Ty? = 225 
Consider the function 
Fax? + y°+ A(x? + 8xy + Ty?— 225) 
where x, y are independent variables and 7, a constant. 
dF =(2x + 2xA + 8yA)dx + (2y + 8xA + l4yA)dy 
ene eth . ae 
4ax+(1+7A)y=0{ ~ 9 
For 2 =1, x =—2y and substitution in x° + 8xy + 7y° = 225, gives y° = -45, for which no real 
solution exists. 
For A= -3. y = 2x and substitution in x* + 8xy + 7)” = 225, gives x° = 5, y° = 20, and so 
P+ =25. 
a? F =21+ A)dx’ + 16Adxdy + 201 + 7A)dy* 
_16 5 16 


=—dy- 


434 1 
—dxdy + —dy*, at A=-— 
9 oo 5 mee 9 
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4 2 
=—(2dx - dy)? 
9° x — dy) 


> 0, and cannot vanish because (dx, dy) # (0, 0). 
Hence, the function x° + y* has a minimum value 25. 


Note: Here Fis a function of two variables and so its maximum or minimum values can be verified by the method of 
functions of two variables, AC — B? > 0 also. 


Example 10. Find the maximum and minimum values of x° +? + 2? subject to the conditions 


2 2 oe 
X42 42 2), andz=x+y. 
4 > 25 
= Let us consider a function F of independent variables x, y, z where 
gy 2 
Ferty+2ta(|—+24+2-1l4+4t¢y-z 
) A, Rarer ae h(x + y — 2) 


ed > 
apa (acesara lace (ay+ Bara Jar +(224 am a be 
As x, y, z are independent variables, we get 


2x 4+ FA+ A=0 
2y+ Bt A=0 


2z 
2z+—/,-4,=0 
z+ oe A 
—2A, 5A, 25A, 
= 5 2 
At4 2A, +10 2A, + 50 
Substituting in x + y =z, we get 


2; aK 35. re 25 
A+4 24410 224,4+50 


=0,4, #0 th) 


for if, A,=0, X=y=z=0, but (0, 0, 0) does not satisfy the other condition of constraint. 


Hence from (1), 1722 + 2454, + 750 =0, so that 2,=-10, —75/17. 
For 4,=-10, 


1 


1 $ 
sal aa arc) 
2: 2 2 
Substituting in ghee Sees we get 
4 5 2 


© 
= 
a 
i 
o 
< 
5 
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23 = 180/19 or A, = +6V5/19 
The corresponding stationary points are 


(25/19, 3V5/19 , 55/19), (-2V5/19, —3V5/19, -5V5/19) 


The value of x” + y* + 2 corresponding to these point is 10. 


For 4, =-75/17, 
34 17 17 
= >A, y=-—h, 2 =—h. 
aT Aa Ya— pha t= oghe 
ra 2 -2 
which on substitution in — +2 +2 =1 give 
4° 3 25 


Ay = £140/07V646) 
The corresponding stationary points are 
(40/646, 35/646 , 5/646), (40/646 , 35/1646, 5/646) 


The value of x° + )* + 2° corresponding to these points is 75/17. 
Thus, the maximum value is 10 and the minimum 75/17. 


Notes: 
1. We have not theoretically established the existence of maximum or minimum value. We have simply shown that of 
all the possible values, 10 is the maximum and 75/17 the minimum. 
x y z 2 
2. Using constraint conditions, 4 = dx + dy; qe + 50 bu a5 = 0, so that dz, dy and consequently d*F may be 
expressed in terms of dx (or dx) alone. It can, then, be easily verified that 10 is a maximum value and 75/17 the 


minimum. 


Example 11. Prove that the volume of the greatest rectangular parallelopiped, that can be inscribed in the 


2 2 2 
pe ee .. 8abce 


Llipsoid ae eo ot 1, is 
ellips Sap ane Tea i 
Dae «BS ote 3V3 


a Wehave to find the greatest value of 8xyz subject to the conditions 


=1,x>0,y>0,z>0 mbl} 


Let us consider a function F of three independent variables x, y, z, where 


Ger xy 2 
petra E+E +S-] 


a b é 


Ox 5 = 
dF =(s ag +(ser+ 32 lo +(b9 +2 a 
a” re iC 


Implicit Functions 


At stationary points, 


A A za = 
a Ze =0, 8xy + 2 =0 it) o 
e Wi 
Multiplying by x, y, z respectively and adding, r 
24xyz + 2A =0 or A =—12xyz {using (1)} << 
L 
Hence from (2), x = a3, y= bh3, z= chN3, and so (3) 
A = —4AabelN3 
Again 


OF = 2 += +e J tesa + cara +6) aed 
a - (oa 


= _ ae rae + toasty (3) 


V3 “a ‘3 


Now from equations. (1), we have 


gon gg BG on ~=() (4) 
a Lv e a & « 
Hence squaring, 
2 
go pop dy _ =0 
a ab 
or 
2 
> = —2Ecdxdy 
a 
@F = 16 dx 
a 


which is always negative. 


8abc 


33 


a meal 
Hence is a point of maxima and the maximum value of 8xyz is 


Note: The sign of d*F can also be decided by expressing it in terms of dx and dy alone, by putting into (3) the value 
of dz from (4). 


2 2 2 
Example 12. Show that the length of the axes of the section of the ellipsoid ps + a =e =1 by the 
a 
plane /x + my + nz = 0 are the roots of the quadratic in 7°, 


2 2 2 
Pa? mb? nc 
eH, 
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a We have to find the stationary values of the function 1? where 7? = x° + y° +z’, subject to the two 
equations of condition 


S=!l iat) 


ke+my+nz=0 ai) 
Let us consider a function F of independent variables x, y, 2, 


2 2 2 


Faxrtyt e+a{E+b+S-1}s 2A, (lx + my + nz) 
ab 


dF =o( x + i + ral} cf aly fe a + ramay + af: Pe rand 
@ 3 2 
At stationary points, 
xt TA t= 0, 9+ A+ m= 0,24 Sh + n= 0 GB) 
a a Co 


Multiplying by x, y, z, respectively and adding, we get 
Aa-Wt+y¥+2)=-P 
all bm, end, 


722 


ier 
r-a eb 


272 aay 2,2 

al bm cn 
But O=lx + my + nz =A,3——; + —— + > 
roa Fab rH 


2 2 
Fé 


and since A, # 0, we get the quadratic in 7° giving the stationary values: 


222 2 2 
al” bm? en 
: + + 


re r-b ee 
Example 13. Ifthe variables x, y, z satisfy the equation 
A) OY) 0) = kK axe) 
and 6(a) =k #0, ¢(a) #0, show that the function 
fH)+f0) tf .-(2) 


has a maximum, when x = =z=a, provided that 


1 \9'(@) _ 9@|, pm 
ro {Fe wah (a) 


a Letusconsidera function 
F = f(x) + f(y) + f(2) + MO@WO(NO(Z) — KF} 
dF = 3 f(x) + AG" (Oy) O(Z)} dx 


Implicit Functions 


f(x) + A9"()O(y)G(Z) = 0 

At stationary points, f(y) + AG") O(Z)OCD = 0 stl) 
f(z) + AG(Z)O(O(y) = 0 

If the function has a maximum at (a, a, a), we must have 


f(a) + 29a)b(a)o(a) = 0 


© 
od 
oc 
ha 
a 
=z 
= 
3) 


f'(a) £@ 
A=-—— = -3 : 0, 0 
or (aoa) O(a) O'(a) #0, O(a) # 


Again OF = SL F(x) + AGO y)O(Z) fax? + 22E9'(0)G'(y)O(z)dvdy 
At the stationary point (a, a, a), 
dF =(f"(a) + AK? O"(a)} Ld? + 2AK[O(a)PE dedy 
From the given condition (1), we have 
Z9'(x)O(y)O(z) dx = 0 
k?¢'(a)(dx + dy + dz) = 0, at (a, a, a) 


or 
dx +dy+dz=0 
25 dxdy =-E dx? 
a? F ={f"(a) + AR°O"(a)} E dx? — AklO(a)P Lx? 
. PAOD x5 so} 3 
=4f"(a)-— f(a — + fla)—— ¢ 2 dx 
f g(a) ul Ga) 
For a maximum value at (a, a, a). @F is to be negative, i.e.. 
1 (a) (a) ” 
() 45 i 
ae ae fa 7 
Example 14. If f(x, y, 2) = (@x? + By + C22, where ax + by’ + cz = 1, and a, b, c are 


positive, show that the minimum value of f(x, y, z) is given by 


2 u 2 u 2 u 


aie 2a(u + a)" i 2b(u + b)’ Bas 2c(u + ce) 


where w is the positive root of the equation 
w — (be + ca + ab) u —2abe = 0 (Schlémilch) 


= Consider a function F of independent variables x, y, z, where 


B= (a?x? + by + C2 Yr y?2? +A (ax* + by? tc2- 1) 
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2,2 Be} 
dF =3 20 SS 


At stationary points 


2b? y? + cz) 7 


2axdA — aE 0 
xyz 
22%, DD) 
ty Ee 
Pas ae 
Warx + By? 
pe Wan Lea 0 
xyz 
or 
de Ds. ge oes fs 22 . goo 
Py eg A ly ye ca ns AI) 
ges rye xyz 
F 202x2 
Adding, i= (: Dax2=1) 
XZ 
Clearly / is positive, 
Again from (1), 
Byte? eta axe y Sax? 
2ax? 2by? 2cz? 1 
ax - by? a eZ? = La*x? it Say 
on 1-2ax? 1-2by? 1-22? lanes 
Clearly «> 0 and the coordinates of the stationary point are given by 
2a?x* = u(1—2ax?) 3 = ae 
2a(u + a) 
Similarly, 2 u 2 u #2) 


y= : 2 = 
a 2b(u + b) 2c(u +c) 


Again substituting these values in the constraint condition, Zax” = 1, we get 
u u u 
= + + 
uta) Auth) WAute) 


which on simplification shows that w is a positive root of the equation, 


uw —(be + ca + ab) u—2abe=0 wi) 
2 3(b° y? + e727) 2 4c? 
Again d°F = x2 ae dx hata 


Implicit Functions 


3(b?y? + c2z) 
Clearly F.= o« rrr or ee ee) 
EE fc 
Also WwW 
Fy F, 3@7y? + e222) 3(e2<2+ 22x2))_( 4c? Y 5 
i “i = FyFy- (Fy) =4 ah+ “aid ae bat = ra ie ae <x 
By. Fy wale’ ~ xyz xyz ry r 
, (S) 
Comparison of the term containing ——~ shows that this expression is positive. 
xy 
It may be similarly shown that 
Fa Fy 
Tis. yy is also positive 
Fx Fy. F 


So all the three principal minors are positive. 
Thus, @F is positive and so the function has a minimum value at the stationary point given by (2). 


EXERCISE 


|. Show that 
aN? 
(i) if2x+3y + 4z =a, the maximum value of x7y*z4 is (<) c 


(i) ifa’x? + 2by* + 24 =c4, the maximum value of x*yz* is given by 
17a?x? = 12c*, 17by* = 4, 1724 = 34 
2. Ifxyz=abe, the minimum value of bex + cay + abz is 3abe. 
3. Ufxt/a? +37/b? + 27/c? = 1, the maximum value of xyz is abc/3 V3. 
4. Ifxyz =a? (x+y +z), the minimum value of yz + zx + xy is 9a’. 


5. Ifx?+y?= 1, the minimum value of (ax? + by*)a?x? + b?y*)!"” is 2(ab)'7/(a + b). 


2 k 
6. Ifxyz=#, the product (x + a) (y+ 6) (2 +c) is a minimum, when zat iL ——p? 4; 6. c are positive. 
ab c (abe) 


7. Show that the points on the ellipse 5x? — 6xy + 5y* = 4 for which the tangent is at the greatest distance from the 
origin are (1, 1) and (—1,—1). 


8. Show that the point on the sphere x” + 7 + 2 = 1 which is farther from (2, 1, 3) is (2/14, -V14, -3/V14). 


9°. Show that the shortest distance from the origin to the curve of intersection of the surfaces xyz = a and y= bx, where 


a>0,b>0, is Ya(b?+ Ib. 


10. Ifax?+ by? = ab, show that the maximum and minimum values of x* + xy +)? will be the values of 2, given by the 
equation 


4(A - a)(A —b) - ab=0 
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IL. If 1/x+ I + W/z= 1, show that a stationary value of a°x* + b*y* + c*z* is given by ax = by = cz, and this gives an 
extreme value if abc(a + b + c) is positive. (To see the sign of °F, change it to two variables only with the help of the 
condition DI/x = 1). 

!2. Find the shortest distance between the points P and Q, when P moves on the plane x + y + z = 2a, and Q on the 
ellipsoid x7/a? + y7/b? + 7/c? = 1. 

|3. Find the maximum and the minimum distance from the origin to the curve of intersection of surface (x7 +)°+2)= 
ax + by? + PF and the plane /x + my + nz =0. 

I4. If e+ my + nz= 1,1, m, nare positive constants. show that the stationary value of xy + yz + zx is 

(2im + 2mn + 2nl — P =n? = ry! 
and that this value is a maximum when it is positive. 

15. Show that the function xy + yz + zx has no extreme value, but has a maximum value when x, y. z are constrained by 
the condition ax + by + cz= 1, where a. b. c are positive constants satisfying the condition 

2(ab + be + ca) > (a + b+ c*) 
16, If O(x, y)=0. show that the determinant 


fest Mex Say May 
fet Ay fy t Wy 
oy dy 0 


where A is Lagrange’s multiplier, is positive, in case the function /(x. y) attains a maximum. 


17. Ifax? + by? + cz? + 2fiz+ 2gxz + 2hxy is equal toa constant k, and /x + my + nz = 0, find the maximum and minimum 
values of x7 +37 +27. 


3 


18. If ax + by + cz = 1, show that in general x° + y° + 2° — 3xyz has the two stationary values 0 and 
(a + b§ +c —3abc) |, of which the first isa maximum or a imum according as a+ +c 20, but the second is 
not an extreme value. Discuss in particular, the cases when (i) a+b+c=0, (ii)a=b=c. 


19. Ifx+y+z=1, find the stationary values of 
x+y +z) + 3mxyz, (m # 2) 


and show that the symmetrical stationary value is a maximum or minimum according as m $ 2, but the other 
stationary values are not extreme values. 


Also show that x° + y° + z' + 6xyz has only one stationary value and no extreme value. 
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(Line Integrals and Double Integrals) 


In this chapter, we propose to consider two new concepts, the concepts of Line integrals and Double 
integrals in a two dimensional space. These integrals have important applications to geometry and 
physics. 

Such problems as determining the mass of a material line from its density, computing the work of 
a field of force along a path and many others require the introduction of the so called /ine integrals, that is 


by 
the integrals of bounded functions defined over curves. An ordinary single integral, ) f dx isan integral of 
a 


a function which is defined along a line segment (an interval of a coordinate axis). The 
corresponding kind of integral for a function which is defined along a curve, which might as well be 
called a curvilinear integral, is usually called a /ine integral, where line means, in general, a curved line. 
Likewise a double integral is an integral of a bounded function, defined on a bounded domain in the xy- 
plane. 


1.__ LINEINTEGRALS 


As was mentioned above, /ine integrals are integrals of functions, defined over curves. The curves may 
be plane curves or curves in space. In this section we shall study integrals over plane curves; those over 
space curves will be discussed later. Accordingly, we start with a study of the concept of curves. 


1.1 Plane Curves (Definitions 


Intuitively we think of a curve as a one-dimensional configuration, like the path of a moving particle, or 
as something obtained by bending and twisting a straight line. 


A place curve is a vector valued function C = (X, Y) with domain as a subset of R and range as a 


2 
subset of R°. 
But very often we do not make a distinction between a function and its range and take the range of 


C as the curve C itself. Thus a plane curve or a curve in R? is a set of points (x, y) for which 
x=XN),v=VO: a<t<b oth) 
where X and Y are functions with domain [a, 5]. 
Iffbe a function of x with domain [a, 5], then the set of points 
{(x, y): y = f(x); x €[a, b]} 
is also a plane curve as may be seen on setting y= f(s), x =. 
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Similarly a curve in R? oracurve in space, is a vector valued function C= (X, Y, Z) with domain as a 

subset of R and range, a subset of R° or equivalently, the set of points 
{(x, y,z):x = X(t), y = Y(t), z = Z(t), t €[a, b]} 

In familiar terminology, we call (1) as parametric representation of the curve. 

A curve is said to be continuous, if the functions X, Y and Z are continuous. 

A point (x,, y,) is said to lie on a plane curve C, if there is a ¢ for which 

x, = X(t), y, =¥(); a<t<b 

Ifa curve is defined on the interval [a, b], then the points corresponding to a and b are called its end 

points. The curve is said to be closed, if its end points coincide, i.e., if 
X(a) = X(b); Y(a) = Y(b) 

A point P is said to be a multiple point of a curve, if the curve passes through P more than once, i.e., 
if there is more than one value of t which yields P. Thus (x, v) is a double point of a plane curve C, if for 
two distinct values ¢,, f, of ¢, 


x= X(q)=X(b), y=¥(Q) =V(H) tbh €[a, 6] 


A continuous curve is said to be simple, if it has no multiple points. Thus a continuous closed curve 
is simple, if the only multiple points are the coincident end points. A simple continuous closed curve is 
generally called a Jordan curve or a Jordan arc (or simply an arc). 

A curve is said to be smooth, if it has no multiple points and Y', y’ exist and are continuous and do 
not vanish simultaneously on [a, b]. A curve is said to be piecewise smooth on [a, b], if it is composed 
of a finite number of smooth arcs. 


Remark: Asmooth curve is a continuously differentiable curve. It has a continuously turning tangent, for, Y’ and Y’ 
do not vanish simultaneously and their quotient determines the direction of the tangent. 


For the purpose of integration, a curve is generally taken to be oriented. It is said to be oriented in one way as ¢ varies 
from a to b and the other way as f varies from b to a. Thus if it is denoted by C, when oriented in one way, it is denoted 
as — C, when oriented in the other way. 


However, in the case of a closed curve, the curve is oriented in such a way that the enclosed area is always on the left 
as one moves along the curve in the positive direction. 


1.2 Line Integral (Definition 
Let 


x=X(t),y=YV(); ast<b 

beacurve C. 

Let a bounded function /be defined at every point of C (i.e., the domain of fcontains the curve). 

Let P = {a =, ty, ty,..., t, = 5} be any partition of [a, b], and &, any point of Ar,. 

Form the sum 

S(P, f, X) =D S(X(E). WE,)) Ax; 

Ifas the norm ys (P) — 0, the sum S(P, f, X) tends to a finite limit, which is independent of the choice 

of &,, the limit is denoted by 
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,y) dx X,Y) dX 
J. fe nde or J £00 
and is called the /ine integral of f along the curve C. 

This means that there exists a number / such that to each ¢ > 0, there corresponds § > 0, such 
that, for every partition P of [a, 8] with norm 4(P) <6, and for every choice of the point &, in 
[t)-1 6) 

IZ S(X(E,), VE) Ax; — I< e 
Thus, we have 
ye x,y) ad itz 
J. f(x, y) de (2) 
=. F(X, ¥) dX (3) 


Notes: 

1. Relation (3) depicts the line integral as a Riemann-Stieltjes integral but we shall give here an exposition that is 
independent of it. However the reader will do well to note the similarity. 

2. Ifinstead off we take a vector-valued function F'= (f, g) defined on C and formed the sum 


L{P(X(E,), V(E;)) Ax; + 9(X(E,), ¥(E;)) Avi} 
we would get the line integral 
JEN ae + oX.1) } 


or 


[.¢ared) 


which is discussed in the next section. ° 


1.3. A Sufficient Condition for Existence 


If X, Y and f are continuous, and X possesses a continuous derivative X’ on [a, ], then the line 
integral of falong the curve C, x = X(t), y = Y(A) exists. 
Let P= {a =¢y,t,, ty,..., t,, = 5} be any partition of [a, b]. Since X is derivable in At, there exists 
n; € At, such that 
Ax, = X(t) — X(6_4) = X"(m,) At, 
SUP, f, X) = LS(X(Ei), ¥(¢;)) Ax, 6, € At; 
= ES(XG)), ¥(¢,)) X"(6;) At; + LL(X(E)), Y(S,)) {X"() — XE} AL, 
=S,+S, (say) (1) 
Since f(X, Y) and X" are continuous, it follows (Th. 12, Ch. 9) that S, tends to a finite limit, 
\g F(X, Y)X" dt, as the norm “(P) > 0. 


Again, since f(X, Y) is continuous, it is bounded and therefore a positive number K exists such that 
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|S (X,Y) |< K, Vt e[a, b] 
Also since X’ is continuous, it is integrable and accordingly there exists for any £ > 0, a positive 
number 6 such that for every partition P with norm less than 6, we have 
U(P, X') - L (P, X') = XCM, - m,) At; < 6/K 
where M,, m, are the bounds of X’ in At,. 
Let P be sucha partition. 
1521S Z| £(X(E), WED) 1 | XC) — XG) | At; 
< KXY(M, - m,) At; < K(é/K) = € al) 
Thus, S, > 0, as “(P) > 0. 
= lim S(P, f, X) exists and equals f. S(X, Y)X' dt 


H(P)>0 
Hence, the line integral of falong the curve C exists, and we have the equality 


J fee ae= fi £06 x" ae 3) 
Cc a 


Notes: 
1. Inequality (2) may be deduced by the following consideration as well: 
Since X’ is continuous, for ¢ > 0 there exist 6 > 0 such that 
| X"(n;) — X(G,) |< €/K(b — a), 
whenever | 7; — &; |< 5. Take P to be a partition with norm less than 6. 


2. The line integral reduces to ordinary integral when the path of integration (the curve C) is an interval on the x or 
y-axis. 


Remarks: 


1. Ina similar way, we define and examine the existence of the line integrals 


Js@9) dy and f/x») de + a(x, ») dy} 


2. It may be easily seen that the line integral i f(x, y) dy along the curve C, 
y=O(x),a<x<b 


is equal to ordinary integral f S (x, OC) G(x) de. 


1.4 Properties of Line Integrals 


Since a line integral can be reduced (Relation 3 § 1.3) to an ordinary definite integral, the basic properties of 
the integral are almost completely analogous to those of the definite integral. 


(7) Ifkis a constant, 


le f(x,y) de =k J. f(x, ») de 


Integration on R? 


(7) Iffand gare integrable on C, then f + g are also integrable on C and 
+ = c 
Jf tear J. fart] eas 
(ii) If fis a non-negative integrable function, then 
J fe arz0 
€ 


(/v) Iffis integrable on C, then | /| is also integrable on C, and 


IJ. f(x, y) de 


< ) Lf (x, ylde 
c 
() Ifan arc AB is composed of two arcs AC and CB, then 
J, f(x, y) dx = | oe f(x,y) dx + (i f (x, y) dx 
which may be easily extended to a finite number of arcs. 
Example 1, Evaluate the integral J. (x? dx + xy dy) taken along: (/) the line segment from (1, 0) 
to (0, 1), (“/) the quarter circle x = cos ¢, y = sin ¢, joining the same points. 
=~ (/)_ The equation of the line joining (1, 0) and (0, 1) isx += 1. 
‘ J (x? de + xy dy) = fe —x(1-3)} de = fer ~ x) dv =—1/6 
(3 = 1 1 
2 2 ae i. 
(ii) i (x° dx + xy dy) ={ (— cos” f sint + cos” ¢ sin t) dt = 0. 
ie 0 
Example 2, Compute the integral L xy dx along the arc of the parabola x = y? from (1, —1) to 
(1,1). 


a Firstmethod. When the equation of the curve of integration is taken by expressing x asa single valued 
function ofy, we put x = y? so that 


= | ayar= {> “y:2y dy = 4/5 


y 
t 


N 
— 
c 
uu 
E 
(et 
< 
S| 
[S) 
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Second Method. \f y is expressed as a function of x, the arc AB has to be split into two parts, AO and 
OB, whose equations are 


ee: 


0 1 
Jovae] at], yes f wears [, wx de = 4/5 
Example 3. Find the value of 
J (G+ yd + @? - dy) 


taken in the clockwise sense along the closed curve C formed by y* = x° and the chord joining (0, 0) 
and (1, 1). 


a The curve C consists of the are OA, (y* = x”) and the chord AO, (y= x) 


Fig. 2 


f(t») ae+@? - dy) 


= fe) areor — y) dy} +[terer) dx + (x? — x) dx} 
1 oO 4 
=[ie" dx+y? dy) +f 2x? dx = 1/84 


Example 4. Find the value of is (x? y dx+ xy? dy) taken in the clockwise sense along the hexagon 


whose vertices are (+ 3a, 0) (+ 2a,+ V3a). 

= Equations of the lines forming the curve C are 
AB, y=- 3a 
BC, y — V3x + 3V3a =0 
CD, y + V¥3x — 3V¥3a =0 
DE, y = V3a 
EF, y — ¥3x - 3V3a =0 
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FA, y + 3x + 3V3a =0 


(2a, (8a) & p (2a,./3a) 


Na | 


dle 6 
(-3a, 0) ie 2a 0 2a ia (3a, 0) 

~ 

A B 
(-2a, /8a) (-2a, 8a) a 
co 
Lu 
= 
a 
Fig. 3 = 
[S) 


Let 
Ic = J (x? y dx + xy? dy) 
c Bs ye d) 


To = Tae + Tp +1 ep + Ipc + 1m + Tp 


={- [2 elar+ ve) af e(Z+m) ah 
fe (sie + Ni) acs [ye ae) a| 
+ fi Vas? avs {[ 22( ix + aR) a 
+ 
Lerten eam 
Flas (+ ‘ 20) a| {2° Baar ax 


=4]"- x°(v3x - 3V3a) de 
safe” v(B- masala fe 


- 108 (88 - wo} +4 ( u 


32 
i 


ot = 38 gt 
3 3° 


N 


uw 
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Show that 


J (e—y0 de + = yy ay} = 3" 


taken along the circle x? + y? = a” inthe counter-clockwise direction. 
Show that 


J ydx-x'dy__ 4a 
C Rey 3 


where C is the semicircle x =a cos t. y=a sin t from t=O to tf = 7 


Compute J , where [is the curve x = at?, y = 2at,0<1<2. 


They) 


Evaluate ie (y dx — x dy), where Cis the ellipse x= a cos t, y= b sin f taken in the clockwise direction. 


Show that 
J (y dx — x dy) = 24a 


where [- is the arc of the cycloid x = 2(t— sin #), y= 2(1 — cos 4), joining the points (0, 0) and (42, 0). 
[Hint: t varies from 0 to 22. | 


. Evaluate IE {(2a — y) dx —(a— y) dy}, where C is the are of the cycloid (from the origin) x = a(t— sin 1), 


y=a(l1—cos f). 
Show that 


x dy-y? dx _ 3a ys 
Jc YPayh 16- 


where C is the quarter of the astroid x = a cos* t, y=a sin? 1, from the point (a. 0) to the point (0, a). 
Find the value of Ip G+ y? ) dy, taken in the counter-clockwise sense along the quadrilateral with vertices (0, 0), 
(2, 0), (4, 4) and (0, 4). 
Compute 
ifs (x?y de + yex dy) 
taken in the clockwise sense along the hexagon whose vertices are (+ 2a, 0), (ta, + 3a ) 


Show that fe (xy” dy - e y dx), taken in the counter-clockwise sense along the cardioid 


r=a(1+cos @) is 35a‘x/16. 


3: 


2log2, 4. 2mab, 6. na’, 8. 1123, 9, 0. 


Integration on R2 


2. DOUBLE INTEGRALS 


In this section we shall discuss a double integral over a finite rectangle. We shall try to follow as closely 
as possible the analogy with the theory of single integrals developed in the earlier chapters. Let us first 
study the definitions of certain concepts which will be needed in the subsequent work. 


2.1 Definitions 


Domain. A domain is an open connected set of points, i.e., an open set any two of whose points can 
be joined by a broken line having a finite number of segments, all of whose points belong to the set. 


A domain is bounded, if all its points lie inside some rectangle (square). 


Boundary. A point is called a boundary point of a set S, if every neighbourhood of it contains points 
of S as well as those not belonging to S. Thus a point is a boundary point of S, if it is a limit point of S 
as also of the complement of S. The set of all the boundary points of a set is called the boundary of the 
set. 


Region. A region or a closed domain is a closed point set consisting of a bounded domain plus its 
boundary points. 

We shall assume further that the boundary of a region consists of a finite number of closed curves, 
simple or Jordan curves, that do not cross themselves nor each other. Symbol £ will, generally, be 
employed to denote a region, and symbol S to denote its area. 

A region is simply connected, if its boundary consists of a single closed curve. 

A closed domain (region) £ is said to be Regular or Quadratic with respect to y-axis, if it is bounded 
by curve of the form: 


y=G(x), y=¥ (xX); x=a,x=b 
where ¢ and ¥ are continuous and ¢(x) > (x), Vxe [a, b] 


Thus a domain which is regular (quadratic) with respect to y-axis is such that a line parallel to 
y-axis and lying between x = a, x = b meets the boundary of E in just two points. Domains, quadratic 
with respect to x-axis are defined in a similar fashion. The domain is said to be piecewise regular 
(quadratic) with respect to an axis, if it can be divided into a finite number of domains each of which is 
regular with respect to that axis. 

A domain, regular with respect to all the axes is called a regular (quadratic) domain. A piecewise 
regular domain is defined similarly. 

The contour of a closed region is said to be described in a positive sense, if the enclosed region 
always lies to the left as one advances along the contour. The area of the enclosed region is then taken 
to be positive. 


Diameter. The diameter of a region £ is the length of the largest line segment that joins two points 
of E. 

It may be observed that if a region varies so that its diameter approaches zero, then its area also 
approaches zero. The converse, however, is not true. 
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A partition of a region E is the set of closed curves which divide E into a finite number of sub- 
regions E, of area AS,,i =1,2,3,... 

The norm {(P) of a partition P is the maximum diameter of the sub-regions produced by the 
partition P. 


Partition ofa rectangle. Inthe xy-plane, consider a rectangle bounded by the lines 
x=a,x=b,y=c,y=d,a<b,e<d 


Let the region within this rectangle including its boundary be denoted by [a, b; c, d] or by R as 
convenient. Let us define its area to be the number (b—a) (d—c). 


Let P. = (a = Xq. Xs 0 Yq =D), aNd Py = {C= Yor Veer Yn = d} be partitions of the intervals 
[a, b] and [c, d] respectively. Lines drawn parallel to the axes through the points of the partitions 
P, and P,, give rise to a partition P of the rectangle R into mn sub-rectangles. 


[Xi X) Yj Vbi=L 2m FHL 2. 


Partition P is in fact the Cartesian product of P, and P,, where 
P=P,xP,={(x, 5% ER, EP) 
so that P consists of all the grid points. 
We shall use the same symbol AR;; to denote the sub-rectangle, [4;_), ¥;3 Yj-1» ¥;] asalso its area 
(4 - 4-1) Gy = Yj) = Ay; + Ay; 
If “(P,) = Ax, and “4(P,) = Ay, be the norms of the partitions P, and P, respectively, then the 


sub-rectangle AR,, =[%,,X,3 ¥,-1» Ys is called the norm of the partition P, and is denoted by H(P). 
Clearly the area of each sub-rectangle, AR;; tends to zero as L( P)> 0. 


Refinement. A partition P* is said to be a refinement of P if P’ D P,i.e., every line of P is also a line 
of P*. 


2.2 Integration Over a Rectangle 


Let f be a bounded function of x, y over a rectangle R = [a, b; c, d|. Let P be a partition of R which 
divides R into mn sub-rectangles AR,,i=1,2,....73 j= 1,2,...m. Let M;;,m, be the upper and the lower 


bounds of fin AR;;. Consider the two sums 


U(P,f)= XM; AR, = XZUM;; Ax; Ay 
ij ij 

L(P f) = Lum AR; = ZL dm, Ax; Ay; 
# ij 


respectively, called the upper and the Jower (Darboux) sums. 
It may be easily shown that 
m(b — a) (d —c) < L(P, f) < UCP, f) < M(b - a) (d -c) ail) 
where M, mare the upper and the lower bounds of fin R. 


As in Riemann integrals, considering all partitions of the rectangle R, we find that the sets of 
the upper and the lower sums are bounded and possess the infimum and the supremum. 
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The infimum of the set of upper sums is called the upper integral, I and the supremum of the set 
of lower sums is called the ower integral, I, of fover R and denoted as 


wo », upper integral 
I JJ, fae, pper integ! 


I, 


Ul 


J J f dx dy, lower integral 
28 


fis said to be integrable when the two integrals are equal and the common value 1 is called the Double 
integral of f over R, denoted by SI, f dx dy. 
Thus 


1=fJ, faca=ff pacav=ff facay, 


Remarks: 
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|. For all partitions P of R we see that 
L(P, f) <1 <U(P, f) 
Thus the integral file Ff dx dy can be thought of as a number / which lies between L(P, f) and U(P, f) for all 


partitions of the rectangle (i.e., independent of the partitions). 
It may be seen from (1) that 


mb-a)(d—e)< ff f dedy< Mb-a)(d~6) 


n 


which implies that 

fe f dx dy = t(b — a) (d —c), where ms<usM 
Iffis continuous on R, then 

JJ, farav=6-aW@-o FEm.E meR 

3. LEAx, y) = 1, then 
L(P, f) =X AR; =(b— a) (d-c) =U(P, f) 

> I, =I" =(b-a) (d-o) 
ie., the double integral exists and is equal to the area of the rectangle R. 


Hence J I. dx dy is the area of the rectangle R, dx dy being the elementary area in cartesian coordinates. 


We can easily establish the following properties of the Darboux sums and the upper and lower integrals. The 
proofs are on the same lines as for the single integrals. 


|. If P* is a refinement ofa partition P, then for a bounded function if 
(i) L(P*, f) 2 L(P, f) 
(ii) UCP*, f) SU(P, f) 
(ii) for any two partitions P, and P, 


LP, f) SUP, f) 
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(iv) J, f dx dy <ff, f dx dy 
2. Darboux theorem. To every ¢> 0, there corresponds 6 > 0 such that 
UCP, fy<l" +6, UPL Set) -€ 
for every partition P of R with norm f1(P) < 6. 


2.3 Conditions of Integrability 


|. First form. A bounded function f is integrable over a rectangle R, if and only if to every E>0, 
there corresponds & > 0, such that for every partition P of R with norm [ (P) < 6, the oscillatory sum, 
U(P, f) - LP, f) <<. 
Necessary. The bounded function / being integrable 
I" =],=1 
Let ¢ be any positive number. By Darboux theorem there exists 6 > 0 such that, for every partition 
Pwithnorm “(P) < 6, we have 


Ln pe 
U(P,f)<I1 tye tte 


I 1 
LOPS) <I, +58=1-58 


which give U(P, f)- L(P. fy <é 
Sufficient. Let ¢ be any positive number. 
For any partition P with norm 4/(P) < 6, we are given that 
U(P, f) - L(P. f) <é 
Also for any partition P, 

L(P, f) $1, <I" sU(P, f) 
> I" 1, <U(P, f)- LP. f)<é 
ie., a non-negative number, /" = /, is less than any arbitrary positive number ¢, which is possible only 
when 

I -1,=0 or I" =], 
so that the function is integrable. 


Il. Second form. A bounded function f is integrable on a rectangle R if and only if for every & > 0, 
there corresponds a partition P of R, such that 


UP, f)- L(P, fy <é 
The proof is similar to that for the functions of a single variable. 


2.4 Integral as a Limit of Sums 


Let fbe a bounded function over a rectangle R = [a, b; c, d]. Let (§);, ij) bea point of the sub-rectangle 
AR;, corresponding to any partition P of R. 
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Form the sum 
SP, f)=E 2 P (Eom AR, 
If the limit of this sum, when “(P) + 0 exists, for all partitions P of R and all positions of the point 
(Gi) in AR;, , we say the function fis integrable over R, and 
im, PN = ff fae ay 


called the double integral of f over the rectangle R. 


Remark: With the increase in their number, the size of the sub-rectangles decreases and so (P) > 0 as mn > «0. 
Thus, we may replace the condition 4(P) > 0 by mn —> o in above definition, so that 


sin sc. =[f, aca 


2.5 Some Integrable Functions 


!. Every continuous function is integrable . 
Let be continuous on a rectangle R=[a, b; c,d] and let ¢ be any positive number. 
By the property of uniform continuity of, a partition P of R exists such that the oscillation (M;, —m,) 
of fin every subrectangle of P is less than ¢/(b — a) (d —c). 
Hence for such a partition, 
U(P, f) ~ L(P, f) =E3(My —m, JAR, <é/(b - a) (d - 0) SE AR,= 


> J is integrable over R. 


\l. A bounded function f, having a finite number of points of discontinuity on a rectangle R is integrable 
on R, 

Let € > 0 be any number, and M, m the bounds of f: Let us consider a partition of R such that all 
the points of discontinuity get enclosed in a finite number of sub-rectangles, the sum of whose areas is 
less than ¢/2(M —m). The oscillation of f being less than (M — m), the part of the oscillatory sum 
{U(P, f) — L(P, f)} arising from these rectangles or from the sub-rectangles into which they may be 


further partitioned, is less than 3e: The remaining sub-rectangles, where the function is continuous, 
may be further partitioned (as in I above) so that the part of oscillatory summarising from them is less 


I 
than >é, 
2 
Thus we have found a partition of R such that the corresponding oscillatory sum is less than any 
given positive number ¢. 


Hence, the function fis integrable on R. 
ILL. Ifa function f is bounded on R = (a, b; c, d), and its points of discontinuity lie on a finite number 


of curves of the form y = $(x) or x = ¥(y), etc., where ¢,¥, ... are continuous, then f is integrable 
on R. 
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Let the number of curves in question be p. 


Let € > 0 be any number. 

Because of continuity of ¢ in [a, b], there exists a number 6 > 0, such that for all partitions P, with 
L(P) <6, the oscillation of ¢ in every sub-interval is less than ¢/(b — a). Let P = {a = Xp, X41, 
X,, = b} be such a partition. 

The points of y = ¢(x), corresponding to the values of x ¢ Ay;, clearly belong to the rectangle 
[x)1,X)3mj, Mj] of area (x; — x;-;) (Mj, — m,); M,,m, being the bounds of ¢ in Ax;. Thus all 
points of the curve have been enclosed in rectangles of total area X(x) — X-1) (M4, — m,), which is less 
than é/p. 

Dealing with the other curves in a similar manner, we see that all the curves can be enclosed ina 
finite number of rectangles of total area less than any positive number ¢. Now proceeding as in II 
above, we can prove the required result. 


2.6 Some Theorems 


Following are some of the simple theorems. Their proofs being straightforward, are left to the reader. 


Ifthe functions /', /,, f. ofx,y are integrable on a rectangle R, then 
I; SJ, kf dx dv=k fi, f dx dy, k is constant. 


u. JJ, ie Aracd=ff idvar+ ff, pave. 
Ill. The product /,/, is integrable over R. 


IV. The quotient f,/f is integrable over R, if |f;|2k >0 on R. 
V. When /is integrable on R so is | |, and 


JJ, feels Jf iaea. 
VI. If the rectangle R is subdivided into a finite number of sub-rectangles R,, Ry, ..., R,,, then 
JJ,rao=JJ, fae dy+ ff fdedy ++ ff) fared. 


VII. Mean Value Theorem. If fand g are integrable and g keeps the same sign on R, and m, M are 
the lower and upper bounds of f; then 


(i) mf J gaas |] fedays MJ gaa, when g(x, y) 20 
mf f sade ff seade MJ gad, when g(x,y) <0 


(ii) Jf, feea=uJf gdumsusm 


(iii) if fis continuous on R, 


JJ, feaa=sEm Jf gaa. Emer 
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Example 5(a). Evaluate SJ, (x + y) dx dy on the rectangle R = [a, b; c, d]. 


mw Let P = {a= Xo, x,...,x, =} be an arbitrary partition of [a, b] and 
Py = {C= Vo. Vy) Vm = 4} that of [c, d]. Then 
P=P x P= {(x,¥j):3; Py; € Py} 
is an arbitrary partition of R. 
On each sub-rectangle, AR, = [x;,, 4); ¥)-1.¥/) (4-1 + ¥j-1) and (x; + ¥;) are the lower and 


the upper bounds of x + y. Thus NN 
L(P, f)= XX (x4 + Yj) Ax, Ay; 5 

i 
U(P, f)= DE (x; + y;) Ax; Ay, fe 
ae o 
Also a 
ae 
Xat Yas <5 +X hry L(y; FV A)SHtY; (6) 

UP. NSE (4, +4.) += Ae +i fas Ay, $U(P,f) 
‘ae 
But 


1 1 
Eels +H1)+ 50; yd hd Ay; 
1 1 
= yee +x;,) Ax; Ay, +9220; + V4) Ax; Ay; 
1 2 1 2 2 
= 7h aE +7 LO7 eA; 
=36 =a) (d=) +d" -c?\(b-a) 


=F(b-a\(d-cj(arb+e+d) 
Thus for any arbitrary partition P 
LP.) 5 3(b-a) (do) (a+ b+e+ d)<U(P,f) 


= For all partitions P of R, a number 506-4) (d—c)(a+b+c+d), independent of P exists 
such that 


ite 
eae, b8 OL 
E i 


= [[facay=30-a(d-c)(a+b+e+d) 
R 
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Example 5 (4). Evaluate Jfo — 2x) dx dy, over R = [1, 2; 3, 5]. 
mw Let P= (l=xy, x), -.,%, = 2}, and P=(3= yo, Yy.--+ Yy = 5} be arbitrary partitions of [1, 2] 


and [3, 5] respectively. Then 
P=PRX P= (lx, y)):4) By) EB) 


is an arbitrary partition of the rectangle R = [1, 2; 3, 5]. 
One each sub-rectangle, AR; ; =[%;-;,4;3 Yj-1, yj} the numbers (y;_) — 2x;) and (y; — 2%) 
are the lower and the upper bounds of the function y — 2x. 
Thus 
L(P, f) = = x ers 2x;) Ax; Ay; 
U(P, fy = x x (y; — 2x;_,) Ax; Ay; 


Also 
I 
Yj-1— 2%; S Bi FY) ORF) S Yj — 24 


LP, f)S 3x fLoyeyaegeitso pas Ay, SU(P,f) 
ij 


I 
EE {F0, +p) - OG sofa Ay; 


1 
= 5e Uy + yj4) Ay; Ay; “2G +%,,) Ax; Ay; 


=5303 ~ Yj) ZAG LEP =H) ZA, 
i i i i 
=56'-F)2--@ -1)\(5-3)=2 


Thus, for any arbitrary partition P of R, 
L(P, f)<2<U(P, f). 


so that for all partitions P of R, the number 2 (independent of P) exists which lies between L(P, f ) 


and U(P, f). 
Hence JJ, 7-2 aeay=2 


Ex. Show that the double integral of the following functions exists over R = [0, 1; 0, 1], 


®) f@yerty? 
_ sin (I/(x + y)), (a y) # (0, 0) 
(ii) y= 
hla { 0 (x, y) = 0,0) 
Gi) fmy= {; if (x, » = (1/m, 1/n), for some m,n € N 
1, otherwise 
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Example 6, A function fis defined on the rectangle R = [0, 1; 0, 1] as follows: 


1 
=, when yis rational 
f(x y)=42 : 
x, when y is irrational 
show that the double integral SJ, F(x, y) dx dy does not exist. 
a Leta partition 


F = [0 = X9.% 5% = Dernel Anta Xn = 1 
divides the interval [0, 1] on x-axis into 27 equal sub-intervals, each of length 1/2n. 


Leta partition P, = {0 = yo, ¥), Y2,-+++ Yon = 1} divides [0, 1] on y-axis into 2” equal sub-intervals. 


Lines drawn parallel to the axes through the points of the partitions P, and P, give rise to a partition 


P of R into (2n)? squares, AR;, 


each of area 1/4n, so that 


I 
AR,= Ax, Ay=T> 


2n 2n 1 
YAR, = Ax Ay; Ax =— 
ja . 2n 


j=l 


i=1 j=l i=n+1j=l 


~~ 
= 
oc 
WW 
= 
oa 
< 
x 
S) 
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2n 2n n Qn 2n Qn 1 


LP, f)= 2X Lm, AR;=X Lx, AR, + L L—AaR 
isl j=l i=l j=l i=nt1 j=12 
n ; 2n Qn 
a$il ti : AR, eee) 5 LL 
i 2n2n 2 anja “! dn? = 2 72 
nny Qn 2n ue 2n 1 
UP, f)=X LIAR; + YL Lx, AR; == AR, + DL x)= 
i=1j=l i=n+1 j=l 2 i=l j=l i=n+1 2n 


La 1 n(3n +1) 

= + 

22 an 2 

& UCP, fia Le; nat, for an arbitrary partition P, 


i.e., for all partitions P of R, 


1 1 
UP SA)-LP. A= e(= 5, say) 
=> Fis not integrable on R. 


Ex.1. Find th (x + 2y) dx dy, when R=[1, 2:3, 5]. 
Ex.2. Evaluate ik (x -— y) dx dy, J f, [x — y] dx dy, for R=[0, 1;0, 1]. 
Ex.3. Evaluate ff (x? + y) dx dy, over the rectangle [0, 1; 0, 2]. 


2.7 __lterated Integrals (or repeated integrals) 


Definition. An iterated integral is an integral of the form 


f ax=f""” fox ay 


(x) 
where ¢, or ¢, or both are functions of x or constants. 
This means that for each fixed x between a and 4, the integral 


F(x) =f 


(x) 
al De 


b 
is evaluated, and then the integral ) F(x) dx. 
a 


n [ F(x) dx = i { \/me f(x, y) dy } dx 


of boa) 
=[ dx [ f(x, y) dy 
a (x) 


il YD 
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The other repeated integral 


ip dy | a f(x, y) dx or [ { [oe F(x, y) dx | dy 


Pil 
is defined in the same way. 


2.8 Reduction to Iterated (Repeated) Integrals 
(Calculation of a double integral over a rectangle) 


Theorem 1. Fubini’s theorem. If a double integral, I = SJ f dx dy exists over a rectangle 
R 


dd 
R=[a, b; c, dl, and if i f dy also exists, for each fixed x in [a, b], then the iterated integral 


b d 
| dx ) f dy exists and is equal to the double integral I. 
a c 


Let € be any positive number. 
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Since the upper integral, /“ is the infimum of the upper sums, there exists a partition P of R such that 


LIM, AR, <I" +e 
ij 


or XL M,; Ax, Ay; <I" +e 
ee 


=x) 


Again, since for any fixed value of x € Ax;, M;; is an upper bound (not necessarily the supremum) 


offin Ay,, therefore 
Ta 
) f dy$ XM, Ay,, when x € Ax; 
¢ i 


Again, from equation (2), x M;; Ay; isan upper bound of the function 


d 
(x)= | f dy, xe Ax; 
c 
therefore by the same reasoning as above, we get 
To 
fio des ¥ (S My Ay) Ax, 
or , 
To, fa 3 
foac fo rays D3 My Ay, Ax <I +e pyc) 
la ic og 
Also, since by hypothesis, 
d Fa d 
[ra=[re=f fdy 


and € is an arbitrary positive number, we get from equation (3), 


faf's dy= fac ff ays" 


(2) 


(4) 
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By considering the lower integral /,, we can similarly show that 
b Pd 
) dx [ fdy21, tS} 
ta a 
Again, since J, = /“ = 1 as the double integral exists, from (4) and (5), we get 


isf'acf'rarsfarf! fayst 
=> lk dé lie dy= fax {ir dy= ff. f dx dy 


Thus f [I f a| dx exists and equals SJ, f dx dy, 


Notes: 


b 
1, Similarly, if J i f dx dy and J f dx both exist, then the double integral can be expressed as 
a 


[f,racar= fea fsa 


2. Since € is an arbitrary positive number, inequality (3) shows that 


facf's avs fff dx dy 


and similarly by considering the lower integrals, 


fe és ( fay> ff fadeay, 


Remarks: 
i. The theorem holds even if fhas a finite number of discontinuities, or an infinite number of discontinuities lying on 
a finite number of lines x = C;, i = 1, 2, ..., m parallel to y-axis. 


d 
For, the function (x) = dy will be discontinuous ata finite number of points C,, C,, ..., C,, only, and will 
e iy 1» 2 ‘m 


therefore be still integrable. 

A similar remark holds for discontinuities parallel to x-axis. 

Ifa double integral exists, then the two repeated integrals cannot exist without being equal. However, if the double 
integral does not exist, nothing can be said about the repeated integrals: they may or may not exist. 

Also one of the repeated integrals may exist or even that both may exist and be equal and yet the double integral may 
not exist, ie., the existence of one or of both of the repeated integrals is no guarantee for the existence of the double 
integral. 

However, if the two repeated integrals exist both are unequal, the double integral cannot exist. 


n 


ILLUSTRATIONS 


|. A function is defined on a rectangle [0, 1; 0, 1] as 


when y is rational 


By 
foo={} 
x; 


when y is irrational 
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1 I 
The iterated integral | dy | f dy= x , but the other iterated integral does not exist. 
a 0” Jo 2 


For y rational 


For y irrational 


1 
Proceeding as for a function of a single variable, we may show that the integral if tf dy does not 


la 
— 
o 
Lu 
=, 
oa 
4 
<= 
S) 


1 1 
exist and so J ax | J dy also does not exist. 
0 0 
It was shown earlier that the double integral 1h J dx dy does not exist. 
1 Bet 
2. For the rectangle R = [0, 1; 0, 1], letx,) = 1 except when x = ., and let nes) = 1, for irrational y, 


and r(3.») =-—l, forrational value of y. 
The function has an infinite number of discontinuities along the line x = > 


From the rectangle R cut out the rectangle E - 65 +é 0], where é, é’ are positive and arbitrarily 


small, and let R, (consisting of two rectangles) be the remaining region. 
Now 


JJ, fe a= Jf, ba dy=1-2~ 2 (area of &) 


so that the double integral over R is (by definition) equal to unity. 
Again 


JJ, faar= [ae Liars fl ae fdy=t-e-e 


JJ, farar= fia fe Lae + [dy fl Vieedas<e 


Proceeding to limits, when ¢, ¢’ tend to zero, we get 


jfpsseare La lran fara 
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=i 
a the upper integral J f dy =1 and the lower integral 
2 0 


1 : 1 
J f dy =—|, so that the integral J f dy does not exist for x=. 
=0 0 2 


It may also be noted that when x= 


1 1 
Thus the function F(x) =| f(x, y) dy is discontinuous at «= a 
0 < 
3. For the function f defined as : 
Vy, if0<x<y<l 
f(y y= -1/x’, if0<y<x<l1 


OF 


[ dx [ fdy# [ dy [ f dx 


(0, 0) is a point of infinite discontinuity of /- 
For0<x<1, 


otherwise if OS x, y $1 


re * dy Vdy _ 
fu dy=- ff ee x yo : 


in dx = ii fdy= [ (-ldx=-1 


Again, for 0 <y <1, 


[irazf S- oe 4 


py? dy x? 


fo [ di av= ff l-dy=1 


Hence 


fac frae fay] fas 


As the two repeated integrals exist but are unequal, the double integral. J i. f dx dy cannot exist. 
Example 7. Show that 


1 1x? y? 1 1 x? —y? 
jaf — x dy=| ay ——— dx 
0 0 XE 0 OY ere ye 


i.e., the change in the order of integration is permissible. 
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a Now 
? ee 1 
dy = > - 1} dy =2x tan! — -1 
oe f45 , x 
fol ee =f 2x tan? +1) ax =0 
lo Jo x+y? ary ae x oe 
Again 
1 x2 — y? 1 »2 
j zl a dx = [!- 2 =}ae=1=2y tart 2 XS 
Ox +y 0 x+y y TS 
ui 
1 1 -y? 
fof any f Ss 
0 O x + yr oO 
Thus = 
oO 


lh d i = 

Ix 

0 De Ey 
Example 8. Prove that 


fia ef oe dy =4, fof oe doa 
0 (x+y) 2 0 (x+y) D 


Does the double integral Ihe 


7 dx dy exist over R = [0, 1; 0, 1]? 

(x+ * 

a= The integrand (x — y)/(x + y)* is bounded over the square [0, 1; 0, 1] except at the origin which 
is a point of infinite discontinuity (The integral is actually an improper double integral). 
For x #0, 


x-y 1 1 
y= dy = 
ane 0 (x+y)3 a l es carl 2 (l+x)? 


1 
and ¢(0) does not exist, so that J (x) dx is an improper integral. 


fa “(= = dy=f'6ae= tim f ile = jim ( 4 -i\=4 
i G@+y? As0+ Ja (1+ x)? As0+( 142A 2 2 


Again, for y # 0, 
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and ¥(0) does not exist, so that proceeding as above 


[ dy —— mers ie ll 
0 0 (x+y) 2 


Thus the two iterated integrals exist but are unequal and so the double integral cannot exist over R. 


Note: The above example shows that change in the order of integration may not always give the same result. A 
sufficient condition under which such a change is permissible is that the double integral over the corresponding region 
exists. In the above case, the double integral fails to exist because the integrand is not bounded in a neighbourhood of the 
origin. 


|. Evaluate the following integrals: 


( Ie (x? +2y) de dy, R=[0.1;0.2] 


dx dy 
(a) Deere R=[0, 1:0. 1] 


wf, 


as) », R=[0. 1: 
(iv) fe Pea dx dy, R=[0,1:0, 1] 


[In (iv) the integrand is bounded and (0, 0) is the only point of discontinuity in R.] 


=~ dx dy over the rectangle [0, 1; 0, 1] 
ye 


2. Compute the double integrals of the following functions over R. 
() xsin(xt+y), R=[0, 2; 0, 2/2] 
(i) x?ye™, R=[0, 1: 0,2] 
(iif) xy cos (xy), R= (0, 2/2; 0, 2] 
Let a function /be defined on R = [0. 2: 0, 3] by 


3, if xis rational 


fx, v-| 2 


y, if xis irrational 


Show that one of the iterated integrals exists. but the other does not. 
4. Are the two iterated integrals 


ee ope yy 
dx | ———{ dy, and | dy | ——;4@ 1? 
J “i; Gia J y | Cy 
If not, why so? 


5. Show that @(A) = fae “J Pig is not continuous at A = 0. 
x + y) 


6. For R= [a, b: c, dj. show that 


J J, o00 YO» de ay = [f G(x) de | [vo dy | 


Integration on R? 


For the function f(x, y) = (y? — r/o? +x°)?, show that 


fa ro=] af fdc=0, if0<4<1 


but 
1 1 1 1 
falroelal ra. 
S. Prove the Dirichlet’s formula : 

Gr) 

2 

JJ pe tT ds dy = 
1 rea] + i) 

1D 


whether (i) p 2 1, q 2 1, or(ii)0<p<1,0<q <1, where R is the region bounded by the first quadrant of the circle 


ty al 
I. (i) 14/3 (ii) log 4/3. (iii) z/12 (iv) 0. 
2. (f) m-2 (ii) 2 (iii) -x/16. 


2.9 Differentiation Under the Integral Sign 


In this section, we shall prove that, under suitable conditions, ‘ the derivative of the integral and the 
integral of the derivative are equat , and consequently, ‘the two repeated integrals are equal for continuous 
functions.’ 


Theorem 2. Leibnitz’s rule. If fis defined and continuous on the rectangle R =a, b; c,d), and if 
(1) f,(@&, ») exists and is continuous on the rectangle R, and 


(i) g(x) = [ire y) dy, for x e[a, b], 


then g is differentiable on [a, b], and 


d 
g')= [LG ») dr, 


aff f(x, yay} = ( ee 


Since /, exists on R, therefore, for each y €[c,d], and each h # 0, it follows by the Lagrange’s 
mean-value theorem, that 


S(x +h, y) — f(x, y) = hf, (x + Oh, y), for some 0<0<1 


Now /, being continuous, is integrable on [c, d] for each x €[a, b], therefore g(x) is a well-defined 
function on [a, 5]. 


- 
To 
ao 
Lu 
= 
oO 
< 
po 
iS) 
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g(x +h)~ g) _ 1 fire +hy)-fixy)}dy 
h h ve 


= [fer + Oh, 9) dy,0<0@<1 (1) 
Let ¢ > 0 be given. Then, by the continuity and so uniform continuity of f, on R, 36> 0, such 
that if (x, y), (x,y) ER with |x — x'|< 6, |y — y'| <6, then 
If.) - Ae". v') |< e/(d - ©) 
Let 0<|h|<06, then foreach y e[c, d], 
| f(x + Oh, vy) - fy) |< e/(d - ©) (2) 


From equations (1) and (2), we obtain 


ae - [Le yy dy< fi Sf. (x + Oh, vy) — f(x, vy) | ay 
7 ic ic 


é 


(d-c)=6,0<|h|<d 
d-c 


< 


Hence g'(x) = lim ae [rc y) dy. 
A p 


h>0 
Corollary 1. (General Leibnitz's rule). If f satisfy the conditions of the above theorem, and if 


(i) @,¥:[a, b] > [e, d] are both differentiable, and 


(i) gy = J Fo, 9) dy, for x ela, bh 


then g is differentiable on [a, b], and 


WY 
tex)= [O° fl 9) dr + Fe, FO) VO) ~ F066) HCD. 
Let G(x, a, 8) = ‘i (x, y) dy, x €[a, b], and a, B ER. Then, by the Leibnitz’s rule, 


CoG 
Ss [fea a(l} 


which is continuous, by using continuity (uniform) of /,(x, y). Now, by the Fundamental theorem of 
calculus, we have 


a a 
of 


——=-f(x,@), and gp LA) .--(2) 


Ca 


which are continuous, by the continuity of /(x, y). 


Integration on R* 


By (ii), g(x) = G(x, o(x), ¥(x)), for x €[a, b] 


Thus, G has continuous first order partial derivatives and is, therefore, differentiable. Moreover, the 
two functions ¢ and Y are differentiable on [a, b]. Therefore, applying the chain rule (§ 7.2 (1), 


Chapter 15) of differentiation of composite functions of g, we obtain 


a(x) = 2 gays on P(x) 


ox é¢ a 


From (1), (2) and (3), we get the required result. 


Corollary 2. Iffis continuous on R = [a, b; c,d], then 
b [pd cd {pb 
) {f f(x,y) a} dy = J {J f(x,y) as| dy. 
alse e [Ja 
i.e., the two repeated (iterated) integrals are equal. 


Define g(x, z) = f J (x, y) dy, x €[a, ], then by the Fundamental theorem of calculus, 


a = f(x, 2), which is continuous, by the continuity of f 


b 
Let G(z) = j g(x, z) dx, z €[c, d], then by the Leibnitz’s rule 
a) z b 
G'(z)= J Be) 2) dx = | T(x, z) dx, 
a Oz a 
which is again continuous, by using continuity (uniform) of f 


ii { J i f(x,2) ax} de = i G'(2) dz = G(d) - Ge) 


[by the fundamental theorem of calculus] 


= G(d) 


= { fre9 a} de. 


Hence the result follows. 
Example 9. Show that 


a/2 2.22 . 
J. log (1 — x sin? @) dO = z log (1+ Jl — x2) — 2 log2, if |x| <1 


= The function log (1 — x? sin? @) is well-defined in the rectangle [— 1, 1; 0, 7/2], and satisfies the 


conditions of the Leibnitz’s rule. 


7/2 St a0 
Let a(x)= [ log (I— x? sin? 0) dO, |x|<1 


vet) 
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By differentiating under the integral sign, w.r.t. x, we get 


7/2 —2x sin? 0 2 pz2 (1—x? sin? 8-1) 
"(x) = —— d= d0, x#0 
8) J 1— x? sin? 0 nih 1—x° sin? 0 
2 #2 do 
ae —>.—> > Put cot O=1t 
x40 1— x sin? 0” 
a 
“x xd 147-3’ 
2 ca 


Integrating w.r.t. x, we obtain 


1-J1—x? 


me +c, where c is an arbitrary constant. 
xz 


uae 


iT 
N 
a 
—— 
] 
= * 
o 
| 
* 

2 
es, 
+ 
is 


he e(+yl-")[ 
Ee 1-(1-x°) . 


alog(l+V1—x°?) +e 


But g(0) = 0, by (1), therefore c = — zlog2 


Hence, g(x) = z log (1+ 1-x?)- log 2, for|x|<1. 
Example 10. Prove that 


ae 
i “sin 8 cos" (cos a cosec 0) dO = = (1 - cos a) 
ta-a 2 


/2 
a= Let g(a) = | ae sin 6 cos | (cos a cosec 0) dO itl) 


Applying the general Leibnitz’s rule, we obtain 


3 2/2 sina d@ =i a 
gi (a)= +sin|—— a | cos | cos @ cosec “am a 


4 = 
ad @ J1—cos? a@ cosec” 6 


Integration on R* 


7/2 sina sin0d@ 
ana sin? 0-cosa 


= | sin @ dt 
0 


SS = + 0 taking cos@=t 
ysin?a — 17 


+ cos a cos"! (1) (2) 


sin @ 

: mt (eae: jae 

= sin @ sin ; = sina 
sin @ 2 
0 

Integrating w.r.t. @, we get 

ia é 5 

g(a) =- 5 cos @ + c, where c is an arbitrary constant. 


But g(z/2) = 2/2, by (1), therefore c = x/2 
Hence, g(a) = 2/2 (1 - cos a). 


EXERCISE 


|. Iffis continuous on R = [a, b; c, d], then prove that the function 
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g(x) = [ire y) dy is continuous on [a, 5]. 


i) 


Iffis continuous on R = [a, b; c, d], then show that 
F(x, ¥) = f(x, y), forall (x, y) ER, 


where F(x, y)= lig dv IP Ff (u,v) du. 
b d dpb 
Deduce that j a ff dv= [ay f fd. 
5. If|a|<1, show that 


wT 
f log (1+ acosx)dx = log] 


wi-@ | 


1 
eis 
Die: 
7 
hence or otherwise show that i log(1 + cos x) dx =— z log 2. 
4. If|x|< 1, show that 


(6) IE Poel ACOs VF erica be 


0 cos y 


7/2 A 
(ii) if log(I — x? cos? ) d= z log (1+ Jl - 2°) - 7 log 2. 


5. Show that 


[eae y= af ea) I, 


a) 
0 sin’ y 


Mathematical Analysis 


/2 
(ii) fF low + xsiny) dy =F tog( 1 +1 = ),0< xSl, 
bee 5 


_w 4a? 


7/2 log(1 + cos@ cosx) 
(ii) I _ dx 
0 cos. 8 


mn [tos (acos? 0+bsin? 0) d@=z tog[4(Va + vb} a,b >0, 


ey si 
(v) f log gee sing eee cant oe, 
0 a—bsin@ a 


e* 3 

6. If g(x) = ‘i 1+ y° dy, find g’(x). 
sin.x 

7. Show that 


(i) (ks tan! (y/x7) dy = (@ —2 log 2) x*/4, 


= 


-, @ log (1+ ax) 
(i) ee 
a [ Tx i 


=+ log (1 +a") tan”! a,a>0- 


8. Starting from a suitable integral, show that 


(i) IF dx = 1 ine () i x 

0 (x2 hat)> 2a a 2a? (x? +a’) 
(ii) Ie > ssh zal Tela zB : 

0 (a sin’ x+b° cos x) 4a°b 


3. _DOUBLE INTEGRALS OVERA REGION 


So far we have studied the double integrals over rectangles. In this section, we shall study double integration 
over a closed bounded domain (region £). 


The procedure and the results will be similar to those for integrals over rectangles except for some 
verbal changes. 


3.1__ The Area of a Closed Bounded Domain E 


Since E is bounded, a rectangle R exists which completely encloses £. Let P be a partition of R. 

Let L(P) denote the sum of the areas of the sub-rectangles which consist entirely of points of E. 
and U(P) denote the sum of the areas of the sub-rectangles which have at least one point in common 
with E. 

Clearly, L(P) < U(P) 

To every partition P of R, there corresponds a pair of sums L(?) and U(P). Clearly the sets of these 
sums are bounded. 


The supremum of the set of sums L(P) is called the inner area of E and the infimum of the set of 
sums U(P) is called the outer area of E. 


Integration on R? 


The region £ is said to possess an area if the inner and the outer area of £ are equal and the common 
value is called the area of £, generally denoted by the symbol S. 


3.2 Double Integral over a Region E 


Let a function of two variables be single-valued and bounded on a region E of area S. 
Let a partition P, consisting of a finite number of curves, divide the region £ into n sub-regions of 
elementary areas AS,, AS), ..., AS,,. These sub-regions may be formed by drawing curves that cover 


n 
the area like a net. Clearly the sum of these elementary areas is & AS, = S. 


i=l 
Let M, mand M,, m, denote the upper and the lower bounds of fin E and AS, respectively. From 
the sums 
U(P, f) =X M; AS,, and L(P, f) = Lm, AS; 


called the upper and the lower sums respectively. 
As before 
mS < L(P, f) <U(P, f) < MS (1) 
so that the two sets of sums are bounded and each has the infimum and the supremum. The infimum of 
the set of upper sums is called the upper integral, I, and the supremum of the set of lower sums is 


called the /ower integral, I, of fover E, denoted as 


rel 7 dS or iin f dx dy 
=f fas or ff faray (2) 
“E ds; 


When the two integrals are equal, f is said to be integrable and the common value / is called the 
double integral of fover E, denoted as 


1=Jf sacar] fas 3) 


Note: Taking f= 1, we at once deduce that the area S of the plane region £ in the xy-plane is given by 


S=|f aay 


dx dy being an elementary area of the region. which when expressed in polar coordinates becomes r dr d 6. 


Integral as a limit of sums. Let (¢;,;) be any point of AS;. The norm “(P) is the maximum 
diameter of the sub-regions produced by a partition P. 


Thelimit lim S(P,f)= lim > f(én;) AS; 
M(P)30 H(P)30 


if it exists for all positions of (€,, 7;) in AS;, and all partitions P of E are called the double integral of 
fover E. 


dim, SUPP) = JJ, re=fJ, raw (A) 
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For simple regions, since the increase in the number of sub-regions reduces their size, w(P) > 0 
as n — ce, Therefore we may state the above result as 


lim S(P, n=ff, f dx dy (5) 


ne 


Note: It may be seen that f(€,, 7;) AS; represents the volume of a solid cylinder with base AS; on the xy-plane, 
bounded at the top by the surface z = f(x, y) and having generators (sides) parallel to the axis of z. Thus in the limit 


(n>), 


lim scp, fy=[ J, f avay 


H(P)30 
represents the volume of a cylindrical solid bounded above by the surface z = f(x. y), below by the plane base E 
(projection of z = f(x, y)) in the xy-plane and having sides parallel to the z-axis. 
By proceeding on the same lines. the results for the double integrals over rectangles (§ 2 to 2.1) can be easily 
established for double integrals over plane regions. We shall give formal proof of one of the theorems equivalent to that 
of § 2.6. 


Theorem 3. A bounded function f on a region E, having an infinite number of discontinuities lying on 
a finite number of smooth curves, is integrable on E. 

We first prove the theorem for the case in which the given function fis continuous at all points on a 
smooth curve, say C. 

Let ¢ be any positive number. 

Draw two curves C, and C, which cut out the line of discontinuity from the region £, so that the 
function is continuous in the remaining parts E, and E,, of the region £. 

The curves C, and C, may be drawn so close to C that the area they cut out from £ will be as small 
as we please, say less than €/4 M where Mis the upper bound of fin £. Since the oscillation of fis less 
than or equal to 2M, the contribution to the oscillatory sum from this area is therefore less than 
2M(é/4M), i.e., less than at 


Inthe regions E, and E,, fis continuous and therefore a partition P exists such that the contribution 


to the oscillatory sum U(P, f) — L(P, f) from these regions is less than =e Thus a partition P of the 
area exists for which U(P, f) — L(P, f) < €, and thus fis integrable over E. 
The other lines of discontinuity may be dealt with similarly. 


Remark: Ifa function is integrable over a region E (even ifa rectangle), the values of fmay be arbitrarily changed at 
isolated points in £, or at all points on a finite number of curves without affecting the existence or the value of the 
integral, provided the values of fare finite. It would be sufficient to consider these isolated points or the curves, among 
the discontinuities of £ 

The truth of the statement is evident from the nature of the above proof. 

Integrability over a region (bounded domain) can also be locked upon as follows: 


3.3 Integrability overa Bounded Domain 


When the given region £ is bounded, a rectangle R can be found which completely enclosed £. Let us 
define a new function F on R. 


Integration on R? 


x,y), at points of E 
Fe, n={h y), at p 


0, elsewhere 


A function f is said to be integrable on E, if F is integrable on R, and then 
SJ, f dx dy= JJ F dx dy. 


Remark: Ifa function fis continuous on a domain £, bounded by a finite number of continuous curves of the form 


y =¢(x), x= P(y), ete.. then ni f dx dy exists. 
The result follows from the fact that the only possible points of discontinuity of F defined as above. are the points of 
the curves y = @(x), etc. 


3.4 Reduction to Iterated Integrals (Calculation of a double integral 
over a closed domain) 
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Ifa double integral J J, f dx dy exists for a function f defined on a closed regular domain E bounded 


by the curves 
y= (4), y=V(x); x=a,x=), 


W(x) 
where ¢,¥ are continuous, and ¢(x) <‘¥(x), for all x € [a,b], and if the integral ) f dy exists 
(x) 


M(x 


b ) 
for each fixed point x in [a, b), then the iterated integral ) dx f dy also exists, and 


Ox) 


{ih f dx dy= li dx io f dy wih) 


O(x) 
Let a rectangle R = [a, b; c, d] enclose E. 
Let us define a function F over R such that 


F(x y) f(x,y), at points of E 
x, y)= 
> 0, outside E 


Then 


hf f dx dy = J 3 F dx dy= \k dx fr dy (by Fubini’s theorem) 
=f dx (f° Faye Faye f F ar} 


ec (x) NY (x) 
b Y (x) b P(x) 
=[ ite Fdy=f dx | f ay 
a O(x) a 'O(x) 


The other two integrals vanish in view of the definition of F. 


608 Mathematical Analysis 


Corollary. If instead, the domain is bounded by continuous curves 
x= ¢,(y), x= Py); p=cyHad 
where 
O(y) <P (y), V y €[e, d] 


Cy) 
and ‘i J dx dy on E and , me f dx exists for each fixed y in [c, d], then the iterated integral 
ny) 
a y. 
I dy ihe ‘ f dx exists, and 
G 1) 
dd iCy) 
Ix dy = | dy ix (2) 
{ha dx dy = fd) I... fd 


Notes: 
1. Ifa function / is continuous. then the double integral ie f dx dy is expressed in terms of iterated integrals by 


(1) or (2) depending on whether the domain is quadratic with respect to y-axis or x-axis. 

The domain £ in the above theorem is taken to be quadratic (regular) with respect to one of the coordinate axes. 
IF is not quadratic with respect to y-axis, result (1) cannot be used to express a double integral in terms of iterated 
integrals. However. if it is quadratic with respect to x-axis, result (2) can be used, and vice versa. 


Ifthe domain £ is not quadratic with respect to either axes, see if we can manage to partition £ into a finite number 
of quadratic domains. Then, by evaluating the double integral over each of these sub-domains by means of iterated 
integrals, and adding the results. we get the required integral over E. 


nv 


Example 11. Evaluate J J y dx dy over the part of the plane bounded by the lines y = x and the 


parabola y = 4. —x°. 


Fig.5 


a The line and the parabola intersect at the points (0, 0) and (3, 3), the domain of integration being the 
shaded region in the figure. Any line parallel to y-axis cuts the boundary of the region into two 
points, such as P, Q. Thus 


Integration on R? 


JJ, varar= fax ia ydy=4f Gt 80° + 15x) de = 


Example 12. Find the value of J J. e*/* dS ifthe domain E of integration is the triangle bounded by 
the straight lines y =x, y= 0 andx=1. 


= To avoid integration of e””* with respect to x, we use 


1 ay 1 a=] 
wx dg = , a = aos Se 
SJ,e ds =f ade [ e! dy = xe 1) dx 5 
NR 
y - 
+ oc 
uJ 
= 
< 
yee al ae 
Pp (S) 
9) x 
_Z (0,0) Mo 
Fig.6 


Example 13. Change the order of integration in 


[= [ dx [re y) dy: 


a The line y =x and the parabola y = vx cut at (0, 0) and (1, 1). The domain of integration is the 
shaded region. Any line parallel to x-axis cuts the region into two points such as Q and P. 


ve [eo f. f(x, y) de 


Fig. 7 
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Example 14. Evaluate the double integral J e**” dx dy, when E is the domain which lies between 
E 
two squares of sides 2 and 4, with centre at the origin and sides parallel to the axes. 


Ya 


Fig. 8 


a Domain £ is not quadratic with respect to any axes but the straight lines x =— 1, x = | divide it into 


four quadratic domains £,, Ej, E; and Ey. 


fa floras fac era 


a 1 ‘ 
‘ (e"#? — e*?) dee f (et? — ett!) ay 
1 2 - 
+ J , (e*! — e**) dx + J (e**? —e*?) dy 
—] I 
=4sinh3sinh 1. 


Example 15. Evaluate 


J Is f(x, y) dx dy, 
over the rectangle 


R=[0, 1:0, 1], 
where 


ere x+y, ifx?<y<2x 
0, elsewhere 


Integration on R2 


(0, 0) 


Fig.9 


a For non-zero values of the function f(x, y), the domain R is divided into two domains 4 and B, we 
obtain 


ive f(x, y) dx dy =f J, (x + y) dx dy +f, (x + y) dx dy 


VV2 2x2 : 1 D a 
=f dx e (x+y) dy+ Jie dx Ls (x+y) dy 


0 
4 


wy2, 3 1 1 x 
Aiys4 2 gt 
=], (= aoe Jareft ned a dx 


= (21 -8y2)/40. 


Example 16. Evaluate J a [x + y] dx dy, over the rectangle R= [0, 1; 0,2], where [x + y] denotes the 


greatest integer less than or equal to (x + y). 
a We have, for (x, y) ER. 


LS 


if0<x+y<l1 
[v+y]=41, ifl<xt+y<2 
2, if2<x+y<3 


The domain of integration R is divided into three domains, therefore we have 


J J,le+ sae ay= fae J [e+ yldy+ fax fr xt yldy+ [dr fr [x + y] dy 


=foar[ Ody + fax fe Idy+ [arf Qdy=O+141=2, 


N 
a 
c 
uu 
= 
o 
xt 
a, 
[S) 
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(0, 0) 


Fig. 10 


Example 17. Prove that 
SJ, yly— 2? ldx dy = (32 +8)/6, 


where R= [-1, 1; 0, 2]. 


ial 


eX 


Fig. 11 


= The domain R is divided into two parts, as shown in the Figure, therefore we obtain 


IJ Mya de dy = f, dv i {G2 —y ay+ f, ae He {o-) ay 


Integration on R?2 
22 fl Sey pet 
=5f,* ac+=[ @ Py? de 


ie Sete ae soaae 
=0+2[ @ x2)? ax 


16 


4 
=i/" (1+ cos 26)? do=44 2. 
3 Jo 3.2 


EXERCISE 


(The reader is advised to draw the figure in each case) 


!. Change the order of integration: 


(i) f, Ee dy whens a| dx 
(ii) ee ee | dx ww f{fir as} dx 


— (1-242) 


(vy) fof f dx wo fa f" LAN 


\(2ar—x2) 


2. By changing the order of integration, show that 


@ [ dx [fay fa lie aye fo lies Fads 


(ii) [ {7 a} de+ f cn f ay ae =| { es f as} dy. 


ci) f® Ie fde+ i dy [ fi de= if dxf fay. 


7) fe lig f dy+ frac (ee f o=[af or? Ups 


2 


(a/e)c2—a2 able a (b/a) fa2—x2 sable 
(v) j ee as [ fdyt ar [ f dy=f 
0) 0 (a/c). c2—a2 uy Ky 


3. Evaluate 


(i) sJ x y? dx dy, over the circle xy y? <a’. 
(ii) sj (6 aS y?) dx dy, over the domain bounded by y = x? and y? =r 


(iii) Sj dx dy, E is bounded by x= 2, y =x, xy= 1. 
y 


(a/b) fb2—=y2 
of 


/4 
= ai G cos* @d@, taking x = 2 sin 0 
fy 


Ld 
— 
c 
Wu 
= 
a 
< 
2 
oO 


fedx: 
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(iv) sj cos (x + y) dx dy, over the domain enclosed byx=0, y = 7, y=x. 
xe” de , where E is the closed region bounded by the lines y=x, y=x—1,y=0,andy= I. 
SJ 5 g By Y=) y J 


(Wi) sj (x? + y) dx dy, over the region bounded by xy = 1, y= 0, y =x, and.x=2. 
4. By changing the order of ae prove that 


o fa ae Reap 


aa ie 


Vx 
‘4 
(ii) fa ii ee = ss =ilyA 


[=x2) 
(iii) [ia ie ; a 
ory (1+e”) J(l- x? -— y’) 


cat f(ax=x2) x=) y" ui 
(W) [a fh m7) x(x? +?) OV) 


ae et pe = xa°[9(a) — 4(0)] 
ora Bem ae 


= (z/2) log [2e/(1 + e)]. 


5. Show that 
fa [rea = fla [se ae 
and hence deduce Dirichlet’s formula 
t a xX d we i 
fa [609 a = ['@-») 60) 4. 


6. Show that 


(es ji-x-» -y dx dy = 


i 
Domain £ is bounded by x+y =1, and x20, y 20. 
7. Evaluate by changing the order of integration 
4 p(20-4x)/(8—x) 
i) {I (4-y) dyp de 
2 [Jaye 


S. Set the limits of integration in the double integral j il. J (x, y) dx dy, where E is the annulus bounded by the 


circles x? + y? =1x? +9? =4. 


[Hint. Divide E into four sub-domains by drawing the vertical tangents of the inner circle.] 


ANSWERS 


eth fa frac (ii) lesigeae Sf dx 
(iii) f, a (iy) fof fas] dy le Sf dx 


Integration on R? 
(v) fe fe dy+ fe (oe dy 


Wi fol. if pace Pay Po pars f “ale f 5 


3. (i)0 (ii) 6/35 (iii) 9/4 (iv) 2 (v) (8 —e-—2)/4 (iy 47724 
7. 12-16 log 2. 


4. _GREEN’S THEOREM 


We shall now discuss Green’s Theorem, which provides a formula connecting a line integral along a 
closed contour with a double integral over the domain bounded by that contour. The theorem is due to 
an English mathematician, G. Green (1793 — 1841). In this section, we shall give its version in plane, 
that in a space of three dimensions will be discussed later. 


Green’s Theorem (in R°). Ifa domain E, regular with respect to both the axes, is bounded bya 
contour C, and f and g are two single-valued functions which along with their partial derivatives f, ye 
and g, are continuous on E, then 


ip [#-3 2) acay= [if d+ ed) 


where the line integral is taken in the positive direction. 

Let us first consider a function f which, alongwith its partial derivative f,, is continuous on a 
region £, regular with respect to y-axis. Let E be bounded by contour C, consisting of the curves 
y= @(x), y= P(x), x =a, x=), such that 


O(x) < V(x), Vxefa,d] 


we have 


JJ, fs naedy= flac J" fo, vay 


b by 
= [£6.80 ae ~ [Fox 00) ar, 


The two integrals on the right are line integrals along the contour from 4 to B and from C to D, 
respectively. (The portions BC and DA of the contour coincide with the linesx=a andx=b respectively.) 
Also contour 


C=C,+0,+C,+¢, 


Now 


b 
fi f(x, P(x) dx = hs f(x, y)dx=- ly f(x, y) dx 


Jo, fy de=0= J fon yd, 


NR 
— 
cc 
WW 
= 
o 
=e 
= 
() 
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by 
J f(x, (x) dx = Tey f(x, y) de 


{i f, dx dy =—- ip f dx- is f a&- he fiai= tS f dx 


=-J. f dx weTy 


PX 


| 
0 
Fig. 12 


In order to extend the result to any region, let us first suppose the region £ to be piecewise regular 
with regard to the y-axis, i.2., E can be split up into a finite number of sub-regions, £), E>, .....- 
the contour of each of which is cut in at most two points by a line parallel to y-axis. 


HM 
a ¥ 


Fig. 13 


Since result (1) holds for each sub-region, let us apply it to all the sub-regions and add. The double 
integrals add up to the double integral on the whole region E. Since the line integrals along the partition 
lines cancel each other because along each line the integral is taken twice in opposite directions, 
therefore the line integrals (in positive sense) along the contours of sub-regions also add up to the line 
integral along the contour C of the whole region E. 


Hence for any region E, piecewise regular with respect to y-axis, we have 


Ii. ME dx dy =— J. f dx (2) 
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It can similarly be proved that for any region E, piecewise regular with respect to x-axis, 


SJ, gy dk dy =f. g dy Be 


Thus for any region £, which is regular with respect to both the axes, we have 
i & = La dy = i f dx+gdy w(4) 
ox ey 
Hence the theorem. 


Note: The theorem holds even when the domain is enclosed by only two curves, y = ¢(x) and y = (x), between 
x=aandx=b, the contours C, and C, reducing to zero. 


Corollary. Iff(x, ») = y, we see from (2) that the area of a domain which is piecewise regular with 
respect to y-axis 
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=- iF vd. «(S) 


Similarly putting g(x, v) = x, we see from (3) that the area of a domain, piecewise regular with 
respect to x-axis 


= (i Xx dy. ..(6) 
By adding the above results, or putting g(x,y) =x and f(x, v) =—y, we see from (4) that 
= ; f (x dy — y dx) = SJ, dx dy = area of E 
Thus the area of a domain £ (with contour C), regular with respect to both the axes 


1 Bae 26 an 
=s Jo dy — y dx). ail?) 


ILLUSTRATION 
Use line integral to find the area of the ellipse 
x=acos0, y=bsin@ 
Since the ellipse is regular with respect to both the axes, any one of the three results (5), (6) or (7) 
can be used. 


Required area = — is y dx =ab li sin? 0 d0 = zab. 
0 


4.1 Deductions 


Green’s theorem has very important applications in Physics and Mathematics. We shall now make a few 
deductions which have very wide applications. 


JF, g, E etc. will all be supposed to satisfy the conditions of Green’s theorem. 
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og 8, y 
Deduction |. (Path independent line integral). If a = ae Jor every point of E, and if A and B are 
x dy 
any two points of E, then the line integral J (f dx + g dy) has the same value for every path from A 
to B, provided the path lies in E. 


Let ACB and ADB be any two curves joining 4 and B, that lie in E and do not meet each other at any 
point other than 4 and B. Green’s theorem holds for the region E’ bounded by the curve ACBDA, but 
(by the given hypothesis) the double integral over E’ is zero since Gg/éx = Of /@y at every point in 


E', and therefore the line integral along the bounding curve ACBDA is zero. 


0= pines (Uf dx + gdy)= lie (f dv + ¢dy)+ i (Paved) 
=| farea)-J(fae+ee) 


= Sg fetear=f Sarea) 
so that the two line integrals are equal and hence the result. 
Deduction 2. If the line integral J, (f dx + g dy) is independent of the path from A to B, where A 


and B are any two points of E, and the path AB lies in E, then @g/éx=6f/@y, for every point (x, y) 
of E. 
Let E'(c E) bea region enclosed by a curve ACBDA which lies in E, then 


i -2) dx dy = A eecte dx + g dy) 


- fh Uf de + gdy)— 1. (f dv + gdy)=0 


Now if the continuous function (g, — /,,) is not zero at an arbitrary point P of £, there is a region 
(neighbourhood) £' surrounding P in which (g, — /,,) has the same sign as at P and the integral over 
ACBDA could not be zero, which is a contradiction. Hence g, — f, =0 or g, = f,,at every point of 
Bs 


Deductions | and 2 may be stated in a combined form as: 

If two functions f and g be continuous together with their partial derivatives fy, and g, ona 
bounded domain, piecewise regular with respect to both the axes, the line integral 3 (f dx + g dy) is 
independent of the path of integration lying within E if and only if 6g / 6x = Ef | Gy, for all points of E. 
Deduction 3. If dg/dx= Of / ey, for every point of E, then (f dx + g dy) is an exact differential. 


Let P(E, 7) be any point of £. It is always possible to choose another point M(a, b) in E so that the 
path MNP where Nis the point (€, b), lies in E. Let F(E, 7) be defined by the equation 


Integration on R? 
F(g, 9) = ie (f dx + g dy) + constant 


S 7) 
= | f(x, b) dx + i 9(&, y) dy + constant 


MA 
sP(&n) NR 
H oe 
o 
r 
Mie, ») sess Sue b) & 
eX = 
0 [S) 
Fig. 14 
Now 
10. Cc) 
ent b+ [ies gS 2D y= fen+f' LG» us YD 4 
so that 
OF 
ge ~FGD)+LEM-FEd)= FEM 
OF 
Al —= 
so oh gn) 
Hence 
f(E.mMd§+ a, smd = Fede Fan dF (,n). 
But, since (€, 7) is an arbitrary point of £, therefore for every point (x, y) of E, 


fdx+gdy=dF 


Example 18. With the help of Green’s formula, compute the difference between the line integrals 


I, =F (Qc + y)? de - (x y)? dy) 


b= ir. {(x + y)? dx - (x- y)* dy} 
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where ACB and ADB are respectively the straight line y = x. and the parabolic are y = x°, joining the 
points 4(0, 0) and B(1, 1). 
a Now, 


I =f =| {(x+y)? dx — (x — y)* dy} 
ADBCA 


y 
a 
B(1, 1) 
CY“ 
A (0,0) ee 
Fig. 15 


The line integral is along the closed contour ADBCA which encloses a domain £, bounded by y =x 
and y = x* from (0, 0) to (1, 1) and quadratic with respect to y-axis (in fact both axes). Therefore by 


Green’s theorem. 
I,-l= SI, -Ze- yy Zt | axa 


=-4f J. x dx dy 
=-4 fi rarf dy =— 


1 
8 
Example 19. Prove that the line integral 
J x dy — ydx 
c+ y? 
taken in the positive direction over any closed contour with the origin inside it, is equal to 27. 


= Since the origin is inside the closed contour, consider a circle (of contour [ ) with centre as origin 
and a convenient radius (say, unity) which does not intersect the given contour. 
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Fig. 16 


Let E (with contour C —T ) be the region enclosed by C and [. The region can be split up into 
domains quadratic with respect to the axes. 


Hence by Green’s theorem, 


xdy-yd 2 x é 
J. 8-1 te (sta)S 


2 3 2 22 
[jet 


xdy-yd xdy-yd 27 
J x dy-y Saf PEEL PE lies 
c r fy 


N 
= 
oo 
re 
oO 
<x 
ae 
(6) 


cc) ae 
* 
te 
+ TS 
“e 
| a 
<3 
= 
& 


=> 


2 2 2 2 
a IB ie -ESy 


Example 20. Using the line integral, compute the area of the loop of Descarte’s folium x> + y? = 3axy. 
a To obtain the parametric equation of the contour of the folium, put y = ¢x, then 


3at 3at> 
x= = 
l+t 

a 


+P 


Fig. 17 


From geometrical considerations, it is clear that the loop is described as f varies from 0 to oo 
(because ¢ = y/x = tan @ where @ varies from 0 to 7/2). 
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We have 
— 213 R= 
waa a. ae Se 
a+ry d+r)* 
‘ pl - , 
Area of the loop = 5 | (x dy — y dx) 
2Jc 
9a? p= ot dt Bi 5 
=— | — =a 
2 Jo(dl+r)y° 2 
EXERCISE 


|. Evaluate the following line integrals along C by two methods, (/) directly, (i) as double integral by using Green’s 
theorem: 


(i) J (l= x?) yde + (1+ y) x dy, where C is x4 y? =a 
Cc 


2 
y 


=1 


(ii) { (xy +x + y) dx + (xy + x - y) dy, where Cis @ 
(i) Line integral in (ii), when Cis the circle xt y? =e 
2. Prove that the line integral 
ie {(yx? + xe”) dx + (xy? + ye® — 2y) dy} 
equals zero, if TP is a closed curve symmetrical with respect to the origin. 


}. Prove that the integral J (2xy — y) dx + x dy, where C is a closed contour symmetrical with respect to the 
c 
axes, is equal to the area of the domain bounded by C. 


!. Show that the following integrals, taken around any closed contour C, are equal to zero. 
ra J (2) ze CEs 
c x Se 
i) JU +) + FO de HLF +9) — F- May. 


xdy—ydx 
x? +4y? 


uw 


Compute Ik. round the circle x + y? =1 inthe positive direction. 


(5,12) x dx + y dy a . 
—>—— > (the origin does not lie on the contour.) 
G4) x? + y? 


©. Evaluate the line integral, J 
Using the line integral, compute the area of the figures enclosed by 
()) Ellipse. x=acost, y=bsint 
(1) Asteroid, x = a cos’ t, y=a sin? 
(i) Cardioid, x= 2a cos t—a cos 2t, y=2a sin t—a sin 21. 
(y) Bernoulli’s lemniscate, (x? + y’)? = 2a? (x? — y? a); 
[Hint: Put y =x tan t.] 


Integration on R? 


1. ()4aa* (ii) 0 (iii) — 203 /8 
Roib 6. log 13/5 
(i) nab (ii) 3na?/8 (iii) 6a? (iv) 2a? 


5. CHANGE OF VARIABLES 


Lemma (4 preliminary fornuda). Let u, v be the coordinates of a point of a region E, in the wv-plane, 
bounded by a curve (contour) C, and let x, y be the coordinates of a point of a region E bounded by a 
curve C in the xy-plane. 
The transformation 
x=X(u, v), y= ¥(u, v) wl) 
where X and Y are two functions defined on the region E,, establishes a correspondence between the 
points of the two regions. We suppose that 
(/) the two functions X and Y possess continuous first order partial derivatives at all points of E, 
and C). 
(7i) the equation (1) transforms the region E, with boundary C, into the region £ with boundary 
C in such a way that a one-to-one correspondence exists between the two regions and their 
boundaries. 


(iii) the Jacobian A(X ,Y)/A(u,v) does not change sign in £, though it may vanish at certain points 
of C,. 
When the point (uv, v) describes the boundary C, in the positive sense (two cases arise) the point 


(x, y) may describe the boundary C in the positive or else in the negative sense without ever changing the 
sense of its motion. The transformation (correspondence) will be said to be direct or inverse respectively 
in the two cases. 


We shall now obtain a formula connecting the area S of E with the area S’ of E,. 
Let the curve C, be given by u= u(t), v= v(t) where ¢ varies from a to b. 
Consequently the curve C is given by 


x= X(u(t), v(t) = O(t) 
y=Y(u(t), v(t) = P(t) 


The area, S= ) x dy 
Cc 


taken along C in the positive sense, which may be expressed as 


s=[ d¥ 6 E ou OY aa 


lt = 
iO ae see Bice 
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Expressing this again as a line integral, we get 


s=2[ x 


1 


[Favs Za] = #( X(¥, du + Y, dv) 2) 
au Ov 


taken along C, in the positive sense, and the sign is to be taken + or — according as the transformation 
is direct or inverse. 
By Green’s theorem, 


o , ne 2 iyyy-2x ; 
s=2], XM du + Y, dv) ff,[2erx )-2-e 1) ea 


“eee 


The partial derivatives. Y,, ¥, being continuous, 
Yow = You 


Again, using the mean value theorem (§ 2.7, VII), we get 


AXY) 
eerie «J fd d= Sn 3) 


for some point (€, 77) in E,. 
Since the areas S, S’ are essentially positive, the sign + or—should be taken according as Jacobian, is 
positive or negative. 


S=S'|F en 


Note: Ifwe compare the rule by which we selected the sign, + or —, in relations (2) and (3), we obtain the interesting 
property that 
The transformation is direct or inverse according as the Jacobian J is positive or negative. 


Main Theorem. Let a function / of two variables x, y be continuous on the region E. Let P, be a 
partition of the region £, and P the corresponding partition of £, induced by the transformation (1). Let 
AS,’ and AS, be the areas of the corresponding sub-regions E£,'and E; of E, and E respectively. 
Then 


AS; = AS'"| J |e.) 
where (€;, 7;) issome point of £,’. Let (x;, y;) be the corresponding point of the sub-region £,, 
We have 
S(%j,9;) AS; = (XE, 1). VE. m=) | JI AS;" 


Writing similar relation for each pair of the corresponding sub-regions, adding and letting the norm 
of the partitions tend to zero, we get 
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JJ, faar=Jf, sens dua. 


ILLUSTRATIONS 


F 2 2 “ 4. #3 
|. To integrate (x" + y~) over the circle x° + vy" =a”, we change to polars, 


x=rcos0,y=rsin@, 


so that [wik= 


cos@ -r sin @ 
sin@ rcosé 


2 na‘ 


ieee (x? + y?) de dy = ag r-erdrd0= <s 


aa dx dy, over the positive quadrant of the ellipse 
Var? +b’x? tay? 


Again, changing to polars, by putting =r cos 0, v =r sin @, the integral becomes 


ob [LEX de do 
= ab f f — rdr [a0 


1 2 
= 5 rab | 2-p° dp, where e =14+r? 


-5 (2-2), taking p=v2sint. 


Note: The transformation could be effected in one step by putting x/a = cos 0, y/b=r sin @, then |J|= abr: 


3. To evaluate Sf {2a? — 2a(x + y)- (x? + y?)} dx dy over the circle 
x+y? + 2a(x + y) = 20°, 
transform the origin to (— a, — a), by putting x + a =u, y + a= v, so that the integral becomes 


Sf (4a* — u? — v?) du dv, over the circle u? + vy? = 4a”. Changing to polars, we get8 za‘. 
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5.1 Solved Examples 


Example 21. Evaluate Sf (y — x) dx dy, over the region E in the xy-plane bounded by the straight 


lines 
y=x-3,yaxtl1, 3yt+x=5,3ytx=7 


a _ Itis difficult to evaluate the double integral directly, however a simple change of coordinates reduces 
the domain of integration into a rectangle with sides parallel to the axes. 


Set 
yr-x=u,3y+x=v 
so that 


x= <0 —3u), y= <(v u) 
and 


le |e ae u 
“16,1 1 : : 


The new domain is the rectangle R = [-3, 1; 5, 7] in wv-plane. 


1 1 
J.o-» dx dy= Jeg dv=7 fu dv=-2 
Example 22. Evaluate the integral 
I : ; 
I = [ae if yx? +y? dy 
by passing on to the polar coordinates. 
a The integral in question is the double integral SJ yx? + y? dx dy, over the region enclosed by the 
triangle y = 0, y=x,x= 1. 


In polar coordinates, the equations of these lines are 9 =0,@= 7/4, rcos@=1, so that the 


domain of integration is 0 < 9 < n/4, O<r<sec 0. 


7/4 sec 0 1 psig 
3 ee 3 
ii { ao | r-F dr dO a sec’ Od0 


=< [v2 + log (1 +12)| 


Example 23. Integrate x*y> over the area bounded by the parabolas 
y” =ax, y? = bx, x” = py, x’ = qy, where 0<a<b, and0<p<q. 


a The integration is to be carried over the shaded area, a curvilinear quadrangle, shown in the figure. 
Curves representing the opposite sides of this quadrangle are part of a family of curves which cover 
the entire xy plane and depend on one parameter. These two families can in fact be taken as the net 


Integration on R? 


of curves, which partition the given region into sub-regions. These parameters usually give a convenient 
system of new coordinates for the given case. 


< 


Fig. 18 


Here the two families of parabolas are 
y =ux (aSusb) 
wavy (psvsq) 
Let us take w and v as the new coordinates, so that the new domain of integration is the rectangle 


R=[a,b;p,q].Also x = (uv?)!?, y = (u?v)!?, so that the Jacobian, J = -3 J nz. 


Thus, the given integral 


Jfey dx dy = J J, wy? - pa dv 


b 
=3, w du ik v dv =Z —a*) (q* - p*) 


Example 24. Evaluate the Euler-Poisson integral 


fete 
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mu The convergence of the integral was established earlier (Exp. 11 (iii), Improper integrals); now we 
compute its value. 


Leta region £ be a square of side aand E,, E, be quarter circles of radii a, ay2. 


. aye . =(x24 y2 . =(x24y2) 
Let us consider an auxiliary function e~“*””) over the three domains E,, £ and Ey. e"*”” 
being positive, its integral increases as the domain of integration is extended, hence 


a=(a2y2 ging? aty24y2 
SJ ee) av dys | ee dc dys ff err) dy dy oft) 
Ei : E : ED 


Now, 


a: Te) 2 7 2 
SJ Bw”? dedy= (i do[ re-? dr =2 (1-07) 
E| 0 0, 4 


yy 7/2 a2 
JJ eH ae dy =f do" re” dr == (1-6) 
£2 i 0 4 


2 
Ect a a a oe O wig? | 
JJ ee dx dy =f er dx | ee” dy= ee dx 
EB 0 0 0 


Hence (1) gives 


2 ad 2 a3 
e (-e)< if e* as| < : (-e") 
As a— , the terms on the extreme ends tend to 2/4. 


; a i _= 
lim [ff e* ae] = 3 


Also, since the integrand is positive, we have 


im en? dx = va 
0 2 
The integrand being an even function, we get 


is oe” de= Vn. 


Ex. Assuming the validity of differentiation under the integral sign, prove that 


[ eo cos (2xy) dx = vxe 


Example 25. Prove that 


Bim, n) = Poy T@) m>0,n>0 
T(m +n) 


a The convergence was discussed earlier; we now evaluate it. 


Making the substitutions, x = cos? 6or= x? 
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where E is a square of side a. 


get 


> Bim, n) = 


! /2 Sa! 
Bim, n) = [ x" =x)" dy =2 [ cos?”""! @ sin*""! @.dO (1) 


T(m) = li 1”! eo dr=2 I x2! 9? dy (2) 


r Af” yam-l x2 9 FP 2n-1 -y? 
(m) T(n) =4 , x e dx i y e* dy 


i] 


: TF om-1 =x? ee ee) 
lim 4 | the dx [ yr! eo" dy 
cam J 0 


, A tet eg 
= jin aff x2m-l y2nt p-l49) ay dy 
E 


ae 


Taking quarter circle domains £, and E, and with the same reasoning as in the above example, we 
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aff, yam yr ety?) ax ays4ff, 2m y2e-l ety) dx dy 
1 
< aff ome yet ety) dx dy (3) 
E2 2 
Changing to polars, 


aff, ome y2n-l ety) dx dy 
E 
n/2 = ee i ier 
=4 cos2""! @ sin2"-! odo | primey! oor? ay. 
lo lo 


a i 2 
=2 j 2(m+ny-l 12 di 
Bim nf r e Ir 
Similarly, 


ed 


2a 
2m=1 \2n-1 (x24 y2) ee 2(m+n)-1 or? 
4 fie, ye dx dy = 2B(m, n) i r e” dr 


Hence equation (3), gives 


a ~ ye 
Bim, n) i} Qpremtn| or? decd Sf, ye ey) ay dy 


2a 
< eal 2(men)y-1 72 
< Bm, n) i} 2r e” dr 
Proceeding to limits when a — ©», we get 
A(m, n) T(m +n) < T(m) T(n) < f(m, n) Tm +n) 


T(m) T(n) 
T (m+n) 
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Example 26. Evaluate 
Sf, xm ty" tay yy dydy, m21,n21, p21 


where £ is the region bounded by x = 0, y=0,x+y=1. 
a Now 


Sf. xh! yl x = yh"! de dy 


1 1-3 
=i de | a4 yn! yt! dx yr dy 
) 


For this type of integrals, two sets of substitutions are possible, which give an integral with constant 
limits. We discuss both these here. 


First method, Putx + y= u, x= wv so that 
y=ul-v) 
and 


v u 


=—-u 


I-v -u 


The Jacobian vanishes when w= 0, i.e., when x = 0 = y. This origin of the xy-plane corresponds to 
the whole line «= 0 of the wv-plane, so that the correspondence ceases to be one-to-one. To exclude the 
origin of the xy-plane, we cut out the region along a line x = / parallel to the y-axis and consider the 


integral on the remaining domain £,, bounded by the lines 


v=l,u=1, w=h 


ya vA 
Suh | 
Be | 
g : \ \ > 
3 \ 
fal Pxty=t val 
NN Ze W 
% <4 Flv 
=_ —— 
0 1 0 rr 
Fig. 20 


However, in the limit when h — 0, this new region degenerates into the square bounded by 


v=1,u=1, v=0, u=0 
Thus, 


JJ erty =x yy" de dy 
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a | n-l n=l 
al j wey a dev =) du dv 
0 40 


r 1 
={ wa uP! du [ va yy"! ay 
0 0 
= f(m+n, p): (mn) 
_ E(m+n)T(p) Tim) T(n) _ (mT) T(p) 
T(m+n+p) V(m+n) T(m+n+ p) 


Second method. Put x =u, y = (1 — u)y, so that 
l-x-y=1-u-(l-w v=(1-w) (1 -v) 
and 


S 
r 
oc 
ut 
= 
oo. 
<x 
<= 
S) 


which vanishes for w= 1, so that the point (1, 0) in the xy-plane corresponds to the whole line w= 1 in 
the wv-plane. However, proceeding as in the first method, the new region becomes the square 


u=0, v=0, u=1, v=1 


Thus 
ie x™ yl ay = yy? de dy 

I opl 

~ J J yt yr a- yrtn-l a= yet alin 
lo Jo 
1 1 

=i  iaw? du | vd)! av 
lo 0 

= f(m, p+n)- f(n, p) 

_ Ton) T(p+n) : T(n) T(p) _ Vim Tn) T(p) 
T(m+n+p) T(p+n) T(m+n-+ p) 

Ex. Show that 


() (ia {xy de dy = 2/24, 


(ii) SJ, ay (1— x — y) dx dy = 22/105, 
where £ is the region bounded by the lines x = 0, y=0,x+y—1=0. 
= pr 
Example 27. Evaluate [ [eos (x + ») Ide dy. 
lo Jo 
a Putx=u—v,y=v, so thatx+y=u, and J=1 


in fi cos (x + y) |dx dy = [ dv i Icos ul du 


Mathematical Analysis 


Now 
vee /2 7 a+y 
J loos wldu = { loos wl du + J loos whdu + f lcos ul du 
Y y x/2 fa 
¢ 7/2 “ cs " a+v 
=sinu|"~ +(-sin u) yy + sin w) [P" 
=1-sinv+1-sin(z#+v)=2 
Hence 


‘% fi cos (x + y) ldx dy = fw =2m 


A= yy 


Example 28. Evaluate if: sin [ Jas dy, where E is the region bounded by the co-ordinate 


x+y 
axes and x + y = 1 in the first quadrant. 


1 1 
a Taking x -y =u, x + y= vy, so that ae Ga v),¥ Pig Av —u), and the Jacobian is > 


jl vn( | dx dy=ff, sin (4) $auar 1) 


x+y=1 

> > 

ie) x u 
Fig. 21 

Now 
iM) sin| “ oe dv=+f'dvf sin “du 
Ex vj2 240 dev y 
= f'v{-cos 1 + ¢08 - 1D} dv =0 2) 
2 40 


Hence from (1) and (2), the required integral is zero. 


Ex. 1. Prove that fi. exp {(y — x)/(y + x)]} dx dy = (e? — 1)/4e, where 


E={(x, y)lx20,y20,x+y<Ip. 


Integration on R* 


Ex. 2. Prove that SJ sin x sin y sin (x + y) dx dy = 2/16, where 
E 
E = {(x, y)|x20,y20,x+ y< 2/2}. 


5.2__Areas of Plane Regions 


It was shown in § 3.2 that the area S of a plane region £ in the xy-plane, bounded by a closed curve, is 


given by 
s=f 2 dx dy a 
In polar coordinates, it can be expressed as = 
(oe 
s= ail r dr dé, Lu 
£ = 
ILLUSTRATIONS & 
‘ ar, 
|. Area S enclosed by the circle x° +? =a” is given by (S) 
a ((a2=x2) 
s'= Pager dy 
I, —V(a2—x2) se 


Using the symmetry of the region, we get 
a f(a2—x2) a/2 a 3 
S=4 [ae J dy=4[ 40 ['r dr = xa". 
2. Area enclosed by r = 1 — cos @ is 


[a (ge rdr= ; m, 


EXERCISE 


|. Compute the double integral by passing over to polar coordinates: 
(i) inl ya — x? — y? dx dy, where Fis the region bounded by the circle x” + y? = ax 


a 2-2! 
0) fae (ie tog (1+ x? + y?) dy. 


2 Find the areas of the domains enclosed by 
(i) y=x,y=5x,x=1 


(ii) y=vx,y=2Vx,x=4 
(iii) (x? HOP =2ax? 
(iy) The loop of (x + y? = xy lying in the first quadrant 


0) 2 +92)? = 202? - y?). 
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3. Evaluate the integral 


(4ax—x2) 
[a x | —|dy 
(Qax—x2 
by changing the coordinates to r, @ where 


x=rcos’ 0, y=rsinOcos0- 
4. Use the transformation 


“= (x? + y)/x, Uh @ aE yy/y- 


to evaluate the integral fj xy dx dy, over the region common to the circles x7 + y? =x,x7 4 y? =y. 


y+ 
5. Evaluate (id) — dx dy, where 
Ex +(y+l) 


={(, y)|y20,.°+y <I. 
6. Evaluate ite (x + y)" dx dy, n being positive, and 
E={(x, y)|x20,y20,x+y< I}. 
Evaluate Sf, (x? ae y )de dy, where E is the area of the xy-plane defined by the relations: 
Qazxvr ty 2ax20a>x-y?>-a, y20 
by means of the transformation 


2 2 2 2 
x+y =u, x -y=yv. 
8. Show that 


ff (4a? — x? — y?) dx dy = 502-4). 


taken over the upper half of the circle x7 + y? —2ax =0. 
°. Show that 


dxdy a’ b 
ff = log — log — 
E x a b 
where £ is the area bounded by the four circles 
Boers y’ =ax,a'x, by, b'y 
a,a', b, b’ being all positive. 
\0. By changing to polar coordinates, show that 


[APF aay ME 


where £ is the region in the xy-plane bounded by 
vera; ae? 
x+y =4, x+y =9 
! |. Using the transformation x + y =u, y = uv, show that 


4 Wes lal ray ole = 
fap omrantey 
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12. When the field of integration is y = 0. y =x. x= 1, show that 


[J Vor vay = 2 EB) 


3 


13, Prove that 
T(m) T(n) ft 


m-1 n=l ‘ a 
SJ. SSE eee) T(m+n) 40 


mr! F(t) dt 


where E = {(x, y): x, y20, x+y <1} and m, mare less than unity. 


: - 
14. Prove that, for 7, m,n 21, - 
Deets more inteeat not ge = POTENT) or 
dy Q 1+. Ay, OO 
J, y > [ aa *) ( ey) ‘i 2 Til+m+(n) ra 
15. If m= 0, prove that the integral P 
25) 
x 2\n 
JJ f =e =) f(Ax + By) dx dy o 
a 2 


2 
eee y" . 

taken over the ellipse — Be = 1 is equal to 

ay ie 


1 
BE, m+1) ab J (x2)! f(kx) de, k= fA2a? + BD? 


16. Show that 


is dé fe f(1—sin 6 cos $) sin 0. do == fro de, 
0 0. 2 Jo 


af 
1 @ {2-4} (ii) 4 (+a?) log (+a) — a") 


2. (i) 2, (16/3, (iti) Swa?/8, (iv) 160, (x) 2a” 
3. Gx +8)a?/3 4. 196 5.1 6. Y6(n + 4) 
7. ra? /24 + V3a?/4 
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(Line, Surface and Volume Integrals) 


This chapter deals mainly with three types of integrals in a three-dimensional space, viz., 
(/) Line integrals, 
(/)) Surface integrals, 
(i7/) Volume (triple) integrals. 
The discussion starts with the consideration of rectifiable curves and rectification, and goes on to 
consider the line integrals, surface areas and the surface integrals, the volumes and the volume (triple) 
integrals in that order. Stokes’ theorem, which connects a line integral with a double integral, and 


Gauss’s theorem, which establishes a relation between a surface integral and a volume integral, have 
also been considered. 


1. RECTIFIABLE CURVES 


We are now in a position to consider some suitable definitions of the length of the curve (rectification) 
and to discuss the conditions under which a curve is rectifiable. We shall be concerned with continuous 
curves only in the present discussion. The reader will see the importance of the functions of bounded 
variation in such a discussion. 


A curve in space is defined to be a vector-valued function 7 with domain as a subset of R and range 
a subset of R*. The curve is continuous if y is continuous, and is called a Jordan arc if y is one-to-one. 


1.1__Length of a Curve 


Let y= (X, Y, Z), where X, Y, Z are three real single-valued, continuous functions of t defined on an 
interval [a, 5], be a continuous curve in R*, so that 7 (¢) =[X(0). Y(O, Z(t)] is a point on the curve* 
corresponding to ¢ €[a, b]. 
Corresponding to any partition 
P= {a= tp, th, tys---s ty =D} 
of [a, 6], we get an ordered set of points 
{1 (to) W(t oes WUE, 
*x=X(), v= Y(),2= Z(t), t €[a, b] 


may be thought of as a (parametric) representation of the curve ¥ in R°. 
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on the curve 7. This set of points may be thought of as a polygon inscribed in the curve. 


\v(t;) — 7(4;,)| represents the distance between the points y(t,_,) and 7(f;) and so the sum 
s(P, a, b) = y Iv) -7@a)| 


is the length of the polygon inscribed in the curve with vertices at the points y(fy), 7(4)),---» y(t,,) in this 
order. The length of the polygon clearly depends upon the particular partition of [ a, b]. Let us consider 
the set of these sums for all possible partitions of [a, 5]. 

As the mesh of the partition tends to zero (or n —> %) these polygons approach the curve more and 
more closely. Accordingly, 

The curve is said to be rectifiable if this set of sums is bounded and then, the supremum of the set 
is known as the length of the curve. 

Thus a continuous curve / is rectifiable when the supremum of the sums LlyG)-rt-) | 
taken over all partitions of [a, b], exists, ie., when 7 is of bounded variation over [a, 5]. The length, 
s(a, b) of the curve, from 1 = a to f= b is then the total variation of y over [a, 5]. Thus 

s(a, b) =V(y,a, b) 
The length of the curve over the subinterval [a, /] is generally denoted by s(/), where 
s(t) = s(a, t) =V(y,a,t)= v, (0) 
is a function of ¢. 


Note: y =(¢, ¥, 8) being a vector-valued function, the meaning of |7(¢;) — 7(41)| or V (y,a, 6) should be 
clearly understood. Here, 


IG) - 7G I= ilo) = 6( FP +18) —¥ GP +106) - OG} - 
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1.2 Properties of Rectifiable Curves 


We know that a rectifiable continuous curve in space is a continuous vector-valued function (domain 
R and range R°) of bounded variation. The following properties of such curves are the direct 
consequences of the vector-valued functions of bounded variation. 


i. Since for a vector-valued function, 7 = (X, Y, Z), of bounded variation, 
V(X, a,b) <V(y, a,b) < V(X, a,b) + V(¥, a, b) + V(Z, a, 6) 
we at once deduce that 
V(X, a, b) < s(a, b); V(Y, a, b) < s(a, b); V(Z, a, b) < s(a, b) 
and 
s(a, b) < V(X, a,b) +V(¥, a,b) +V(Z, a,b). 
2. Acurve 7 =(X, Y, Z) is rectifiable if Y, Y, Z are derivable and the derivatives are bounded. 
Under the given hypothesis, y’ exists and is bounded and therefore y is of bounded variation. 


Consequently, 7 is rectifiable. 
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3. Since a function of bounded variation over [a, b] is of bounded variation over each sub- 
interval of [a, b], an arc (part) of a rectifiable curve corresponding to any of its sub-intervals 
is also rectifiable. 

4. Since for a function of bounded variation, 

V(y,a,b) =V(y,a,c)+V(y,¢,b), a<c<b 
it follows that 
s(a, b) = s(a, c) + s(c, b) 


an 


The arc s(/) of a rectifiable curve is a monotone increasing function of f. 

Since the total variation function V, (¢) ofa function of bounded variation is monotone increasing 
over [a, b], the are s(¢) is also monotone increasing on [a, 5]. 

Again since V,(¢) is a strictly monotone increasing function over [a, b] unless X, Y, Z (or 
equivalently 7 ) are constant functions over some sub-interval of [a, 5], it follows that the arc 
(0) is also a strictly monotone increasing function unless all the three functions X,Y,Z(or 7) 
are constant over that sub-interval. 

6. The are s(¢) is continuous over [a, 5]. 

Since we are dealing with continuous curves, X, Y, Zand therefore Y are all continuous. Also, 
since the total variation function v,(¢) of a continuous function is continuous, the arc s(t) is 


continuous over [a, 5]. 


Remark: If y (or equivalently, X, Y, Z) is not constant over any sub-interval of [a, 6), s(d) isa strictly monotone and 
increasing continuous function of fon [a, b], therefore the function s is invertible and s~! is continuous on (a, 5]. 


Thus ¢ can be regarded as a strictly monotone increasing function of s over [s(a), 5(b)), so that the arc length s may 
be used as a parameter in place of . 


1.3 The Riemann Integral for Length of a Curve 


In certain cases, the length of a curve can be found with the help of a Riemann integral. We shall prove 
this for smooth curves, i.e., for curves which have no multiple points and which are continuously 
differentiable. Thus if y = (X, Y, Z) is a continuously differentiable curve on [a, bj, then X', Y', Z’ all 
exist, are continuous and do not vanish simultaneously on [a. 5]. The last condition is equivalent to 
saying that (X'? + Y'? + Z'?) does not vanish for any value of ¢ on [a, 5]. 


Theorem 1. If ¥ is a smooth curve in R? such that y' exists and is continuous on [a, b), then y is 
rectifiable and has a length 


bh 
{ ly"(O|at 


Since the function y has a bounded derivative, it is of bounded variation on [a, b] and is therefore 
rectifiable on [a, b]. We have to prove that, 
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b 
j. \y"(1)| dt = V(y. a,b) 


For any partition {a = t,t), ta, .-..f, =} of [a, b], we have 


t; f b 
Dr) - I= xf 7'(u) dil SEP" |y"a\du =F yl 


= vi7.a,b< fila Al) 
Let ¢ > 0 be given. 
Since y' is uniformly continuous on [a, 5], there exists 5 > 0 such that 
I7'@) -r'@) |<e, if|v-ul<d 
Let P= {a= to; tyes ,t, =b} bea partition of [a, b] with mesh p(P) < 0. 
Now for G-; S$" SU, 
Iv") - 7" |<é 
or 
I@l-e<l7'G@)| 
so that, integrating from /;_; to 7;, we get 


Jo 171) [du = 2 dy <1 7G) At = 17) As 
rf 


i-1 
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"ay +7"t) - eal 


+ 


“ y'(u) dul 


ib Ly") -—7'(w] du 


<i7(4)-ra)\+ J |r") -7'@ | 


ti 
- Jo 7" lau <1 70) ~ Uta) 1+ 26 AG 
Writing these inequalities for i= 1, 2, ..., n, and adding, we get 
b n 
J olar < ¥ ie) ~ 706.) + 2etb a) 


<V(y, a,b) + 2e(b — a) 


But since € is arbitrary, 


by 
fir@asv.ad) wa(2) 
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(1) and (2) imply 


b 
J la ="G,a,5) 
b 
i.e., the length of the curve is J \y'(0)| dt. 


Remark: The theorem may be stated as follows: 
If y =(X,Y,Z) is a curve such that X’, Y’,Z' exist, and are continuous on [a, b] and do not vanish 


b 
simultaneously for any ¢ €[a, 5], then the curve is rectifiable and has a length J \y'(O| dt. 


Note: Since 7 is a vector-valued function, 
InMl=y¥XP (+ YP(N +27 (1). 


Example I. Find the length of the curve 


x=at?, y=2at,z=at,0<t<1 


1 2 2 1 2 
2 30.1) =] yan? + Qa) +a? dal fs+4P at 
0 0 
Put 2 = V5 sinh w. 
log V5 
(0, 1) = “ 6 (1 + cosh 2u) du = “ [re +§] = 2 [5 log 5+ 12], 


Ex. Show that the length of the curve 
|. x=acos0, y=asin 6,2 =a0,0< @< 27 is 2V2az. 
2, x=2t-Ly=t+1,z=1-2,0<1<3is3V6. 


3, x =a(O-sin 0), y = a(1—cos 6),z=a0,-27<O< zis 


lin 2aJ3—2cos0d0° 
0 


4. x=2t,y=2t+1,2=1? +1 between the points (0, 1, 0) and (2, 3, 2) is 


3( 17 —1))/4 + log {(13 + 317) sh. 


2. LINE INTEGRALS 


We have considered line integrals of functions along plane curves. In this section we shall consider line 
integrals along space curves. Most of the facts of the theory of plane curves are automatically generalized 
to the case of space curves. 
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Definition. Let x= X(t), y=Y(t), 2=Z()), aStsb 


be a curve C in a space of three dimensions. 
Let a bounded vector-valued function F = (f, g, /) be defined at every point of the curve C, so that 
fg, hare all bounded and defined at every point (x, y, 2) of the curve. 


Let (a = to, t..-,t, =b} be any partition of [a, b], and &; any point of Ar;. Let (xj, y;, %) bea 
point of the curve corresponding to tf = ¢;, where 
x, = X(t), y =Y(tj), % = Z(t;) 


Form the sum 


ELF(XE). VE), ZG) Buy + AED ME), ZED) Av, 


+ W(X (€;), Y(G,), Z(G) Az] 
If, as the norm of the partition tends to zero, the sum tends to a finite limit, independent of the 


choice of &, in Ar,, the line integral of F along C exists and is denoted by i, F dt or 


I f(X, YZ) dv + @(X, ¥, Z) dy + MX, Y, Z) dz 
Cc 


or 
I fdx+gdythdz 
a 


and call it the line integral of F = (f. g, h) along C. 


2.1 ASufficient Condition for Existence 
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Applying arguments completely similar to those used for the case of a line integral along plane curves 
(§ 1.4, Ch. 16), it can be proved that if 


(i) X, Y, Z possess continuous derivatives in [a, b], and 
(ji) F=(f g, h) is continuous at every point of C, 


then the integral J f dx +g dy +hdz exists and is equal to the ordinary integral 
[sy 
“b 
) (f(X, ¥, Z)X/ + g(X,¥, ZY’ + WX, Y,Z)Z) dt. 

a 
Note: For evaluating a line integral, the parametric equation of the curve should be known. 
Remark: Vectorial formulation. Let r be the position vector of a point (x, y, z) on the curve, so that 

r=ix+jy+kz 


=iX(t) + j¥(t)+kZ(t), ast<b 


where i, j, k are the unit vectors along the coordinate axes. 
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Let a vector function be represented as 
F(x, y, 2) = iP (x,y, z) + jO (x, yz) + KR (x,y, 2) 


pe pee 
dt dt dt dt 
b dr Bl dx dy dz 
F- dt=| |P—+QO—+R—|dt 
= J @ ( dt ). J ‘( dt 2 dt dt : 


Thus the line integral can be expressed as 


F-dr = i qe dt 
i} li dt 


2.2 Line Integral with Respect to Arc Length 


We have seen that the line integral, fr dx + g dy + hdz ofa function F = (f, g, h) along a curve C, 
x=X(t), y=Y(t), c=Z(t), aStsb 
can be expressed as an ordinary integral 
b 
JOG Y, 20x" + XY, DY + MX, Y, 292) di 
a 
If the curve is smooth, it can be represented as 
x=6(s), y=O(s), z= (9) 
where the arc length s varies from 0 to / (/ being the length of the curve as / varies from a to 4). 
Considering the partitions {0 = 59, 5,.... 5, =/} and proceeding as in § 2.1 (with parameter s in 


place of /) we deduce that the line integral 


I. f dx+gdy+hdz reduces to 


f , ; : 
i) {re 6%) 5 9(0,6,¥) % 400,60) Eh as 
0) ds ds ds| 


which is equivalent to the ordinary integral, or 


b x ; lz) ds 
J G Bee Pan SZ) Sa 
a ds ds ds} dt 


ds & y ( dY J dZ J 
where = + + 5 
dt dt dt dt 


Example 2. Prove that 


j= ua ds = a [4+ (a? +b*)(a? +b-)] 
p 4 


. i . x y ‘ . . 
when the integral is taken round the ellipse — + $F = I, and p is the length of the perpendicular from 
a a 


the centre to the tangent. 
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a The parametric equation of the ellipse is 
x=acos¢, y=bsing 
_ yax(dy/dx) _ ab 
fe yl + (dy/dx)* 4 a? sin? $+? cos” ¢ 


gs = {a sin? $+ b* cos* ¢ 


do 


jz" 4. (eee 
ec p 0 p do 


sy Ne fe cos’ $+ b° sin’ g)(a* sin? ¢ +b? cos* 4) dd 
ab 40 


- 4 fe +b*) cos* ¢ sin? ¢ + a*b* (cos* @+sin* )] dp 
a 


=35 le" +b + 6a°6*) = 2 (a? +B)(a? +b7) 44]. 
a 


Example 3. Show that 


Rca +2°) dv + (2? +37) dy +(x? +9") de =—27ab* 


where the curve C is the part for which z > 0 of the intersection of the surfaces 


is) 
— 
co 
uu 
= 
oa 
< 
= 
(2) 


ety 42? =2ax, + y? =2bxy, a>b>0 
= The curve begins at the origin and runs at first in the positive octant. 
Curve C is the intersection of the two surfaces, 


(x-bP + =P? 
2 =2(a-b)x 
So, the parametric equation of C is 


x =B(1 + 605 0) = 2b cos? $ 


ye bene ta’ eee 
2 2 


z= 2(a — b)b(1 + cos 8) 
=2 Jb(a—b) cos $ 


and @ varies from z to — z. 
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za 


> 
x 
y? +2? =- 4b? cos* 2 Ashen 
2 2 
2? 4x2 = ab cos? © — 48? cos? 8 in? = 
2 2 2 


x? + y? = 4b? cos? Ls 
2 
i G? teydvt(2 tx )dvt(Q ty?) az 
=+4b7 i (> cos* z -a cos? s) sin 0d0 
-" 2: 2 


— 4b? lig (« cos” 8 _ bcos? Zz sin? 4 cos 6 dO 
-« 2 2) 2 


+46? Jo(a—B) J” cos? sin é do. 
As the first and the third integral on the right vanish, 


=- 8p in [« cos? fh cot u sin? s) cos 0 d0 
0 2 2 2 


=-8P fF aos" AC cos" ee 7 do 
0 2 2 


2 
=— 166? i a cos? 1(2 cos? t— 1) dt, t -2 =~—2aab?. 
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EXERCISE 


|. Evaluate the integrals: 


di 
(/) J 5 < = along the line 2y =x — 4 between the points (0, — 2) and (4, 0). 


(ii) Jy ds, along the arc of the parabola y? = 2px cut off by x? = 2py. 


2 


= | lying in the first quadrant. 


x 
(iii) Ju ds, along the ellipse — + a 
@ 


(iv) Jr Rai y ds, along the half-lemniscate (x? + y’)? = a(x? = y’), (x2 0). 


[Hint: x = a cos!” 20 cos 8, y = a cos!” 20 sin 8, — 7/45 O< 2/4.) 
2. Show that 
3 
[a= 
where I’ is the quarter circle of the circle x? + y? +z? = R?, x? + y = R/4 lying in the first octant. 
3. Show that 


Rt 


i} (x + y) ds = V2a? 
r 
where I” is the quarter x* + y* +z? =a’, y =x lying in the first octant, 


4. Evaluate the following integrals along segment of straight lines joining the given points. 


() Jrdet ydy + (et y= Dade (1,1 land (2,34), 
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5, Find the line integral 
Jot adde+ c+ 0dy+ (et de 


where Cis the circle x? + y? to=saxt y+z=0. 
6. Evaluate: 


[Pease dx+dy+zdz, 


where C is the circle x7 + y? = R*,z=0. 
7. Show that 


J oedrt aedy+ayde=0 


where I is the are of the curve x = b cot r, y=bsint,z= at/2a, from the point it intersects z = 0 to the point 
it intersects z = a. 
8. Show that 
3 
a 
J VP dv+2 dy+x dz=-— 
iG 4 


where Cis the curve of intersection of the sphere x° + y° + 2* =a? and the cylinder x* + y? = ax, (a > 0,220), 
integrated anticlockwise when viewed from the origin. 
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; peeping ab(a? + ab +b?) ay 2N2a? 
1. (i) V5 log2 (ii) GV5 -1) 7 Cid Xa+5) ( ; 


—7R°® 
8 


4. (13 Gi) BV3 «45. 06 


3.__ SURFACES 


A curve in R° is a vector valued function whose domain is a subset of R and range a subset of R®. This 
idea is extended to define a surface in R°. 
Definition. A surface in R? is a vector-valued function with domain a subset of R? and range a subset 
of R°. 

Very often we do not make a distinction between a surface and its range set, and take the range of 
the surface as the surface itself. Thus if X, ¥, Z are three real-valued functions defined on a domain 
ECR’, where 


x= X(u,v), y= Y(u, v), z= Z(u, v), (u,v) €E, 


then the set 
{(X(u, v), ¥(u, v), Z(u, v) 2 (u,v) € E} 1) 


is a (parametric representation of ) surface in Re, 

Thus while a curve requires one parameter, the surface requires two parameters for its representation. 

A surface of the form 

z=V(x,y) xeR, veR was) 

which is met in not more than one point by any line parallel in the axis of z, is known as quadratic or 
regular with respect to z-axis. Such a surface is projectable in a one-to-one manner on the xy-plane. 

x = O(y, z) and y = G(z, x) are surfaces quadratic (regular) with respect to x-axis and y-axis, 
respectively. 

A surface which can be divided by a finite number of smooth curves into a finite number of portions 
each of which is quadratic (regular) with respect to the axes, is called a piecewise quadratic surface. 

A surface is said to be smooth if X, Y, Z possess continuous first order partial derivatives at each 
point of E and 


Ay,2z) Az,x) Ax,y) 
Au.v)’ Au,v)’ Au,v) 


do not all vanish simultaneously at any point. 
3.1 The Surface Area 


Let it be required to compute the area S of a surface bounded by a curve C. The surface being defined 
by the equation 


z= Y(x,.y) 
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where the function ' is continuous and possesses continuous partial derivatives. Denote the projection 
of C on the xy-plane bounded by I’, and let D be the domain on the xy-plane bounded by T’. Let o 
denote the area of D. 

Let an arbitrary partition P of D give rise to sub-domains of areas Ac, Ao3,..., Ago,,. In each sub- 
domain take a point P(é,,7;). To the point P, there will correspond, on the surface, a point 
OV;,7;, ¥(g;, 7;)). Through Q, draw a tangent plane to the surface, and on this plane pick out a sub- 
domain AS, which projects onto Ac; on the xy-plane. 
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n 
Consider the sum © AS;. 


i=l 
If the limit of this sum exists, when the norm u(P) of the partition (the greatest of the diameters of 
the sum-domains) approaches zero, the surface is said to be Sguarable and its area S is given by 


n 
S= lim AS, 


H(P)>0 j=) 
Let us now calculate the value of S. 


If y; denote the angle between the tangent plane (at Q,) and the xy-plane, we know from analytical 
geometry that 


Aa; = AS, cos 7; 
and 


1 
Vi + ¥2G.m) + Em) 


cos 7; = 


AS, = ofl + ¥2(E,, 1,) + P(E, ,) Ao; 
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S= lim LAS, 


MP0 5 


= lim zi + P(E, 0) + BS (Gm) AG; 


M(P)>0 7 


AUD 


a formula to compute the area of the surface z= ‘¥(x, y). 
If the equation of the surface is given in the form 
x=60(y,z), or y=@(z, x) 


then the corresponding formulas for calculating the surface area are of the form 


where D,, D are the domains in the yz-plane and zx-plane in which the given surface is projected. 


3.2 The formulas obtained in the above section enable us to find the areas of smooth surfaces (of the 
form z= ‘P(x, y)) which are projectable in a one-to-one manner on the coordinate planes. 


However, they help us to deduce a formula to find the area of a smooth surface represented 
parametrically which is not necessarily projectable in a one-to-one manner on one of the coordinate 
planes. 

To find the area of a smooth surface represented parametrically as 


x=X(u,v), y=Y(u,v), z=Z(u,v), (u,v) EE 
we have only to change the variables in formula (1) § 3.1, where the equation of surface is z= ‘V(x, y). 
Put x= X(u,v), y= Y(u, v) so that 
z= ¥P[X(u, v), Yu v)] = Zu, v) 
Also (by § 8 Ch. 11), 
dz a(¥,Z) /O(X,Y), Az __ A(Z, X) /d(X,¥) 
Ox e. d(uv)/ Atv)” ay [? (u,v) fae v) 


az) (az) _ fax.n? faway ,fazx)] fan 
1+ +) =] = + + 
Ox dy A(u, v) O(u, v) O(u, Vv) O(u, Vv) 


and then 
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a(x, Y) 


and the Jacobian of transformation J = - 
O(u, v) 


Thus formula (1) yields 
s= ff aX, yy | om, Z) Fe a(Z, X) Away tay 
a(u, v) O(u, v) O(u, v) 
which is the required formula. 
It can be easily verified that 


x,y) fawzy faz xT ; 
= AC- B- 
O(u, v) +| alu, 2) + O(u, v) 
ax)’ (avy (az) 
h — —_— —|= 
a (=) +(2] +(2) . ZS 


OX AX | av AY | OZ az _ 
du dv dudv dudav 


av av av) 


Thus (4) may be expressed as 


s= jill VAC -— B? du dv. ...(6) 


Note: The following results of differential geometry are very useful. 


|. (a) For the surface x = X(u, v), y = Y(u, v), z = Z(u, v) the direction cosines of the normal to 
the surface at any point (x, y, z) are 


ay, z) A(z, x) a(x, y) 
d(u, v) VK, O(u, v) VK, d(u, oe 


_fa,2 ? A(z, x) A(x, y) | 
where c-[ 722 "aeop * O(u, v) 


= AC — B? [ref. (5) § 3.2] 


(>) The elementary surface area dS is given by 
dS = VK du dv. 


2. («) For the surface z= ‘P(x, y), the direction cosines of the normal at any point (x, y, z) of 


the surface area are 
2 5 NR = 55 NE. VK 
ox oy 
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az\Y (az) 
h = Pestak eee 
weeks - Be +(33] 


(h) The elementary surface area dS is given by 


dS =VK dx dy = 


Example 4. Compute the surface area S of the sphere 
P+y42=a? 


a The surface area of the sphere is twice the surface area of the upper half-sphere, z = 
Now 


Oz 
ax 
so that 


The domain of integration is the circle x? + y? =a’ on the xy-plane. 
Thus by formula (1), we have 


4S8= ie ofS 


On passing to polars, we have 


peel io dO = 4na?. 


Example 5. Find the area of that part of the surface of the cylinder x* + y? =a’ which is cut out by 
the cylinder x? + 2? =a’. 


dy 


ra 
4 x?4 Z?= a? 
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The figure shows 1/8th of the desired surface. 
The equation of the surface has the form 


so that 


The domain of integration is a quarter circle x7 + 2? = a7, x > 0,2 > 0, on the xz-plane. Thus b’ 
g q P. yy’ 


formula (3), we have 


1 a eax 2 
a7 hes i rial 
S = 8a’. 


Example 6. The x and y coordinates of a point on the paraboloid 22 = w/a + y/b are expressed in 
the form 
x =a tan @ cos ¢, y=h tan @ sin 
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where @ is the angle of inclination of the normal at any point to the axis of z. Show that the area of the 
cap of the surface cut off by the curve @ = / is 27ab(sec* A- 1/3. 


> 5 
' Oz Oz Lee y 
+ + =1+>+- 

Ox ey a wb 


so that by formula (1), surface area S is given by 


a Here 


and 


_ 6%, y) 


00,9) 


= ab sec” @ tan 


2a A 
s={ ag | sec 0 ab sec? 0 tan 0 dO 
0 0 


Mathematical Analysis 


2nab 


A 3 3 
=22 | ab sec’ @ tan 0 d@= (sec? A-1), 


0 
Example 7. A surface is given by the equations 
x=csinu, y=ccosyv, 2=c(cosu + cos v) 


prove that its area bounded by 


is 
ne Es P3, 
—|1- } -y? 
2 n=l 2n-1 
(2n — 1)(2n — 3)...3.1 
where ————— 
a 2n(2n — 2)...4.2 
a Here 


5 


2 Ce | 2 
A=c cos utc sin” u=c 


> 72 7/2 5 > 7/2 es 9 
SC [ sin v av | yl +cos” u du=c” ) (1 + cos~ u)! ~ du 
0 0 
1(1 1 
(5-1] (5-1)--(G-»+1) 
2 2\2 2. 


2p? Le. o 2 xd 2 
=e" I+ cos’ u+ (cos u)> +... 


(cos’u)? +... } du 
2 2! n} 


n=l 2n-1 — 2n(2n - 2)...4.2 


m al,_¢ Cd" 
=i |I- an | 
2 ° 2 2n-1 


EXERCISE 


|. Show that the area of the surface of the sphere x + y +27? =a? cut off by xt y? =ax is 2(7—- 2)a*. 


n/2 co (yy! a = 
=o | E 5 f yy Gee D3 a |e 


2. Find the area of the part of the spherical surface 
2 3 2 
x+y +7 =4a" 
enclosed by the cylinder 


(x? + y?)? = 2a? (2x? + y?). 
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‘. Find the areas of the indicated parts of the given surfaces. 
(/) The part of z* = x* + y° cut off by the cylinder z* = 2py. 
[Hint: Take projection on xy-plane.] 
(/), The part of y? +z? =x? inside the cylinder x7 +37 = a”. 


[Hint: Projection on yz-plane.] 


(i), The part of y? + 2 = x cut off by the cylinder x7 =a’ and the planes y= b, y=—b. 
P 3 


(/v) The part of 2? = 4x cut off by the cylinder y= 4x and the plane x= 1. 


(v) The part of z= xy cut off by the cylinder x7 +7 = a@* 


(0), The part of 2z =x? + y° cut off by the cylinder x7 +7 = 1. 


(vii) The part of the cone 2” = x° +)? inside the cylinder x7 + y? = 2x. 
(i) The part of x” = y? + z* between the cylinder 3 = z and the plane y =z —2. 


(4) The part of the cone x7 =* + z* inside the sphere x7 +7 + 2 = 22. 


(\) The part of »* + 2* = 2z cut off by the cone x* =)? +2”. 
+. Find the area of the surface of the cylinder x° + y° = 4a* above the xy-plane and bounded by the planes y = 0 
z=aandy=z. 
5. Find the surface area of the part of the sphere x + y> +z = a” above z = 0 plane, cut off by the vertical cylinder 


erected on one loop of the curve whose equation in polars is 7 = a cos 20. 


2 


. 
Se 

2 inside the cylinder — + oe =k is 

a ie 


6. Show that the area of the surface of the paraboloid - 


Fat +k}? — lab. 


Show that the surface area of the sphere x + y+z 


3(x? = y?) is 22- 41/2 {3 log (V3 + V2) -2 log (1+ V2)}. 
‘. Calculate the area of the spherical surface given by 
x=acos@cos¢, y=acos@sin¢, z=a sind 


1 that lies inside the cylinder 2x? (x? + y’) = 


where 0< ¢ <2z, =F ges 
2 2 
°. Find the surface area of the torus 
x=(r—cosv)cosu, y=(r—cosv) sinu, z=sinv, 
where —z7<u,v<z, r>L 
!0. Compute the area of the part of the earth’s surface (considering it as a sphere of radius R, km) contained between 
the meridians ¢ = 30°, ¢ = 60° and parallels 0 = 45°, 0 = 60°. 


2 16(2 - ¥2)a? 
3. (i) 22a? (i) ma? 
(i) 8)2ab (iv) 16(V8 - 1)/3 


©) 2 (+a)? 9 (i) 2a@l8 — 0/3 
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(vii) 27/2 (viii) 942 

(ie) a2 (x) 16 
2 

4 22 Gr6V3 12) 5. —(#-2)a? 
3 2 

8. 4a? earn 
mR? 

10. 55 (3 - V2) 


4. SURFACE INTEGRALS 


In many physical problems we encounter functions defined on various surfaces, for example, density of 
a charge distribution over the surface of a conductor, intensity of illumination of a surface, velocity of 
the particles of a fluid passing through a surface, and the like. This section is devoted to studying 
integrals of functions defined on surfaces, the so-called surface integrals. The theory is in many respects 
analogous to the theory of line integrals presented in earlier sections. 


4.1 Surface Integrals of the First Type (Definition 
Let § be a smooth (or piecewise smooth) surface bounded by a smooth (or piecewise smooth) contour 
C. Let a bounded function /be defined at all points (x, y, z) of the surface. 

Let the surface be partitioned into sub-surfaces of areas AS,, AS,,..., AS,, by means of smooth (or 
piecewise smooth) curves. Let P(é,, 7;,¢,;) be a point of AS;. For the sum 


DFE» mysG;) 4S, (1) 


If the sum tends to a finite limit as the norm of the partition (the maximal of the diameters of the 
sub-areas AS; ) tends to zero, and for all positions of (é,, 7;,¢,;) in AS; the limit is called the surface 
integral of the first type of the function f over the surface S and is denoted by the symbol 


Jf.re y, z) dS (2) 


Note: Leta plane surface D bounded by contour I” be the projection of the surface S on the xy-plane and Ao; the 
corresponding sub-areas of D. 


Then 
Aa; = AS; cos 7; 


where 7; is the angle of inclination of the normal at (é,, 7, ¢,) to the surface AS; with the z-axis. Sum 
(1) then becomes 


Ao; 
cos 7; 


E/E. i $i) AS; = ZX L(G. Mi Si) 
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which, in the limit, yields 


fl. fo2.245= ff fox =e @) 


where z is on the right hand side, is expressed in terms ofx, y with the help of the equation of the surface. 


Relation (3) expresses a surface integral in terms of a double integral. 


4.2 Reducing a Surface Integral of First Type to a Double Integral 


(/) If the surface is represented by z = (x, y), we know 


AS, = 1+ ¥2 + Wy Ax, Ay; 


so that in the limit, (1) takes the form 


ff.re. y, z) dS = ffce y, 2/1 + (¢) + & J dx dy (4) 


where z, in the double integral, is expressed in terms of x, y and D is the projection of S on the 
xy-plane. 
If the surface is represented by equation of the form 


x=@O(y,z) or y= (z, x) 


then interchanging the roles of the variables x, y, z, the corresponding formulas are of the form 


Je y, z) dS = Sf, S(O(y, 2), ¥, Z),]1 + (2) + (2) dy dz (5) 


exes y, z) dS = JJ. fe (z, x), z),Jl+ sl + Esl dz dx wwlO) 


where D, and D, are respectively the projection of S on the yz-plane and zr-plane. 
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‘ote: Ifthe surface S is composed of several parts, each of which can be represented by an equation of the form 
x=0(y,2), y=G(z,x) or 2=¥(x,y) 

then, since by definition, the surface integral over S is equal to the sum of the integrals over the parts of S, applying 

formulas (4), (5) or (6) to these integrals separately, we reduce the integral over S to the sum of the double integrals. 


(//) In case a smooth surface S is represented by a parametric equation of the form 
x=X(u,v), y=Y(u,v), z= Z(u, v) 


then by applying arguments essentially the same as above, the surface integral of a bounded 
function f over S can be expressed in terms of a double integral, by the relation 
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fre y, z) dS = exes Y,Z)VK du dv 


or (7) 


= Sf, f (X,Y, Z)yAC - B? dudv 


where the domain D in wv-plane corresponds to S, and 


[ aC, wy} fae P Tacoy 
x =|5¢ 
| Au, v) | y O(u, v) . O(u, v) 


ax) oy i dz f 
al 2) z | (%) 
dxdx  dydy . dz dz 

$s 
dudv duadv duodv 


ax) dy * faz ; 
i a : 4 aes 


Note: We have considered surface integrals of scalar function £ This notion can be easily generalized to a vector 
function F defined on S. Let 


F(x, y, z) = iP(x, y, z) + jQQ, y, z) + KRQ, y, 2) 


where P, Q, R are scalar functions. We define the surface integral of F over S by the relation 


f[Pas=iffpas+iffoas +k ff ras (8) 


where the surface integrals of scalar functions on the right side can be expressed as double integrals, and call it the surface 
integral of the first type of the vector function F over the surface S. 

We now proceed to discuss the theory of Surface integrals of the second type. To understand the theory, let us first 
discuss the question of choosing a side of a surface, which is analogous to the problem of introducing an orientation of 
a curve. 


4.3 Oriented Surfaces, Positive and Negative Sides 


A surface is said to be two sided (bilateral) if it is possible to distinguish one of its sides from the other. 
We assume that a surface has two distinct sides in such a way that it is impossible to pass from one side 
to the other along a continuous path which lies on the surface and which does not cross one of the 
bounding curves. However, all surfaces are not two-sided. The simplest example of a unilateral (one- 
sided) surface is provided by the well known Mébius strip, shown in the figure (c) which may be 
obtained by taking a rectangular strip ABCD of paper and pasting it on two sides BC and AD after giving 
a half twist, i.e., in such a way that the point 4 coincides with the point C, and B with D. 

The concept of a side of a surface is closely related to the orientation of its bounding curve. A side 


of a surface (a region) is said to be positive or positively oriented if the orientation of its boundary is 
positive. 
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‘fmm, fa 
i =a | 
BA c AC 
(a) (b) (c) 


Fig. 4 


Let S be a two-sided smooth surface and C its bounding curve. Take a small area o bounded by a 
curve T on the surface. Take a point P in o and the normal PNP’ to the surface at P. The half lines 
PN and PN’, which do not pierce the surface, are drawn in opposite directions from the surface; one of 
these directions, say that of PN, is chosen as the positive direction of the normal at P, and PN may be 
called the positive normal, PN’ the negative normal. That side of the surface @ which faces the positive 
direction of the normal at P will be called the positive (or upper) side of the surface; the other side will 
be the negative (or lower) side. 


N N 
A y, 
7 — ee 
f 8 ) | rd 
> al eee 
N c u* 
Fig.5 


The concept of a side of a surface is closely related to the orientation of its contour. A side of a 
surface is said to be positive or positively oriented if the orientation of its boundary is positive. 

To correlate these two ideas, we introduce for each contour entering into the boundary its orientation 
according to the following rule: 

‘A direction in which the contour C is described is considered to be positive if the surface S is 
always kept on the left of a person who is on the surface and walking round the contour in this direction, 
so that the normal PN goes from his feet to his head. The opposite side is referred to as the negative one.’ 

Thus the side of the surface with this orientation of the boundary is called the positive side and the 
other the negative side. The two sides of the surface are then called orientable and the process of 
choosing a certain side of a two-sided surface is referred to as the orientation of the surface. The one- 
sided surfaces are thus non-orientable. 

Plane surfaces are oriented in the same way. Accordingly the positive side of xy-plane is that which 
faces the positive direction of z-axis. 

In what follows, it will always be assumed that the positive side of a surface projects on the positive 
side of the coordinate planes. 


4.4 Surface Integral of the Second Type: Flux Across a Surface 


Definition. Let S be a smooth (or piecewise smooth) two-sided (oriented) surface, bounded by a smooth 
(or piecewise smooth) contour C. Let a bounded vector-valued function F = (f, g, /) be defined for all 
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points of a certain side, say positive side of the surface. The projection (or resolved part) F,, of F in the 
direction of the normal to the surface at arbitrary point (x, y, z) can be written as 
F, =f cosa+gcosf+hcosy 


where cos @, cos f, cos y are the direction cosines of the normal to the surface at (x, y, z). 
The surface integral 
JJ cos @ + g cos f+ h cos y) dS (1) 
‘S 


is called the Surface integral of the second type of the vector valued function F = (f, g, 4) over the 
surface S (or strictly speaking, over the chosen side of the surface) and will be denoted as 


Kea dy dz + g dz dx + h dx dy) 
Thus by definition, we have the relation 


Kea cosa@+gcos +h cosy) dS = ie dy dz + g dz dx + h dx dy. 


Note: The surface integral of the second type of F is the same as the surface integral of first type of F, (the component 
of F along the normal to the surface). 


Remark: We have defined the surface integral of the second type on the basis of the notion of the surface integral of 
the first type. But it can be defined directly also as follows: 

For brevity, let us first consider only one of the components, say /, of the vector valued functions. Let D be the 
projection of S on the xy-plane. Since S is positively oriented, D should also be oriented positively. Clearly D is a plane 
surface on the xy-plane. Let S be partitioned into the sub-areas of D. Choose an arbitrary point (&,, 77, ¢;) in each 
sub-area AS, and consider the sum 


E ME, m. 61) Ao; “4 


If the limit of the sum exists, when the norm of the partition tends to zero (or n > %) (which always exists for 
continuous function / and smooth surface S), the limit is equal to the integral 


Jf, h(x, y, z) dx dy (3) 
We can similarly define by means of corresponding sums of the integrals 
[[fex2e dz and Jfecs2.204¢ dx 
and consequently, write the sum of these integrals, 
ff ade +g de de + h de dy 
called the surface integral of the second type of F = (f, g,h) over S. 


Notes: 
|. The sum (4) can also be written as 


E ME, my $;) €08 7 AS; (7) 


which represents the flux of / across the surface S, and in the limit, represents the surface integral. 
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She cos y dS 


Thus, in the limit, the sum (4) represents the surface integral, Sf h dx dy as well as Sf, hcos y dS. Proceeding, 
ie kK 


similarly, for the other two functions fand g. we establish the justification of relation (3). 
2, The surface integral of the second type. given by (1), is the flux of F = (f g. h) across the surface S and that is the 
reason, the surface integral of the second type is also called the flux ofa function across a surface. 


4.5 Reducing a Surface Integral of the Second Type to a Double Integral 


The definition of the surface integral of the second type implies the following results: 
(/) Let S be a smooth surface determined by an equation 


Z= V(x, y) 


and let h(x, y, z) be a bounded function defined on S. Then for the surface integral of the 
second type taken over the positive side of S we have the relation (definition, relation (4)) 


iH} h(x, y, z) dx dy, = SJ h(x, y, P(x, y)) dx dy (8) 
S D 
where D is the projection of S on the z = 0 plane, and since S is positively oriented, the sign 


before the double integral is to be positive if D is positively oriented, otherwise negative. 


If the integral is taken over the other side (negative) of S, the sign before the double integral is 
to be negative if D is positively oriented, otherwise positive. 


We, similarly derive the formula 


Ire y, z) dy dz= MJ, f(y, 2), ¥, 2) dy dz (9) 


fees y,z) dz dx= II, g(x, 0(z, x), z) dz dx .(10) 
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where D,, D, are the projections of S on yz and zx planes respectively. So finally we have 
il} f dy dz+ g dzdx+hdx dy= ii} f(@(y, z), y, z) dy dz 
is D, 
+ Jf, 8 960.2) de de+ [fits », YC, »)) de dy (1) 


(ii) Let S be a smooth surface represented as 


x= X(u,v), y=Y(u,v), z= Z(u, v);(u, v)€ D 


where D is the surface in wv-plane corresponding to the surface S in the xy-plane. 

Let F = (f, g, #) be a bounded vector valued function defined on S. Then for the surface 
integral of the second type taken over the positive side of S, we have the relations (definition, 
relation (4)) 


Jace y, z) dx dy = Jf acs y, z) dx dy= ff cx. ¥;.Z) Be du dv. 


(u,v) 
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[J.pevr2ded= ff roy 2 22? aver 


O(u, v) 


ot Aieake = A ote yoy) 2 Co! cry 
Jf. st. y, 2) dz dx = ffs Y,Z) au. a y du dv 
where D is also oriented in the same sense as S. 


Thus, finally we have 


Shr dy dz + g dz dx +h dx dy 


= Ih oY, 2) + (2, X) +h at,2) du dv wA12) 


@(u, v) eC (u, v) O (u,v) 


Note: Vectorial formation 
Let 
r=ixt+jy+k 
be the position vector of any point on the surface S, and 
F(x, y, 2) = iP(x, y, 2) + JOC. y, 2) + KRO y, 
be a vector function, with P, QO, R as its components. 
Let n denote the unit vector along the normal at any point on the side of the surface under consideration, so that 


n=icosa+jcosf+kcosy 
JJ een as = ff CP cos a + 0 cos B+ R cos 7) ds (13) 
S S 
Thus the surface integral of the second type of F (or the surface integral of the first type of F-n ) over Sis Jf, F-nds. 


Ex. Show that relation (12) satisfies (13). 


4.6 Properties of Surface Integrals 


|. The surface integrals (of the second type) taken over the opposite sides of a surface have 


different signs, i.e., 
ffjF-nas=— ff P-nas 


where S and S’ are the two sides of the surface. 


2. Ifa surface S is broken up into m parts S,, S3,..., S,,, the integral over the whole surface S 
(say, over its positive side) is equal to the sum of the integrals taken over the corresponding 


(i.e., positive) sides of the surfaces 5S), S,,..., 5, 


slr as = [J F-nds+ ff F-n dS +...+ [[F-nds (14) 


4.7__Relation Between the Two Types of Surface Integrals 


Let S be a smooth (or piecewise smooth) oriented surface and C its bounding curve. Then the surface 
integral of the second type of a function P, taken over a certain side (say, positive) of the surface is 
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Sf, J dy dz, which is equivalent to Shy cos a dS. The latter being the surface integral of the first type 


of the function /'cosa@. 


Similarly, the surface integral of the second type of the function F = (f, g, h) is 
IJ Cf dy dz + g dz dx +h dx dy) (1) 
Ss 


which is equivalent to 


Kea cos a + g cos 8 +h cos y) dS (2) 


The latter being a surface integral of the first type of the function (f cos a + g cos 8 +h cos 7). 
Also (f cos @ + g cos 8 +h cos y) is the projection or the component of the function F along the 
normal to the surface. 

Thus the surface integral of the second type of a function is same as the surface integral of the first 
type of the normal component of the function. 


Note: In symbolic representation of the surface integral, 
Sf. f dS, Sf, f cosa dS or i f dy dz 
the meanings are well understood and so there is no need to mention the type. 
But when symbols are not being employed, mentioning the type (of the integral) has to be made. Thus for Shy dS, 


we say ‘the surface integral of the first type of if, and for fr cos @ dS, ‘the surface integral of the first type of 
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f cos @ or the surface integral of the second type of iis 


dS : , 
Example 8. Find the value of the surface integral {l= where S is the portion of the surface of the 
Sor 


hyperbolic paraboloid ‘y cut off by the cylinder x° + y? =a’, and ris the distance froma point on 


the surface to the z-axis. 


2 


a For any point (x, y) on the surface, r = ./x? + a 


Now 


leg last 


where D is the projection of E on xy-plane 


= (a y= fi" ao (ele , 


oa Yar +1 + 05 (a+ fo?) 
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Example 9. Evaluate the surface integral 
JJ p(x" + y' +2°) dS 
is 


where S is the surface e/a? +y¥ |b? + 2/¢ = 1, and p is the perpendicular from the origin to the 


tangent plane at the point (x, y, 2). 
Symmetry of the integrand and the surface S show that its value is 8 times the value of the integral 


over the portion of the surface in the first octant. 


x =acos @cos ¢ 


0<¢<sa/2 
Let Paine eng he 
z=csin@ 
Then 
Ax, Y) =- ab cos @ sin 0 
08, 9) 
AY.) « _ be cos? cos ¢ 
AC) 
Be) ac cos” @ sin ¢ 
68, 9) 
so that 
2 2 2 
Ax VY] | AZ) | Az. 9) 
O(u, v) Olu, v) O(u, v) 
2 2 Df gh +2 
Sore 28 ass oon ¢ 4 298 A @ % a s} 
a b c 
and 


P / cos” @ cos? ¢ . cos* @ sin? ¢ 4 sin? 0 
a b? e 


The surface integral becomes 


Jfec* + y' +24) dS 


a? pale 
=8 i do ip abc cos O[a* cos’ 6 cos* ¢ + b* cos* Osin* ¢ +c4 sin* 0] db 


#/2 3-la 3-la a 
= 8ab Bilia® cos 0: 2 ab* Gos* Oe See sin? 9:2 
a ef cos [« cos 756 cos 4 +c sin’ 0 2 dé 


4:2 of _ Anabe(a* + b* +c*) 
5:8. 5. lls 5 ; 


pane [ita + 8%) 
2\8 
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Example 10. Evaluate 


I= Key dy dz + dz dx + xz~ dx dy), 


where S is the outer side of the part of the sphere x? + y? +2? =1 in the first octant. 


a Let us denote the projections of the surface S on the coordinate planes yz, zx and xy by D,, D3, D; 
respectively. These are quarter circles of radius 1. Then we have 


te Ife dy dz = J,vi-r -F & dz 
b= fe dx = SI,, dz dx 


I, = faz? dx dy = J, x(l— x? - y’) dv dy. 


y 


The second integral /, is simply the area of the domain D,, (quarter circle x* + z? = 1), i.2., equal 


to 2/4. Ce) 
aa 
/2 1 = x 
= -r rdr=— oc 
ii i dof yi Prdr=t oc 
= 
x/2 1 P 2 o 
I=] cos 0.40 | rl-r°)rdr=— x 
a 0 0 15 rs 
Thus, oO 
[aah ily ete Loe pe athe 
6 4 1 a2 i 


Example 11. Evaluate the surface integral zcos y dS, over the outer side of the sphere 
P 8 7 P 


aa y +z? =I, where y is the inclination of the normal at any point of the sphere with the z-axis. 


= Here the z-coordinate can be expressed as a single-valued function of x and y for the whole surface. 
Let us break it into two parts—the upper hemisphere S,, above the xy-plane, and the lower hemisphere 
S,, below it. 


Accordingly their equations are 


z=yi-x-y?, z=- to = 77 


We can write 


Sf.z cos y dS = Sf, zcos y dS + Sf, zcos y dS 
i] 2 


Here, of the two integrals on the right hand side, the first is over the upper side of the upperhemisphere 
in the upward direction and the second is over the lower side of the lower hemisphere in the downward 
direction. The second integral will be negative and will therefore have to be taken with a negative sign. 
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J[,zcosr as = Jf, 2aeav= ff, 
II, z cos 7 dS = I, zdx dy =- fi, 


where D is the circle x? + y? =i 


Thus 
Sfz cos y dS =2 Sf, 1-x? -y? de dy =2 [ do { yl—rerdr = = 


Note: The surface integral is the flux of a function through the surface S. In the above example, the flux through the 
whole surface is equal to the sum of the fluxes through the two hemisphere, ignoring the direction. 


Example 12. Show that 


[= ff.oe dy dz + zx dz dx + xy dx dy) = 2 


. e. 2 2 2 . 
where S is the other surface of the sphere x” + y° +2° =1 in the first octant. 


x= cos @ cos ¢ 


ne 0<0< 2/2 
ws Let 3 sito sin d O<¢<a)2 
z=sind 
so that 
ay, 2) =— cos? A cos ¢, 2G, x) =~—cos’ Osin ¢, Ae) ¥) =-sin 0 cos@ 
a) (8, o) HO, 9) 


the negative signs show that the correspondence is inverse and so the double integrals are to be taken 
with negative signs. 
Thus we get 


1=3ff' “ cos* @ sin ado | sin ¢ cos ¢ dé => 

0 0) 8 

Ex. Do the above example by the method explained in solved example 11. 

Example 13. Evaluate Sf dS, where S is the entire surface of the solid bounded by the cylinder 
rae y? = 1 and the planes z=0,2=x+ 2. 

= As shown in the figure, the surface consists of three parts: S,, the circular base in the xy-plane, 


S5, the elliptic plane section, i.e., part of the plane z = x + 2 inside the cylinder x+y? =1, and 


S;, the lateral surface of the cylinder. 
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On S,, we have 


2 2 
z=0,x°+y° =1 


ff,s@= Ms te dv= fi ede [wo 


co 
- 
o 
WW 
= 
oa 
<x 
= 
() 


On $3, 


z=x42xr4¢y=1 


Iea=Jf xyI+T de dy = V2 ff x de dy =0 


On S;, 
vty =L0<z5x4+2 
put 
x=cos 6, y=sin 0,z=2z 
—2<S0<2,0<572<52+c080 
so that 


AY, 2) cos 8 Az, x) =sin 0 Ax, y) _ 0 


0,2) "(0,2 60,2) 


Sf, xdS = Jf0s 0 cos? 6 + sin? 0 dO dz. 
; 


where D is the corresponding domain in the @z-plane. 
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2+cos0 


= {- cos 8 dé i dz= ie cos 0(2+ cos @)d0=z 


fxs = Sf. dS + Jf dS + ie dS =n. 


Example 14. Evaluate spe dS, where S is the entire surface of the solid formed by 


x? +y? =1,2=0,2=x+2 and n is the outward drawn unit normal and the vector function 
F = 2xi — 3yj + zk. 

a The surface S consists of three sub-surfaces, the circular base 5), the elliptic plane section S, and 
the lateral circular section S;. (figure of example 13). 


On S,, 
e4+y=1z2=0 
n=—k,F-n=-z 
f[.raw= J] -s0= Jf -raedn0 
On S;, 


1 1 
-—i+0j+~k 
Qe. ae 


Fema (-2rts)= C842) 


sJFn dS = s Je 2x +z) dS 


=a [carte + 2 fT dey 


= Sf, (2=x) dx dy 


where S, is the circular base, rey=alz=0. 


Sf, FndS = faofie =rcos6)rdr= J" (I = 00s @)d0=2n 
On S$;, 


xeey=10<z<x4+2 
Let 


x=cos@,y=sin@, z=z 


Integration on R? 


-m<0<7,052<52+c0s0 
F-n = (i2 cos 6 — j3 sin 0 + kz)-(icos @ + j sin @) 


=2cos’ @-3sin” 0 


ff, Faas 


z p2+c0s0 z ~ > — 
= J J, (2 cos” 0-3 sin” 0) \cos* 0+sin” 0 d0 dz 


=f", (2 -Ssin? 0)(2 + cos 0) =- 27 
JfFnas= ff, Penas ff Penas If F-n dS 
=0+227-27=0. 


EXERCISE 


|. Evaluate the integrals 


(i) fe +2x+ ty) dS, over the plane Fe Ti 1, lying in the first octant. 


(ii) Jv dS, over the portion of x + y + z= 1, lying in the first octant. 


(iii) ii} x dS where S is the portion of the sphere x? + y? + 2? =a? lying in the first octant. 
Ss 
2, Compute the integrals: 


(i) ffve = x? — y? dS, where Sis the hemisphere z = Ja? =57, 


(ii) Jf, xy? dS, where S is the hemisphere z = 


(iii) {4 where S is the cylinder xe y =a’, bounded by the planes z = 0, z = h, and ris the distance 
ip 
between a point on the surface and the origin. 


3. Evaluate the surface integrals: 


(i) Nese z dS, where S is the positive side of the lower half of the sphere x + y +22 =a’, 


; 2 : A ce ee ce 2 
(ii) Sf ‘dx dy, where S is the outer side of the ellipsoid e + pu 


(iii) (x dy dz + yr dzdx+ z° dx dy), where Sis the outer surface of the sphere xe y? +2 =1. 
5 P 
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(iv) (xz dx dy + xy dy dz + yz dz dx), where Sis the outer side of the pyramid formed by the planes x = 0, 
f P! 


y=0,2=Oand x+ y+z2=1. 


Evaluate the surface integral 
Sj (x cos a@ + y cos B +z cos y) dS. 
1S 


cos @, cos f, cos y being the direction cosines of the outward drawn normal of the surface S, where 


()) Sis the positive side of the cube formed by the planes x = 0, y= 0,2=0, andx=1,y=1,2=1. 


; a er ees 
(/) Sis the outer surface of the ellipsoid — + 
ae 


= | lying above the xy-plane. 


Evaluate Sf (x + y +z) (lv + my + nz) dS, where F is the surface of the region x? + y <a?,0sz<h. 
E 
Find the value of the surface integral 
ii) (yz de dy + xz dy dz + xy dx dz), 
iS 
where S is the outer side of the surface situated in the first octant and formed by the cylinder x? + y? =a* and 
the planes x= 0, »=0,2=0,2=h, 


Evaluate Sf, z° dS, where Sis the part of the outer surface of the cylinder x? + y? = 4 between the planes 


z=0,z=x+3. 
Compute the integral 


z dx dy + xz dy dz + x*y dx dz), 


IK 


where S is the outer side of the surfaces situated in the first octant and formed by the paraboloid of revolution 
z=x? + y?, cylinder x? + y? = 1 and the coordinate planes. 
[See solved Example No, 24 for another method.] 
Compute SF -n dS, when nis the outward drawn unit normal of the surface, and the vector function F and the 
oriented surface S are given in each case. 

(i) F=xity’j+27k, Sis part cone z? = x? + y?,1<z<2,n-k>0,n-i>0. 


di) F= yi + 2j — xk, Sis part ofcylinder y? = 1 — x between the planes z = 0,2 = x; x > 0 with n-i > 0. 


een <r 


() 4/61 (i) 3/120 (iii) za? /4 


(i) xa? (ii) WARS (iii) 2 tan“ (A/a) 
() 2a" /105 (ii) 0 (iii) 562a°/9 (i) 8 
()3 (ii) 2zabe 5. 4aah{3(I + m)a? + 3nah + 2nh?] 


. a h(2a/3 + mh8) 7. x 8. nf& 9. (i) 1527/4 (it) 4/15 
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5. _ STOKES’ THEOREM (First generalization of Green’s theorem) 


We recall that Green’s Theorem expresses a relation between a double integral over a plane region and a 
line integral taken round its plane boundary. There are two ways to generalise this in R*. One of these 
extensions, known as Stokes’ Theorem, relates a surface integral taken over a surface to a line integral 
taken around the boundary curve of the surface. This generalisation is due to an English mathematician, 
George Gabriel Stokes (1819-1903). 

A second generalisation arises when the double integral is replaced by a triple integral, and the line 
integral by a surface integral. This generalisation is named as Gauss s Theorem and will be taken up later. 

Stokes’ Theorem. If S is a smooth oriented surface bounded by a curve C oriented in the same 
sense, and f, g, hare three functions which along with their first order partial derivatives are continuous 
in a three dimensional domain containing S, then 


4 ; a Oh Oe \ 44. 
a (f dx+gdy+hdz)= ii (# = 22) dy dz 


Of oh Og of 
fi = dz dx + | = ——— } dx dy 
(2 a Me (3 dy ca 
Let the oriented surface be represented as 
x=x(u,v), y= y(u,v), z=z(u,v), (uyv)EeD 


where D is an oriented surface in wv-plane. Also, let its boundary be an oriented curve [ represented by 
u=u(t), v=v(t), aSt<sb 
The proof of the theorem involves the following steps: 
|. The line integral along C is expressed as an ordinary integral, 
The ordinary integral is expressed as a line integral along T, 
The line integral along [ is then expressed, by Green’s Theorem, as double integral over D, 
and finally, 
4. The double integral along D is expressed as a surface integral over S. 


wiN 


i) (f dx +g dy +hdz) 
ic 
_ f f Ox du ey Ox dv abe dy du in dy dv ek dz du dzdv Hi 
a dudt ovdt 8 \ Ou dt av dt dudt ovdt 


=J,[/ be +8 oy +h 22) av (7 an +28 ay +h 2 ay 


“ou Ou ou “av” av av 


7] Ox oy dz 7] Ox dy az 
= —+h - —+h ) 
Aes [/ ov i av ne 4 av [/ ou ve ou ia 22) epee he 
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But 


é Ox) _( Of Ox a Of oy iz Of Oz Ox, Ox 
ou év) \éx éu Oy Ou Oz Gu) dv Ouev 


Writing down similar expressions for the other terms of the integrand and rearranging, the double 
integral on the right hand side of (1) becomes 


ii (2-2) Ay. 2) (2-4) A(z, x) (2-2) S12) aa 
D 


ey 02) Ou,v) 6z 6x) e(u,v) Ox Oy) u,v) 
={f BP 8 py de | PL OR) ten (OE OE | am 0) 
S\Oy Oz Oz Ox Ox oy aed 


Hence the proof. 
Also by the definition of surface integral, relation (2) is equivalent to 


: < eh eg Of oh 
L (f dx + gdy+hdz) -fi)(# “8. osa ae - 2 cos 8 


+(28-2£) or|a ( 
ox oy ay 


i) 


where cos @, cos f, cos y are the direction cosines of the normal at any point to the surface. 


Notes: 
1. (Vectorial formulation). Let 
r=ix+jytkz 
be the position vector of any point on the surface S, and 
F(x, y, z) = iP(x, y, z) + jO(x, y, 2) + KR(x, y, 2) 
be a vector function defined on S. 
Let n denote the unit normal at any point of the surface under consideration, so that 


n=icos a + j cos B + k cos y 


curl F-n = zeae cos @ + DEER cos f+ AY cos ¥ 
Oy Oz Oz Ox Ox oy 


and 
F-dr=Pdx+QOdy+Raz 


so that by (3) Stokes’ theorem can be written as 


ie F-dr= Jfjeor F.n dS 


2. Ifthe surface S is a piece of a plane parallel to the xy-plane then dz = 0 and we get Green’s Theorem as special case 
of Stokes’ Theorem. 
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5.1__Deductions from Stokes’ Theorem 


Stokes’ theorem has various applications in mathematical analysis. Here we are going to establish only 
one such deduction: the conditions for a line integral to be independent of the path of integration. These 
conditions, in fact, generalise the results obtained from Green’s theorem (§ 4.1 Ch. 17) concerning the 
question of path independence of an integral over a plane curve. With that view, we introduce the 
following concept. 
Definition. A three-dimensional domain V is said to be simply connected if, for any closed contour 
belonging to V there exists a surface, with the contour as its boundary, entirely lying in V. 

A sphere (ball), the whole space, the domain lying between two concentric spheres are examples of 
a simply connected space. An example of a domain which is not simply connected (referred to as 
multiply connected) is a ball with a cylindrical tunnel passing through it. 

Now we proceed to establish the following result analogous to § 4.1, Chapter 17. 
Theorem 2. If three functions f(x, y, 2), g(x, y, 2), and h(x, y, 2), defined in a bounded closed simply 
connected domain V, are continuous along with their first order partial derivatives in the domain, then 
the following four assumptions are equivalent to each other. 


|. The line integral Ir dx + g dy +h dz taken along any closed contour lying inside V is 


equal to zero. 


The line integral Lf dx + g dy + h dz is independent of the path of integration connecting 
two arbitrary points A and B. 
\. The expression f dx + g dy + h dz is the total differential ofa single valued function defined 
in V. 
+. The conditions 
6g _Of Oh _Og Of _Oh 
Ox ay ay " 62'éz Ox 
are fulfilled at each point of the domain V. 


The theorem is proved according to the scheme 1— 2— 3-4-1 which we followed while 
proving § 4.1 Ch. 16. We leave the proof to the reader with the only hint that to deduce condition | from 
condition 4, one must take an arbitrary closed contour [ lying within V and consider a surface entirely 


lying in V whose boundary is I’, such a surface exists because of the condition that V is a simply 
connected domain. Then the application of Stoke’s theorem to the line integral along [ shows that 


condition 4 implies the relation [. fdx+gdy+hdz=0. 
Example 15. Use Stokes’ theorem to find the line integral 
[. vey det+dy+zdz 


a 


. . 2 2 2 
where C is the circle x° + yp" =a",z=0. 
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a Now, by Stokes’ theorem 


le z 9y24,3 As 
J ry dv+dy+zdz= J & - 4 dy dz + [= y- = ) dz dx 
c S\Oy dz Oz Ox 


~ a 
+ & - — , dx dy = — Jf 3x7y? de dy 
s 


Ox ey 


where S is the circle x7 + y =a’ in the xy-plane. Changin to polars. 
y-p ging to p 
7 pa 
=-3 | ) r* cos? @ sin? Or dr dO 
-a40 


8 top 6 
ee cos’ @ sin? 6 do = — 
6 J-z 8 
Example 16. Show that 
Sho —2) dy dz+(z-x)dzdx+(x-y)dvdv=ax 
where S is the portion of the surface x? + y? -2axv +az=0,7>0. 
a By Stokes’ theorem 


Iho — 2) dy dz + (z— x) dz dx +(x-y)dvdy 
1 ee Nee Bs) 2 3 Dy ae 
=+] (tz )det+(z +x )dv+(x' t+y*)a& 
2 4c 
where C is the curve 
(x - ay +y =a", z=0 
On putting x =a + a cos 8 = a(1 + cos A), y =a sin @, the line integral becomes 


=. f [a® sin? @(—a sin 0) + a?(1+ cos 0)? a cos 0] dO 


a tz - 3 2 3 
=a (— sin’ 8+ cos 9 +2 cos’ 9+ cos’ 0) dO 
-« 


=a ie (2 cos? 6+ cos® 0) dO 
0 


=a? jie (2 cos? 6+ cos? 0) d+ a3 i (2 sin? @ - sin} @) dO = 7a’ 
0 


‘ole: The method employed to convert a surface integral into a line integral is not general. 


!. Using Stokes’ theorem, show that 


(E pdr +2dy-+xdz=— [f (cos a + cos + cos 7) dS 
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Show, using Stokes’ theorem, that 
j. (y +2) dx +(z+x)dy+(x+y)dz=0 


A , ao Vatea as 
where [ isthe circle x° + y° +z =a°,x+y+z=0. 


}, Using Stokes’ theorem, prove that 
i y de +zdy +x de =— 22072 
ir 


where [ isthe curve x* + y? + z? — 2ax — 2ay =0,x+ y =2a. 
4. Apply Stokes’ theorem to transform the integral 
I. (Gy 42°) det(x? +27) dy+ (x? + y?) dz 
taken along a smooth curve C to a certain integral over a smooth oriented surface with C as its boundary. 


5. Verify Stokes’ theorem for the integral 
I, x? dx + yx dy 
where C is a square in the z = 0 plane with sides along the lines, x = 0, y= 0,.x =a, y =a. 
6. Verify Stokes’ theorem in each case 
(i) F=zi+xj+yk 
Sis the part of the paraboloid z = 1 — x= y for which z 20, n-k > 0. 
(ii) F=y?it xyj - 2xzk 
Sis the hemisphere x? + y +27 =a*,z20 with n-k>0. 


6. _ THE VOLUME OF ACYLINDRICAL SOLID BY DOUBLE INTEGRALS 


We have shown earlier that the volume of a cylindrical solid can be found with the help of double 
integrals. 


Let a cylindrical solid be bounded above by a surface z = ‘V(x, y), below bya plane region D (on 
the xy-plane) and on the sides by lines parallel to z-axis. Its volume V is given by 


Y= sve y) dx dy, in cartesian coordinates 
or = sve cos 6, r sin @) r dr d@, in polar coordinates 


or = Sf cos y dS, as a surface integral 


where S is the surface of the solid. 
If the equation of the surface is given in the form 
x=O(y,z), or y= (Zz, x) 


© 
— 
a 
uu 
= 
a 
<x 
i 
() 
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then the corresponding formulas for calculating the volumes are of the form 


v= SI, (y, 2) dy dz or Sf. x cos @ dS 
, 


5) 


Ve Jf. O(z, x) dz dx or Sf. y cos B dS 


where D,, D, are the domains in the yz-plane and zx-plane, in which the given surface is projected. 


\ 


>y 


Notes: 


!. Clearly D is projection on the xy-plane, of the portion of the surface z = ‘Y (x, y), cut off by the lateral cylindrical 
surface. 


nv 


The function w is assumed to be continuous and single-valued so that the surface is met by a line parallel to z-axis 
not more than one point. 

5. Ifthe function y changes sign in D, then we divide the domain D into two parts. (i) the sub-domain D, where 
'Y 20, and (i) the sub-domain D, where Y < 0, The double integral over D, will be positive and equal to the 
volume of the solid lying above the xy-plane. The integral over D, will be negative and equal, in absolute value, to 
the volume of the solid lying below the xy-plane. Thus the integral over D will express the difference between the 
corresponding volumes. The sum of the absolute values of the two integrals, over D, and D,, will give the volume 
of the solid. 


4. Volume by iterated integral interpreted geometrically. 


v= |p varay = Ij a ie way 


Ox) 


= f S(x) dr. 
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where 
a(x) 
S(x) = li dy =area of a cross section parallel to zx-plane 
1x) 


V = volume of the solid by parallel cross-sections 


z=y (xy) 


QO. >X © 
Fig.8 eZ 
tH 
6.1 Volume Enclosed by Two Surfaces P 
5 
za a> = an es 
ee 
NG yy | 
os | ! 
eee, oe 
KG ic ANS 
: @) , (i) 
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Ifa solid, the volume of which is being found, is bounded above by the surface z = ‘P;(x, y) 20 


and below by the surface ¢ = ‘¥,(x, y) 2 0, and domain D is the projection of both the surfaces (Fig. 
(i) and (ii) on the xy-plane, then the volume. V. of this solid is equal to the difference between the 
volumes of the two ‘cylindrical bodies’; the first of these cylindrical bodies has the domain D for its 


lower base and the surface z = ‘Y;(x, y) for the upper: the second body also has D for its lower base 
and the surface z= ‘V(x, y) for its upper base. 


Therefore the required volume I’ is equal to the difference between the two double integrals. 


V= Sf, W, dx dy - Sf, W, dx dy 
= J (Y, — P,) dx dy 
D 
which may be expressed in terms of a surface integral as 
= few —¥,) cos 7 dS 


It may be easily verified that the formula holds true not only for the case where ‘P, and ‘¥, are non- 
negative, but also where ‘Y, and ‘V, are any continuous, single-valued function that satisfy the relationship 


Y, (x, y) 2 ‘P(x, y) over D 


6.2__ Volume Enclosed by a Closed Surface 


Let a closed surface S be such that any straight line parallel to the z-axis cut it in not more than two 
points. Let the outer normal be the positive direction of the normal. 


The surface may be divided into two parts: the upper and the lower. Let their equations be 
z=¥(x, y), <= P(x, y). If Dis the projection of S on xy-plane, then since the normal to the lower 
surface is downward, we have 


Jf zoos 7 as = ff ce - ¥) de dy 
which represents the volume of the solid under consideration. 


Example 17. Find the volume within the cylinder x? + y* = a? between the planes y + z= b?, and 
z=0. 


= The cylindrical solid is bounded above by the surface z = b> — y = f (x, y), and below by the disc 
Dex +y? =a’. 


Required volume = Sf (b° — y) dx dy 
D 


a (a? =x?) s 5 
= J dx | ———(b -y)dy=ma'b’. 
-a -y(a> =x") 
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Example 18. Find the volume of 
(/) the solid bounded by the surface z = 1 — 4x? — y* and the plane z = 0. 
(i) the sphere x? + y? + 2? =a’, using polar coordinates. 
a (/) The solid in question is a segment of the elliptical paraboloid lying above the xy-plane. The 
paraboloid cuts the xy-plane along the ellipse 4x° + y* = 1, which forms the base D of the 
solid. Thus the solid, without lateral cylindrical surface, is bounded above by z = 1 — 4x7 — y? 


and below by the ellipse 4x? + y? = 1. Moreover the solid being symmetrical, its volume Vis 
four times the volume lying in the first octant. 
8 


7 1/2 yy 1-437 3 5 a 1/2 23/2 
v=4). dx | (1 ax? —y?) dy = | (1—4x2)3? dx 


anf cost rar =F 
3 40 4 


(/) As in Part (i) the solid under consideration is bounded above by 2? = a” — (x? + y”), or by 


a 


z= a -> on changing to cylindrical polar coordinates. The sphere cuts the xy-plane in 


the circle x* + y? =a? or r? =a? and has no lateral cylindrical surface. Again because of 
symmetry, its volume 


V=2 lh do li {a -r rdr= <a 


Example 19, Compute the volume V, common to the ellipsoid of revolution x/a? + ya? + 2/p? =1 
and the cylinder x? + y? — ay =0. 


a The required volume is double the volume that lies above the xy-plane. 


The solid under consideration is bounded above by z = > and below by the circular 


base D = x* + y? — ay =0 on the xy-plane. 


2 . . 
‘~, and the lower base is r =a sin @. 


b 
In polar coordinates, the upper boundary is z =— ja 
a 


Thus, 
pry cr 16 Se aa 
= 6 FR rs a r rar 
4a°b al 5 
=< J G~co0s* 8) do =Sa°b(3n—4), 
Example 20. Compute the volume of the solid bounded by the cylindrical surfaces z = 4 — y? and 


ye cp) and the plane z = 0. 
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The upper boundary of the solid is the surface with equation z = 4 — y*. The domain of integration 
Dis bounded by the parabola y = x/2 and the line of intersection of the cylinder z = 4 — y* withz=0 
plane, i.e., the straight line y = 2. 


za 


x* 


Fig. 10 


The solid being symmetrical about the yz-plane, its volume 


V=2 j, dx Ee (4- y?) dy 


Example 21. Find the volume of the solid bounded above by the parabolic cylinder z= 4 — y? and 
bounded below by the elliptic paraboloid z¢ = x* + 3y’. 


a The two surfaces intersect in a space curve, whose projection on the xy-plane is the ellipse 
xrtdy?=4 
or 
x?/4 +y=1 
za - 


x* 


Fig. 11 
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which on putting 


x=2rcos@, y=rsind 


2 
becomes r° = 1. 


The difference, 

Aix, ¥) — file y) =4-4y? - x? = 41-1?) 
The Jacobian J = 2r. 
Making use of the symmetry of the solid, the required volume 


= im le 4(1- r?)2r dr dO = 40. 


RCISE 


2 


- 


w 


10. 


Show that the volume of the solid bounded above by z = 2 —r and below by the plane region, 
O0<r<2cos6,—2/2<0< z/2 is 2097 - 16)/9. 

Prove that the volume common to the sphere pet yx +z*> =a? and the cylinder bar y =ay is 

2(32 - 4)a3/9. 

Show that the volume common to the surface y? +z? = 4ax and x? + y? = 2ax is + (37 + 8)a°. 


Show that the volume common to the cylinders x? + y? =a? and x? +z? =a’ is 16a°/3. 
A sphere of radius a is pierced by a circular cylinder of radius b (b <a), the axis of the cylinder passing through the 


centre of the sphere. Prove that the volume of the sphere that lies inside the cylinder is 4x [a? - (a? -b? 7] 


and the surface of the sphere inside the cylinder is 47a {a — (a? — b?)'"}. 
The part of the volume of a sphere of radius a that lies inside a right circular cone of semi-vertical angle @ whose 


vertex is on the sphere and whose axis is a diameter of the sphere is tn (1 cos* a). 


One loop of the curve r? cos’ @ =a" cos 20 makes a complete revolution about the initial line; show that the 


a 
volume of the solid generated is ra (10 - 3z)a*. 
If V is the volume of a solid bounded by a surface o then show that 


ii} (x cosa + y cos 8 +z cosy) da =3V. 
lo 


. Find She dx dy, where S is the external surface of the sphere r+ y +27 =a’. 


The sphere x? + y? + 27 =a? is pierced by the cylinder (x? + y )? =a?(x? — y’), prove that the volume 


z.5 42 


of the sphere inside the cylinder is : [2 + A #2 a’, and that the area of the spherical surface inside the 


cylinder is 8 G fe l= 2) an 
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7. _VOLUME INTEGRALS (Triple Integrals 


In the foregoing chapter we introduced the notion of the double integral. Here we are going to define the 
integral of a function of three independent variables, the so-called volume integral, also known as triple 
integral, in Rs 

Triple integrals are a straight and simple extension of the idea of double integrals and are in many 
respects almost completely analogous to them. We shall, therefore, only briefly indicate the various 
stages of the development of the theory and omit those proofs which do not essentially differ from the 
corresponding proofs of the theory of the double integrals. 


7.1__Partition of a Rectangular Parallelepiped 


A region in R*, enclosed by the inequalities (including its boundary), 

asxsb, cS ySd; gszsh 
and denoted by R = [a, b; c, d; g, h] is called a rectangular parallelepiped (a cuboid), or a rectangle in 
R®. Its volume V = (b— a\(d—e\(h—g). 

If P= {a=Xo, Xe Xp =D}, Py ={C= Vor Vive Ym =A}, Ph =(B = Zp) Zoey Zy =A} are 
respectively the partitions of [a, b], [c, d] and [g, /7]. then planes drawn parallel to the coordinate planes 
through the points of P,, P,, P; give rise to a partition P of the parallelepiped R into /mn sub-parallelepipeds 
[jae X73 Yj Yj Ze-1 %] denoted as AR;,. The symbol AR;x will denote the sub-parallelepiped as 
also its volume (x; — x}, (Yj — ¥j-))(Z_ = Ze-1)- 

Clearly P= P, x P, x P,, the Cartesian product of P,, P,, 3. 

If u(P,) =Ax,, W(P,) = Ay,, UCP;) = dz, be the norms of P, P,, P; respectively, then 
AR yoy = LXp15 Xp3 Vyas Vs S19 Z| is called the norm of P, denoted as L(P). 


Clearly, the volume of each sub-parallelepiped tends to zero as (P) tends to zero. 


7.2 Triple Integration over a Parallelepiped 


Let fbe a bounded function of x, y, z ona parallelepiped R = [a, b; c, d; g, h], and P, a partition of R. As 
in double integrals, we form the Darboux sums 


mon 


1 
U(P, fy=X LX XY Mix ARix. the upper sum 


i=l j=l k=l 
Limon 

L(P, f)= x y 2» Myx ARix. the lower sum 
i=| j=l k= 


where m,,, M,, are the lower and the upper bounds of fin ARjj,. 
It may be easily shown that 
m(b — a)(d — c)(h — g) < L(P, f) < U(P, f) < M(b- a)(d - c(h - g) 


The infimum of the set of upper sums and the supremum of the set of lower sums, for all partitions 
of R, are respectively known as the upper and the lower integrals of f over R, and are denoted as 


Integration on R? 


0, dx dy dz and Sf f dx dy dz 
==R 


In case the two integrals are equal, fis said to be integrable—the common value denoted by 


SI, f dx dy dz ot ff iN f de dy dz 


is called the triple integral of f over R. 


7.3 The following necessary and sufficient condition for the existence of the triple integral is proved 
by applying arguments similar to those for the double and single integrals. 
Theorem 3. A bounded function f defined on a parallelepiped R is integrable on R if and if for every 
€>0 there is a partition P of R such that 

U(P, f)-L(P, fy<eé 


The criterion implies all theorems (including Darboux theorem) similar to those of § 2.6 and 2.7 for 
double integrals. Three of the theorems may be stated as follows: 


|. Darboux Theorem. ff is a bounded function on R then to every ¢ >. there corresponds 
3 >0 such that 
U(P, f)<I" +8, L(P, f)>1,-€ 
for every partition P of R with norm p(P) < 6. 


. Every continuous function is integrable. 


Ww 


. A bounded function is integrable if its discontinuities are finite in number or if, when infinite 
in number, they all lie on a finite number of surfaces, which can therefore be enclosed in a 
finite number of parallelepipeds whose total volume can be made arbitrarily small. 


7.4 Reduction to Iterated Integrals 


(Calculation of a triple integral over a parallelepiped) 


At iterated integrals is an integral of the form 


SJ, dx dy [ T(x, y, 2) dz or SJ. [f S(x,y, 2) a| dx dy 


where R, =[a, b; c, d] is the projection of R = [a, b; c, d; g, h] on the xy-plane. 


The proof of the theorem relating to the reduction of a triple integral to iterated integrals and is 
similar to that for double integrals will therefore be only briefly indicated. 


Theorem 4, Jf 


(/) the triple integral Sy, T(x, y, 2) de dy dz exists over R =[a, b; c,d; g, h), 
Sh 

(ii) the integral V(x, y) = J f(x, y, z) dz exists for every fixed point (x,y) of R, =[a, b; c, d], 
g 


h 
then the integral J, [J S (x,y,z) «| dx dy also exists, and 
i Leg 
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Sy, F(x, y, 2) dx dy dz = SJ, [ ; F(x, y, 2) a:| dx dy sab YY 


Let 7" and J, denote the upper and the lower triple integrals of f over R. 


Let € >0 be an arbitrary number. 
There exists a partition P of R such that (with usual notation) 


LLU Mig Ax; Ay; Ay <I" +e 


ijk 


For each fixed (x, y) in R, =[a, b; c,d] we have 


felfnsefen sf emee 


SLV(X My Ay) Av; Ay <I" +e 
k 


ig 


Fa d 
But by hypothesis, J f@ yz) dz= J f(x, y, z) dz, and since € is an arbitrary positive number, 


SI, [f. F(x y,2) a:| dx dy< I" +€ aed 


a= iff, Sf (x, y, 2) dx dy dz 


It can be similarly shown that 


U, ; FHWA) a dx dy 21, = SVJ, f(x, ys 2) dx dy dz mee} 


Again, since /" = J, = 1, as the triple integral exists, we get from equations (2) and (3) 


I< I, ; f(% yz) a| dx dy $ i, | F f(xy, 2) a dx dy <1 


> I, [ : f(x,y, 3) ae| dx dy = i, If f(% yz) a:| dx dy =1 


> IJ, | ; Sf y, 2) a:| dx dy exists and equals Sy, f(x, y, 2) dx dy dz 


Hence the theorem. 


Corollary 1. If, further we assume that the double integral can be reduced to iterated integrals 


d 
(i.e., @(X) = , ‘Y(x, y) dy exists for each fixed x in [a, b]), then 
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Sf, W(x, y) dx dy = ‘ig dx ‘" V(x, y) dy 
7 F a 


a is 2 f [f. f(x, yz) a:| dy 


and so we deduce that 


f(x, y, 2) dx dy dz = r dx ‘ dy i f(x, y, 2 dz (4) 
R a c g 


The formula reduces the evaluation of a triple integral over a parallelepiped R to successive separate 
integrations with respect to each variable. The integration is performed first with respect to z, then with 
respect to y and finally with respect to x. 


Similarly, if the integrals 
b d 
‘Py, Z) =| f(x, y, z) dx and I ‘P(y, z) dy 


exist, then we derive the analogous formula 


Sy, FQ, y, z) dx dy dz= li dz i dy f F(x, y, 2) dx (5) 


Similarly, on condition that the corresponding single and double integrals exist, we can establish 
analogous formulas reducing the triple integral to iterated integrals with respect to x, y and z in various 
orders. 

Corollary 2. In particular, if the function fis continuous, the triple and all the possible double and 
single integrals are sure to exist and therefore the triple integral can be evaluated by expressing it as an 
iterated integral of x, y, z in any order. 


However, in the general case of an arbitrary integrable function f the orders are not always 
interchangeable. 


7.5 Triple Integral over Regions (Bounded domains) 


Definition |. Let a bounded function (of three variables) be defined on a region E of volume V. 
Let a partition, consisting of a finite number of surfaces, divide the region E into n sub-regions of 
elementary volumes AV,, AV3,..., AV, 


ne 


Clearly the sum of these volumes is } AV, =V. 
With, usual notation form the sums 


U(P, f)==M, AV,, and L(P, f) = Xm, AV, 


respectively called the upper and the lower (Darboux) sums. It can be easily shown that 
mV < L(P, f) <U(P, f) < MV 


so that the two sets of sums, the upper and the lower sum (corresponding to all the partitions of £) are 
bounded. 
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The infimum of the set of upper sums, and the supremum of the set of lower sums are respectively 
called the upper and the ower integrals denoted as 


oer iff, f dV or i, f dx dy dz 


I= i, f dV or i, f dx dy dz 


When these two integrals are equal, fis said to be integrable and the common value, called the 
integral of f over E, is denoted as 


1=fff fav or Sv dx dy dz AL) 


and 


Remark: (Volume ofa solid). Taking f= | in (1) we deduce that the volume enclosed by a closed region E (of any shape) 
is given by 
V= ii} dx dy dz «(2) 
E 


Definition 2. (Integral as a limit of the sums). \f (¢;,;,;) is any point of AY,, then the limit 


lim S(P,f)= lim Yf(§.7;.¢;) AV, 
H(P)30 M(P)30 5 

if it exists, for all partitions P of E and for all positions of the point (¢;, 7;,¢;) in AV,, is called the triple 

integral of f over E. Thus 


dim, (PN) = fy. fdV= Sy. f dx dy dz (3) 


7.6 Some Theorems 


The basic properties of triple integrals are completely analogous to those of the double integrals and as 
such all theorems of double integrals mentioned in § 2.3, 2.6, 2.7 of Chapter 17 and those of triple 
integrals over parallelepipeds (§ 7.3) hold good for triple integrals over any region E. 
We may enumerate some of them here: 
|. Darboux Theorem. 
2. The necessary and sufficient conditions for integrability. 


The statements and proofs are exactly same as for triple integrals over parallelepiped except 
that R is replaced by E. 


If functions f;, f; and f; of x, y, z are integrable over a region £ in R®, then 
3. (Linearity) 


iN} (Ki fi + ky fa) dx dy de = ky Sy. f, dx dy dz +k, fy. fo dx dy dz 


where k,, k, are constants. 
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4. (Additivity). If E is union of two regions £,, E, with no interior points in common and fis 


integrable over E, and E, then fis integrable over E and 


Sy, f dx dy dz = Sy. f dx dy dz+ Sy. f dx dy dz. 


5. (Monotonicity). If f,(x, y, 2) 2 f,(4, y, 2), then 


Sy, Sf, dx dy dz2 Sy. fy dx dy dz. 


6. When fis integrable over E, so is | /| and 


Sit. f dx dy dz|< Sy. \f| dx dy dz. 


7. (Mean Value Theorems). If m< f(x, y, z) < M, and Vis the volume of £, then 


Vs dx dy dz < MV. 
m Sys dx dy d 
If. fis continuous, then there exists a point (¢, 7, ¢) of E such that 


IJ jf aedyde=V-fEnd, 


8. Every continuous function is integrable. 

9°. A bounded function is integrable if its discontinuities are finite in number or if, when infinite in 
number, they all lie on a finite number of surfaces, which can therefore be enclosed in a finite 
number of volumes whose total volume can be made arbitrarily small. 


7.7__ Volume of Solids by Triple Integrals 


Volume V of a solid of any shape in R°, (§ 7.5) is given by 


V= Sy. dx dy dz wath) 


It may be noted that whereas the formulas of § 6 are helpful to find the volume of cylindrical solids 
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only, the present formula enables us to find the volume of a solid of any shape in R?, 


7.8 Regular (or Quadratic) Domain 


Definition. A three-dimensional domain is called regular (or quadratic) with respect to z-axis if every 
straight line parallel to the z-axis and passing through a point (nct lying on the boundary) of the 
domain, cuts its surface in not more than two points. 


A domain E bounded above and below by the surfaces 
z= (x,y), z=P(x,y), (G(x y) 2 F(x, y)) 


and on the sides by a lateral cylindrical surface, is regular with respect to z-axis. 
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z=y (x,y) 


Fig. 12 


Such domains are projectable on the xy-plane into a regular (two dimensional) domain D. Further 
any part of such a domain cut off by a plane parallel to any of the coordinate planes is also regular with 
respect to z-axis. 

Domains regular with respect to the axis of x or y are similarly defined. 

A domain which is regular with respect to all the axes is called a regular domain. 

A domain which can be divided into a finite number of domains each of which is regular with 
respect to an axis is called piecewise regular with respect to that axis. 

It may be noted that the definition also includes the cases where there can be no lateral surface. For 
instance, a three dimensional sphere (ball) is considered to be a domain regular with respect to z-axis (all 
the axes) which is bounded above and below by the upper and the lower hemispheres and whose lateral 
surface degenerates into the equator. 


7.9 Reduction to Iterated Integrals 
(Calculation of a triple integral over any region in R) 
Theorem 5. Ifa triple integral Sy. f dx dy dz exists for a function f defined on a closed (regular) 
domain E bounded above and below by the surfaces 
c=9(% y), c= F(x y), CPO y) 2 60, y) 


y 


M(x.) 
and on the sides by a cylindrical surface, and if the integral d : f(x, y, 2) dz exists for each fixed 
(x.y) 


point (x, y) belonging to D (the projection of E on xy-plane), then the iterated integral 


V(x, y) 
Tae f(x, y, 2) a| dx dy also exists and 
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Sy, f(x, y, 2) dx dy dz= i lies Me, (x, 2) a:| dx dy 


Let a parallelepiped R = [a, b; c, d; g, h] encloses the bounded domain £. Then obviously the 
projection R, of R on xy-plane encloses D. 
Let us define a function F over R such that 
‘, Y, Z), at points of E 
Fonda os EE 
0 outside E 
Then 


[Jf], fs 3-2) de dy de= fff) Fos y, 2 de dy de 


ff, : F(x, y, Z) a| dx dy aut hl 
1 


The function F(x, y, z) vanishes outside £, therefore we have 
h (x,y) 
J F(x, y, def Sf (x y, 2) dz wile) 
g oxy) 
The expression (2) is a function of x and y which is equal to zero outside the domain D. Therefore, 
the double integral of the expression taken over R, coincides with its double integral over D. Hence (1) 
and (2) give 
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fy. St (x, y, 2) dx dy dz= Sf, ieee F(% y, 2) ae a dy ai) 


Oxy) 


Hence the theorem. 


Remarks: 
|. If further, the conditions for the reduction of the double integral to the iterated integrals are satisfied, i.e., if 


Jue y) dx dy= I dx pis I(x, y) dy 


Yx.y) 
where I(x, y) = Ie : f(x, y, 2) dz, then 


Hoe 


Sh. ACAD 2) dr dy de =f’ ds f 


It is this final formula that reduces the triple integral to an iterated integral. 
The variables x, y, z can be interchanged if the corresponding conditions hold. 


Y (x,y) 
ly ay. f(x, y, 2) dz (4) 
(x) ony) 


nN 


When deriving formula (3) we have taken the domain to be regular with respect to z-axis. If the domain is ofa more 
complicated form, we break up the domain into parts such that each of them is regular with respect to some axis. 
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\ Rule for Limits of Integration. We follow the following steps to reduce a triple integral to an 
iterated one. 
|. Break the domain, if necessary, into sub-domains such that a line parallel to z-axis has at the 
most two common points with its boundary. In what follows we mention only one such sub- 
domain. 
2. Fix arbitrary x and y and let a line parallel to z-axis cut the boundary of the given domain E at 
two points with z coordinates @(x, y) and ‘Y(x, y). The expressions @(x, y) and (x, ¥) 
should be taken as the limits of integration with respect to z. 


. The domain of definition of the function of x, y (obtained after integration with respect to z) is 
now D, the projection of the given domain £ on the xy-plane. Leta line parallel to the y-axis cut 
the bounding curve of D at two points with y coordinates ¢,(x) and ‘V, (x). These expressions, 

¢,(x) and ‘¥, (x) form the limits of integration with respect to y. 

4. The limits of integral with respect to x can be easily determined. 


For example, the triple integral of a function f taken over the sphere x* + y* +2? =a? is of the 


form 


(a? x?) (a? =x? ") J 
Sy. T(x, y, 2) dx dy dz = ia dx aa i T(x, y, Zz) dz 
(a? =x -V(a' } 


7.10 Change of Variables in Triple Integrals 


We have already dealt with the method of changing the variables for the double integrals (§ 5 Ch. 17). 
The theory underlying the change of variables in triple integrals is exactly the same except that it is more 
laborious. Here we shall simply indicate the method to be adopted in practical problems. 


Let the functions 
x =X(u, v, w), y= Yu, v, w), z= Z(u, v, w) 


map in one-to-one manner, a domain £ in cartesian coordinates x, y, z onto a domain £' in the new 
coordinates u, v, w. 


Let f(x,» z) =f (X (u, v, w), Y (u, v, w), Z(u, v, w)) = F (a, v, w) 
Then 


ii) e f(x, y, 2) dx dy dz = Sy. F(u, v, w) | J| du dv dw 


where the Jacobian J = AE 9.2) 
Olu, v, w) 


The following two transformations, because of their frequent occurrence, deserve special mention. 
(i) Cylindrical polar coordinates. 
x=rcos@, y=rsin@, z=z 


Here, the Jacobian J= r. 
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(ji) Spherical polar coordinates. 


x=rsinOcos¢, y=rsin@sin ¢, z=rcos@ 


Jacobian J =r? sin 0. 


8. GAUSS’S THEOREM (or Divergence theorem) 
Second generalisation of Green’s theorem) 


Ifa three-dimensional regular (or piecewise regular) domain E is bounded by a smooth (or piecewise 
smooth) oriented surface S, and f, g, h are three functions which along with their partial derivatives 


Js 8yr hz are continuous at each point of E and S, then 


sf. (f, + & +h.) de dy de = Kea dy dz + g dz de +h dx dy) 


where the surface integral is taken over the exterior of S. 

Let us first consider the domain E (Figs. (i) and (ii) of § 7.8) to be regular with respect to z-axis, 

and bounded, above and below, by smooth oriented surfaces S,, S, determined by the equations 

Z= (x,y), and Z=P(x,y), (V(x, y) 2 A(x, y)) (1) 
and by a lateral cylindrical surface S; (which may reduce to the common curve of S, and S, as in Fig. 
(ii)), with generators parallel to the z-axis. The union of S,, S,, 5; forms the surface S, Let D be the 
projection of S (or the common projection of S, and S,) on the xy-plane. 

As we are considering the outer side of the surface S, the outward drawn normals of S, and S, are 
in the opposite directions and so S, and S, are of opposite orientation. Accordingly, if D is the region 
on the xy-plane on which 5S, projects, then (— D) is the region on which S, projects. 

Thus, we have 


[fated ff [fen Jaca 
= ff lace 2B) = Gx, y, @] de dy 
= Sf, h(x, y, ¥) dx dy - ie h(x, y, ) de dy 
= Sf, I(x, y, P) de dy + If, h(x, y, @) dx dy 
= Jf, es 2) de dy + ff is», 2) de dy 


=ff. hde dy + ff hdx dy + ff hae dy 
1 2 3 


where the last surface integral (which is obviously equal to zero) is taken over the outer side of the 
lateral surface S;. Thus 
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5 
{2) 


We claim that the relation (2) is also valid for any domain which is piecewise regular with respect to 
z-axis. For, if the domain E is divided, by surfaces into sub-domains each of which is regular with 
respect to z-axis, relation (2) holds for each sub-domain. When all these relations are added, we get on 
the left hand side the volume integral over £, and on the right hand side, the surface integral over S (the 
surface integrals over the dividing surface being taken twice, once over each side, cancel each other). 


Since £ is regular with respect to all the coordinate axes, considering the domain regular with 


respect to x-axis and y-axis in turn, we deduce that 


[JJ fe dee de = fF dye 


and 
iH} % dx dy dz = Ihe dz dx 
Adding equations (2), (3) and (4), we get 
iJ Cf, + 8, +h.) dx dy dz = ii} (f dy dz + g dz dx +h dx dy) 
E s 


which holds for any regular or piecewise regular domain with a smooth boundary S. 
Relation (5) may be expressed in the form 


Sy. (f, + 8, +h,) de dy dz = Kea cosa +gcosh+hcosy) dS 


where cos @, cos f, cos y are the direction cosines of the outward drawn unit normal of S. 


Note: (Vectorial formulation). Let F = iP + jO + kR be a vector function defined on E and S, then 


dive 22 22, 28 
Ox Oy Oz 


Let n=icosa@+jcosf+kcosy 
be an outward drawn unit normal of the surface S, then 
F-n=Pcosa+Qcosf+Rcosy 


Hence, Gauss’s theorem may be expressed as 


Sy div F dV = sr -n dS 


where dV denotes an element of volume. 
Relation (7) shows that Gauss’s theorem may be stated as: 


(4) 


(3) 


(6) 


“The integral of the divergence of a vector function F over some volume is equal to the vector flux 


through the surface bounding the given volume.” 
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8.1 Applications of Gauss’s Theorem 


I. Evaluation of surface integrals. We know that a surface integral can generally be evaluated by 
reducing it to the corresponding double integral. But there are cases where this is inconvenient. In such 
cases, it is generally advisable to reduce a surface integral over a closed surface to a triple integral by 
means of Gauss’s Theorem. 


ILLUSTRATIONS 


|. Evaluate the surface integral 


1 ii} (x3 dy dz + y* dz dx +2) dx dy) 
s 


4 


a. 


over the sphere x? + y? + <7 = 
By Gauss’s Theorem, we have 


123 [ff G2 +y? +2) dedy de 


where the domain £ is the sphere x7 + y? + ¢* <a’. 


Changing to spherical polars, we get 
Qn a a 12 
= Al a aes 
1=3f) do | ao fs sin 0 dr =—>na 
2. Evaluate the surface integral 


l= She dy dz + x dz dx + y dx dy 


over a closed surface S. 
By Gauss’s Theorem, the integral reduces to the triple integral (over the domain bounded by 
the surface S) whose integrand is identically equal to zero. Hence /= 0 for any closed surface S. 


il. Volume of a solid by a surface integral. Just as Green’s Theorem enables us to express the area 
of a plane figure as a line integral along its boundary, the Gauss’ Theorem helps us to find an expression 
of the volume of a solid in the form of a surface integral over the closed surface bounding the solid. 


Let us choose three functions /, g, / so that 
fe toby +h, =1 


Then we obtain, 
ffs yet gdedy dx +hdedy= ff dx dy dz=V 
Ss E 


where V is the volume of the domain £ bounded by S, and the surface integral is taken over the outer 
side of the surface S. 
In particular, putting 
fy. =x g=0,h=0 
we get 


v= fl xay ae (8) 


CHAPTER 18 


Mathematical Analysis 


Similarly 


V= Se dz dx, V= Sf, z dx dy (9) 


Adding these results, or putting 


1 i 1 
{GMD= Be 2(x, y, Zz) = 3” h(x, y,z) =a 


we get 
Vax|[(edyde+ ydede+zdrdy) (10) 
Se ho Pe ie ee 
the integration being taken over the outer side of S in each case. 


ILLUSTRATION 
The volume V of the sphere x* + y? + z? =a? is given by 


V =x ff (dvds - ye d+ 2dedy) 


=2{f, 
=2 ff" ao f (Ja? =P) r d= Sra" 


Example 22. Compute the integral 
i} xyz dx dy dz 
E 


over a domain bounded by x = 0, y=0,z=0,x+y+z=1. 


: 3 2 2 2 
where D is the circle x° + y° <a” 


ua The domain is regular and bounded, above and below by z= 1 —x—y andz=0. Its projection D on 
the xy-plane is a triangle bounded by x = 0, y= 0, y=1—x. 


iM) |? dx dy dz = Sf, ae xyz a| dx dy 
= [ae {Sy (l-x-y)'dy 


1 
=| ~ 1-2) d= — 
024 720 


Example 23. Evaluate 
‘i Zz ds, 
Sf, (x cos a + y cos 8 +z” cos 7) dS, 


where S denotes the closed surface bounded by the cone x? + y? =z°and the plane z = 1; and 


cos a, cos 8, cos y are direction cosines of the outward drawn normal of S. 


Integration on R? 


a By Gauss’s Theorem 


I= ii} (2 + 22) dx dy de 


~ 240 
x 
Fig. 13 
where £ is the domain bounded by x? + y? =z? andz=1 
=ff, dx dy \. (2 + 2z) dz 
(ote) +y*) 
=f [3 - {ety y? = & y*)] dx dy 
D 


= iy dé f, (3-2r- r?) r dr =— 


Note: The given surface integral is same as 


Sf, (x dy dz + y dz dx + 2° dx dy) 


Example 24. Evaluate the surface integral 
l= iN} (y*z dx dy + xz dy dz + x*y dz dx), 
Ss 


where S is the outer side of the surface situated in the first octant and formed by the paraboloid of 
revolution z= x* + y*, cylinder x7 + y? =1 and the coordinate planes. 


a Using Gauss’s Theorem 
L= sf +y? +2) dx dy dz 


where V is the volume enclosed by S. 


=Jf, is (Pty? +2) «| dx dy 


co) 
o 
Ww 
= 
ou. 
< 
a) 
(2) 
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Fig. 14 


where D(x* + y? <1) is the projection on the xy-plane of the domain enclosed by S. 


=3 | 0 J, Mrdr== 


Example 25. Compute the volume of the ellipsoid 


a be 
a The ellipsoid is bounded above and below by the surfaces 


Volume = Sy. dx dy dz 


= ff,ae eae 


Putting x/a =r cos 0, y/b =r sin 6, 
J = abr 


Volume = 2 abc mg do jf. ({l-x?) rar 


1 4 
=2abe- 2x|-1 ad-r | =—nabe 
3 3 


lo 


Integration on R? 


Example 26. Compute the volume of the solid bounded by the sphere x? + y? +z? =4 and the 
surface of the paraboloid x+y? =3z 


u___The two surfaces intersect at z = 1. 


The domain £, under consideration, is bounded, above and by the two surfaces z = 4 — x -y?, 


1 2 F ee . f 
and z= 3(* +y° ), and its projection D on the xy-plane is the circle. 


Fig. 15 


rity? <3 
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Volume = Sff.e dy dz 


= [fava tee 2 


= (a= -y?-Latt yy] ar dy 
I 3 


Changing to polars, (D being the circle, x? + y? <3), 


ie 3 2 
=fra af. ( =P -E) ren Bn 
3 6 
EXERCISE 


|. Compute the integrals 


(i) fide J dy f° xyz ae (ii) fiw * dy J” Pye de 


0 


2. Compute xy dx dy dz, when E is the domain bounded by z = xy, x + y= 1,2 =0(z20). 
E 


a 


10 


Mathematical Analysis 


Evaluate She cos (z + x) dx dy dz, E being the domain bounded by the cylinder y = Vx and the planes, 
y=0,2=0,x+2z=2/2. 


dx dy dz 


Gaya over the volume bounded by the planes, x = 0, y = 0, z = 0, 
x+y+z 


Compute the integral Sif 
Sey he 1 


Find the volume ofa circular cone with height / and radius a. 
Evaluate the volume of enclosed region: 

() Cone x* +? =2° and the plane z= 1, 

(1), Parabolic cylinder z = 4 — x? and the planes, x= 0, y=0,z=0,y=6. 
Calculate the volume of the solid bounded by a surface with the equation (Came we +27)? =a>x. 
Find the volume of the solid bounded by 


moe y’, cylinder y 


()) The paraboloid z and the planes y= 1,z=0. 


(i) The cylinders z=4—-y*, y >. and the plane z = 0. 


(i) The cylinders see y =a ,z= x /b , and the plane z = 0, (x 2 0). 


(jy) The cylinder oe ee y = 2ax and the paraboloid y +2? =4ar. 


Use Gauss’s Theorem to evaluate the integrals. 


Ihe dy dz + y dz dx + z dx dy), S being the outer side of the cube (0, a; 0, a; 0, a]. 


ii) [(x3 - yz) cos a - 2x?y cos 8 + 2 cos y] dS; taken over the outer surface of the cube bounded by the 
1S 


planes x =0, x= a; y=0, y=a;z=0,z=a. cos @, cos f, cos y are the direction cosines of the outward drawn 
normal. 


Sf, (ax cos @ + by cos f + cz cos y) dS where Sis the surface of the sphere x? + y? +z? =1, and @, B, y 
have their usual meaning. 
Jf, (922? dy dz + 27x? dz de + xy? dx dy), S being the surface of the sphere x7 + y? + z? = 1 above the 
xy-plane. 
Sf, (x? dy dz + y* dz dx + z* dx dy) = 0, taken over the surface of the ellipsoid 

x/a? aR y/b + 2/¢ =1. 
Sf, (x? cos @ + y cos B+ 2° cos 7) dS, where Sis the surface ofa sphere of radius a with centre at the origin 
and @, f, y are the angles of inclination to the coordinate axes of the normal to the surface. 
foe dx dy + xy dy dz + yz dz dx), taken over the pyramid formed by the planes, x = 0, y = 0, z = 0, 
x+ytz=1. 


Sf, (xz dy dz + xy dz dx + yz dx dy), where Sis the outer surface situated in the first octant and formed by the 


cylinder x + y =a” and the planes, x=0, y=0,2=0, z=h. 


Integration on R? 


1. (i) 26/48 uy al/110 
2 1/180 3. (# -8)/16 
4. 5los2-5/16 5. mah[3 
6, 2/3 7. na’ /3 
8. (/) 88/105 (i) 256/21 (it) 4a? /15b? (iv) 2a3 3x + 8)/3 
9. 3a3 10, a8 
3 
ll. 4x(at+b+0)/3 12. 2/24 
14. 1205/5 15. 8 


16. a?h(2a/3 + zh/8). 


Example 27. Compute 


taken over the region x?/a? + y?/b? +2°/c? <1. 
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u___Let us change to spherical polar coordinates, where 
x/a =r sin 0 cos ¢, y/b =r sin @ sin ¢, z/c =r cos 0 
O<r<l, 0<O<a, 0S @<2z 


so that 
J= AX ¥, 2) = abcr? sin 8 
Ar, 6, 9) 
y Qa 1 hth ie mabe 
I= abe |) dg |. sin 0 d0 | ( 1l-r°)r° dr= ri 


Example 28. Show that 


T= fffxtty ted x y- 2"! cee dy de, mn, p2)) 
taken over the tetrahedron bounded by the planes, x = 0, y=0,z=0,x+y+z=1 is 


LD Fem) Fo) Tp) 
T+m+n+p) — 


a The given integral is same as 


j, dx mg dy ie xl lym tty yy 2)! de, 
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First method. Let us putx +y+z=u,x+y= uv, x = ww, i.e., x = uvw, y = uw (1 — w), z= u(1 -v) 
It may be seen that when x, y, z are positive and x + y+<<1, then each of w, v, w lie between 0 

and 1, and conversely. So the given region is fully described when OS uS1,0SvS10Swsl 
Also, then 

A(x, y, z) 

Au, v, w) 


2 2 
=l-wvl=u'v 


ui-| 


1 1 
i=] ultmen-ly _ yyP-! du f vlt™l— yy"! dy 
0 0 
1 
J xd — wy"! dw 
0 


= Bl +m+n, p)- BU +m,n)- BL m) = a peeeere 


Second method. Put x = u, y = (1 — u)v, z = (1 — u)(1 — vw so that 
l-x-y-z=(1 —w)(1 —v) (1 —w) and 

A(x, y, 

O(u, v, w) 


ue) =(1-)*(1-v) 


1 1 
I =| wd ayer! du f vd — yyttP-! ay 
0 0 


1 
J w" (= wy)?! dw 
0 


= Bl, m+n-+ p)-B(m,n+ p)- Bln, p) = ne 


Note: The usefulness of the two sets of substitution lies in the fact that the new integrals are with constant limits 
(ref. solved example 26, Ch.17) 


Example 29, Evaluate 


U],2 aa 


taken over the region common to the surfaces 


2 Oh. DS 2 Dig. 
x“ +y° +z =a’,and x° + y° =ax 
a The region is bounded. above and below by the surfaces 


[2 2 2 a 2 
c= ya -x°-—y andz=- ja -x =i? 


and its projection on the xy-plane is the circular domain D = x? + y? < ax. 


JJ E 2 dx dy dz= Sa dy pee 2dz 


a 


Integration on R? 


(2) 

Fig. 16 i 

oc 

Changing to polars, the region D becomes the circle, ju 
r=acosé ou 

where, 0<@<2,0<r<acosé0 = 
(S) 


= 5 { do ie cait (a - ryrr dr 


5 pal? 5 =u 
=2a' [7 (1-sin’ 6) j= 22 - 
15 0 225 
Example 30. Evaluate 
I= 22? +27x? + x7y") de dy dz 
SJJ, 072 t2x +x°y") dx dy 
taken over the domain bounded by the cylinder x? + y’ = 2ax, and the cone Pak (x+y). 


ma The domain E is bounded above and below by the surface 


z=kjyrty’ 
and z=—k jx? +y? 
and its projection on the xy-plane is the circular domain D, x? + y? <2ax. 
Y(t 2 5 dy Diy S09 
I= Sf, de ay x VP te yz 4x2 y} ak 
0) sf,ae@ ty yk + ey ky? +y? dx dy, 
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z 
A 


Changing to polars, 


/2 2acos8 me in B 
_4k ( ao { (k~ +3 cos” @sin~ @) r° dr 


— 512 
Ol 


= 52 [« +3] 
735 33 


ka’ ie (kK? cos’ 6 +3 cos’ @ sin? 0) dé 
0 


Example 31. Integrate I/xyz throughout the volume enclosed by the six spheres, x7 + y° + 2 = ax, 


a’x; by, b’y; cz, e’z; a,a’; b,b’; c,c’ being all positive. 


a Let 
(P+y4e) Oty e2) (Pty? 427) 
=u, =v, =w 
x y z 
so that 
1 1 1 
x= ye c= — 
udu? vou? wru? 


If we take w, v, w as the new coordinate system, the new domain of integration is the parallelepiped. 
[a;ia"s b,,b’sé;.e'], 


The Jacobian, 


ey 


on? Sie * 2y? 2w? 
w(Su?y uv(Du?y? uw(Su-?)? 
Wiz Qn 2v? = Yu? 2w? 
uv(Su?)? v(du?y? vw(Lu-?)? 
Qu? 2y? on — Sig 


uw(Su-*)? vw(Du?)? we(Du7)? 


Integration on R? 


1 


= a =2,3 
u-vew (Du) 


1 a’ | | | 
ii} — dx dy dz= } ria ) —dv J —dw 
E xyz au by cw 


, , , 
a c 

= log — log — log — . 
a b c 


Example 32. Evaluate fren dS, where S is the entire surface x+y =1,2=0,2=x+2,andn 


is the outward drawn unit normal, and 
F = 2xi — 3yj + zk. 
a _ By Gauss’s Divergence Theorem 
(This is solved as surface integral in Ex. 14). 


ffPenas = fff iv F av 


- siz (2x) + £ (- 3y) + | dx dy dz=0. 


This shows that not only Gauss’ Theorem is very useful in changing volume integral to surface 
integral but also simplifies the problem by changing surface integral to volume integral. 


Example 33. (Same as example 11). Evaluate the surface integral 


ffs cos y dS, 


over the outer side of the sphere x? + y> +2? =1, where ? is the inclination of the normal at any point 
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of the sphere with z-axis. 
= Since cos y= k-n, where n is the outward drawn unit normal to the surface. 
.. By Gauss’ Divergence theorem, we have 


Sz cos y dS = Sh k-ndS = fff aiv (zk) dx dy dz 


= ii) 1-dx dy dz 


= : x (1)° (volume of the sphere with unit radius) 


=4a/3. 
Example 34. Evaluate J (x? + y?) ds and J (x? + y*) dS, where S is the surface of the sphere 
rt y +2=a. 


a Taking, n= (z. a, } and F = (ax, ay, 0), we have 
aa 


a 
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J (x? + y?) dS= Sf, F-ndS 
= iH} div F dV, by Gauss’ theorem 


eff (a + 4) de dy de = 2a ma’ = 5 a, 
F 


Now 
J (x? + y?) dS ={ (x? + y?) nds 
s s 


= i) JG? $y?) dy de + j de de +k dk dy) 


Taking the parametric co-ordinates, 
x= asin 6 cos ¢, y =a sin @ sin g, z = a cos 0, 


Pet Ge ee 
where 0<@<72,0<¢<2z, onthe sphere x + y° +2° =a". 


2a ary aon (* [7 2 t-? ply 2Or2) . , G2) O(x, v) 
fie +y as = J" ie a? sin of Sees + 1 SEA x SED | so a 


2 4 we. | : 7.2 u 
=f fi a* sin’ 0 (i.a” sin? O.cos @ + ja° sin? Asin g +k a? sin @ cos O) dO db 
0 


|, Evaluate the integrals by passing over to cylindrical or spherical polar coordinates. 
a a=") a 2) ro é 
0 halenohe 
Tod foeay > 0 


(ii) fa fe a dy fi yx + y? dz 


Ci ac [a of way ya 


(iv) (ae ae % yey tz? de 


2. Compute Sff.e + y*) dx dy dz, where Eis specified by z>0,a? <x? +)? +2? <b’, 


dx dy dz - 
3. Compute Sy. megane where E is the sphere x” + y? +27 <1. 


Integration on R? 


{. Show that 


jj (ax + by + cz)? fhediheeeae +b? +0") 
E 15 


where domain E£ is the sphere e+ y 421 
Show that 


jj (x? + my? + nz”) dx dy dz 


taken throughout the sphere x + y? +2 =a’, is 4n(l+m+ na’ /15. 


6. Prove that 


Sy, zdx dy dz= s h* cot a cot B, 


where E is the domain bounded by the cone =x" tan? at y? tan? B and the planes z= 0, 2=h. 


Further, if E, is the part of the domain E for which x, y and z are positive, show that 


1 2 
SJ xyz dx dy dz = —h® cot” a cot” B. os) 
Ey 48 Ss 
7. Show that o 
i 
@ = 
integral being extended to all the positive values of the variables for which the expression is real. 5 


8. Show that 


(A/at ey] +21) ay dy dz = Anabe(e — 2) 


MMe 


integral being taken over the region x?/a? a0 y?/b? + 2c? <k 
9°. Prove that 


where E is the domain for which x, y, z are all positive and rey? + Zl 


10. Evaluate ff z dx dy dz, over the region ete y? <2xrt y +27 <1,z20. 
11. Compute the volumes of the solids bounded by 
()) The cylinders z= 4 — y?, and z= y? +2, and the planes x=— 1, x=2 
(i) The paraboloids z = x y’, and 2=x7 + 2y?, and the planes y =x, y= 2x, x=1. 


12. (i) The paraboloids (x — 1)? + y? =z, and planes 2x +2=2. 
[Projection of the solid on the xy-plane is a circle. 


7 
2 


21 
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2 Diep ime 2.2 2 2 2 z 
() The sphere x" + y~ + 2° =a", and the cone 2” sin” @=(x~ + y*) cos” @, where @ is a constant 
such that OS @ <a. 
[In spherical polar coordinates, the surfaces are r? = a? and @= a) 


2 


Show that the volume of the region bounded by the hyperboloid = 
2 


= 0, and the planes, z = Z,, 2 = Z (Z >) is nab(z, — z;). 


du ob re” 


Find the volume of the solid bounded by the six cylinders, 2 SY =x, =2x. 


Show that the volume enclosed by the paraboloid ee y” = 2az, the cylinder + yy =a(x? - y’), and 
the planes z = 0 is a’/6, 


Show that Sh (ae y +23) dx dy dz= 2 za°, where E is the interior of the sphere 
xt y +2? -2a(xt y+z)+2a* =0. 
Show that SI, xyz dx dy dz = — = (a +u* +v7)3, where E is the volume common to the spheres 
P+y +2 =2Ax, xt yes Qpy, x2 + y? +27 =2vz, 


Evaluate = I x!y2" (1 — ax — by — cz)? dx dy dz over the interior of the tetrahedron formed by the planes 


y=0, 2=0, ax+by+cz=1. 


Evaluate the triple integral eset dx dy dz, where 1, m,n > Land the variables are all positive such 
that 

() xfa+y/b+2cesh 

i) (x/ay? + (y/b)! + (2/0) S1 
[Hint: (i) Put x/a + y/b + z/c=hu, x/a + y/b = hwy, x/a =huvw 0S ul, 0S v<1, OS ws 

(ii) Put (x/a)? + (y/b)* + (z/c)’ =u, (x/a)? + (y/b)! = uv, (x/a)? = ww, 
so that (x/a)’ = uvw, (y/b)? = uv(1- w), (z/c)’ =u(l— v) 
O<u<l, O<v<l, OS ws]. 

Evaluate (Ee tym te"! §U(x/a)? + (y/b)* + (z/c)"] dx dy dz over the region in which x, y, z take positive 
values subject to the condition that (x/a)’ + (y/b)? + (z/c)’ <h. 
[Hint: Put (x/a)’ + (y/b)? + (z/c)" = hu, (x/a)? + (y/b)? = huv, (x/a)? = huvw 


where O<us<l, O<svsl, Os wl] 
Prove that 
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where E is the smaller region bounded by the ellipsoid x*/a? + y/b + 2/¢ = 1, and the half-cone 
2 =p*x?+q’y",z>0. 
Show that the entire volume enclosed by the solid (x/a)”? + (y/b)?* + (z/c)° = lis 4zabe/35. 


Prove that the volume in the positive octant bounded by the surface, (2/c)” = (x/a)” + (y/b)”, and the planes 
x=0, y=0, z=h is equal to 

abh*[P(1/m)° 

6mc? T(2/m) ° 


Prove that the volume of a cone which extends from the origin to the surface x =/(u, v), y= g(u, v), z= h(u, v) is 


given by ; jJ A du dv, where 


eve 
A=lx, Yu Zu 
ty yy 


Hence prove that the volume of one octant of the cone xt + y' = z' tan? @ between its vertex and the surface 


xi+yt+z'=1 is 


1 
rar(4 
2. 


| 


[Hint: Put x? = sin 0 cos g, y? =sin @ sing, z* = cos 8, where 0< 0< a,0< 9< 2/2.) 


“ 


19, 


20. 


(i) ma, (ii) 8a’/9, (iii) 4z0°/15, (iv) 2/8. 
4n(b° — a°)/15 3. 2a/3 10. 2/8 IL. (i) 8 (ii) 7/12 
(i) on (i) 2203 (1 - cos a)/3 14. 1/7 


P+ 1) Pm +1) Cn + (p+) 
apo" P+ mtnt p+4) 


lTm0n 


tamer (ny=! 
(i) ab"c"(h) T(Sl+) 


, where YJ =/+m+n 

alb"c" C(/p) U(m/q) V/r) 
par V(l/p+m/q+n/r+)) 

abe" sup) EU/p) Vm/q) Cir) 


h 
pqr © T(l/p + m/q + n/r) 


where D(//p) = 1/p + m/q + n/r. 


(i) 


1 
J, w=") f (hu) du, 
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Metric Spaces 


Analysis is mainly concerned with processes pertaining to limits. In this chapter we shall study these 
processes in a general setting. We recall that in the theory of functions of real variables the notion of 
distance plays a vital role in formulating the definition of convergence, continuity and differentiability. 
Metric spaces are sets in which there is defined a notion of ‘distance between pair of points’ and they 
provide the general setting in which we study convergence and continuity. The concept of metric spaces 
was formulated in 1906 by M. Fréchet. 


The first section of this chapter is devoted mainly to basic definitions and important examples of 
metric spaces. We shall study the concepts of open sets, closed sets, convergence, continuity, compactness 
and connectedness in the later sections. We shall also prove in this chapter a simple result about complete 
metric spaces, Banach’s Fixed point theorem, that has interesting and important applications in classical 
analysis. 


1. DEFINITIONS AND EXAMPLES 
Definition. Let X be a non-empty set. A metric on X is a real-valued function d: ¥ x XY > R which 
satisfies the following conditions: 
(1) d(x, y)20,Vx,yeX, 
(2) d(x, y) =0 if and only ifx=y, V x, ye X, 
(3) d(x, y) = dy, x), V x, ye X (symmetry), 
(4) d(x, y) S$ d(x, 2) + d(z, y), Vx, y,z © X (triangle inequality). 


A metric d is also called a distance function, and the non-negative real number d(x, y) is to be 
thought of as the distance between x and y. 

A metric space is a non-empty set X equipped with a metric d on X and is denoted by the pair (X, d) 
or simply X. Different metrics can be defined on a single non-empty set and this gives rise to distinct 
metric spaces. 


ILLUSTRATIONS 
|. The function d: R x R > R defined by 
dx, y)=|x-y|, Vx,yeR 
is a metric on the set R of all real numbers, since for x, y, z € R, we have 


d(x, y)=lx-ylSlx-zl+lz- yl=d(x, z) +d(z, y) 
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The number d(x, y) is, of course, the usual ‘distance’ between the points x, y on the real 
line. Therefore d is sometimes referred to as the usual metric on R. 


2. The function d defined by 
d(%,%)=l4-%l, Vz,%EC 


is a metric on the set C of all complex numbers. To prove the triangle inequality it is sufficient 
to prove that 


la +zIslzal+lal Vza.m%eEC 


This follows from the following: 


la taP=(q +m) (G+) 


= 4% +2 Re (zB) + HB 
SlqP+2lgllgl+lyP =(1yl+ly b> 
3. Let X be an arbitrary non-empty set. The function d defined by 


l, ifx#y 


0, ifx=y VayeX 


d(x, y) = | 


is a metric on XY and is called the discrete (trivial) metric on X, and (X, d) is called the discrete 
metric space or the trivial metric space. 
4. The set /,, of all bounded sequences {x,,} of real numbers with the function d defined by 
d({x,}, {y,}) = sup { lx, — y, ne N}.V {x,}. Oy, 
is a metric on /.. 
For the triangle inequality, we have V {x,,}, {y,}, {z,} €/. 
ix, —¥, l=(x, —2, +z, —y, [Sla, —e, ele, — 95h 
sup! x, — y, }<suplx, —z, 1+ suplz, — y,| 


n 
n n 
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he, d({x,}, {y,) Sx} (2) + dz}, (yn) - 
5. The set C[0, 1] consisting of all real-valued continuous functions defined on [0, 1] with the 
function d given by 
d(f, = le I f(x) - g(x) ldx, V f,g €C[0,1] 
is a metric space. 
6. The set C [0, 1] with another metric d defined by 
d(f,g)= sup I f(x)- gl, V f,g €C[0, 1] 


xe[0,1] 


is a metric space. The metric d is called the Tehebyshev metric or sup metric. 
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7. The set C of complex numbers with the metric d defined by 


Ixl+lyl, if x4 y 


d(x, y) = 
ow) {a ifx=y 


is a metric space. 


In the following examples the conditions (1), (2) and (3) of definition of the metric are easy to 
verify and are left to the reader. We shall verify only the triangle inequality. 


Example 1. Show that the set R” of all ordered n-tuples with the function d defined by 
z y2 
d(x, y)= [3 (x - »*} VS (Ms Xp one Bye Y= (pe Yaesu) ER" 
= 


is a metric space (d is called the Euclidean metric on R" ). 


= To prove the triangle inequality we shall use the following Cauchy-Schwarz inequality: 


+ a, 
k=1 


2 a, Lb 
k=l k= 
where a= (a, 4y,...,a,), and b = (b,, by, ...,b,) ER" 


If b, =0, for 1< k <n, then there is nothing to prove. 


Assume that b, #0 for some k,1<k <n, then Ds bp > 0. 
k=l 


If x is any real number, then we have 


a 
ie., x ap - 2x Fay + & p20 


This is true for all x € R, and 2 be > 0, therefore the discriminant of the quadratic in x is non- 
rm 


positive and hence 
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For the triangle inequality, consider 


22 - a) +d (3 — y)? +2 ; -— az — y;) 
(Using Cauchy-Schwarz inequality) 


= 26, -2)+G - P= Ea» 


n We n y2 n ¥2 
[Ea-3] +(E@- 90") (Fo -»9"] 


i=l i=l 


ties, d(x, y) S d(x, z) + d(z, y), Vx, y,zER". 


We now generalise R” to ‘infinite-tuples’ which are sequences, and generalise the above Euclidean 
metric to the function 


1/2 
d({x,}, Ly, )) = ( ZX (xy — »?) 


n= 
< 2 

d is well defined if the series x (x, — Yn)” converges, and so we must restrict ourselves to those 
a= 


nc Te 
sequences {x,} for which the series x X; converges. 
a 


Let /, be the set ofall real sequences {x,,}, for which the series x i converges, i.2., x xy <2, 


n= n= 
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Example 2. Show that the function d defined by 


(Ly), (nD) =LE, Cy — ¥9) 1 ph On) €b 


n= 
is a metric on /,. The metric space (/,,d) is known as a Hilbert space. 


a First we have to show that d is well defined. For this, let {x,}, {y,,} €/,, then by the Cauchy- 
Schwarz inequality 


x Ix, ly, ls (2 inf )( nf) VneN 
k=1 k=l k=l 


ow 
This implies dx, y,, converges absolutely and hence converges. 
n= 
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we w “ 
; Bae : 2 
Thus, the series > (x, — ¥,)° being the sum of the three convergent series DY eH 2 De We 
n= 


n=l 


2 
2. 
and & Y;, is also convergent. 
n=l 


Now from the Cauchy-Schwarz inequality we have by taking limits as n + 


% 
{ex 1S 
= 


To prove triangle inequality, let {a,,}, {b,}, {c,} €h. 
Pot x, = 4, —4,, ¥,=),-—G, Va eN 


n? 


Then the triangle inequality in /, takes the form: 


= 2 Es a: a 4 
Y Oyo) S[ Lx, tal Lo, 
n=! n=l n=l 


This follows from equation (1), since 


ZG yy) = E48 oe yt 9 


n=l n=l 


< 2 42 (Ee)(2y)+ > y2 


n= n= 


Example 3. Show that the set R” with d’ defined by 
n 
d(x, y) = = 1x; - Yi | 
iz 


is a metric space (d' is called the rectangular metric on R" ). 
= For the triangle inequality, consider 


” n 
d'(x, y)= y Ix —H I= 21-4 4+4-H I 
i= i=l 


n=l 


Fe (3 
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n n 
sd lx ~2 1+ 21a —yi| 
i= i= 


=d'(x,z)+d'(z,y), Vx,y,zER" 
Since the metrics d and d’ of examples (1) and (3) are different functions, therefore we get 


different metric spaces (R”, d), and (R", d') with the same set Y= R". 
Note that these metrics satisfy the inequality: 


d(x, y) <d'(x, y) <n d(x, y). 


Example 4, Prove that the set C [a, 6] of all real-valued functions continuous on the interval [a, 5] 
with the function d defined by 


4 . 12 
df, 8) = (i (0) ~ go)? ar] 


is a metric space. 
To establish triangle inequality we need the following: 


= Consider the function, for ¢ €[a, b] 


b Py 
w= J OS) + gay a 
=f? ii S?(x) dx +20 i T(x) g(x) de + f g(x) dv 


Since g(t) 20, Vt €[a, 5], therefore the discriminant of the quadratic in ¢ should be non-positive, 


and so 
b Be Gb by oz) 
[fro ear) <f' Pera f’ ee a = 
a a 
b b y2 y2 
dies li f(x) g(x) de < (i. f(x) as) (/: g(x) ax) weak) a 
Now consider ¢ 
(6) 


y27 


5 7 \2 b 

(f (£2) = ayy? ax) + (f. (ix) - as)? ] 
by 2 *b x 
= J £) - heyy? de + F(x) - g(x)? de 
‘ , a ae r 2 
+2 (i (f(x) - A(x))~ ax] (i. (A(x) — g(x))- as) 

b = b a 

2 fF) - neyy? de + f(y - gon) ae 


#2.) Fe) = hen) (Ha) ~ a9) de (using (1)] 
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b b r 
=f fe) - hie) + W(x) - gy? de = JF) - gat 


Hence 


b W225 y2 
[[ re - ony? a) {fry - may? ar] 


» , V2 
+(fi coo = econ? ae) 


Example 5. Let (X, d) be any metric space. Show that the function d, defined by 


d(x, y) 


BT 4 ae, 


, Vx, yeXx 


is a metric on_X. 
= For the triangle inequality we proceed as follows: 


Using the triangle inequality for the metric d, we have for all x, y,z €X 


d(x, y) < d(x, z) + d(z, y) 


or 1+ d(x, y) <$1+ d(x, z) + d(z, y) 
or l= : <1l- u 

1+ d(x, y) 1+ d(x, z) + d(z, y) 
a d(x, y) 2 d(x, z) + d(z, y) 

l+d(x,y) 14+d(x,z) +d(z, y) 

2 d(x, 2) d(z, y) 
1+d(x,z) 1+4d(z,y) 

ie., d(x, y) S$ d,(x, z) + d\(z, y). 


Example 6. Fréchet Space. Let X be the set of all sequences of complex numbers. We define the 
function d by 


ste, j= 2 1 ah 


ay » Vx={x,}, y= iy,} eX 
oe ise“. oe 


The function d is well defined, since the nth term of the above series is less than therefore it is 


convergent. To prove triangle inequality we first establish the following inequality. 
Let 0< a<f, then 


at+apspr+ap 
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Dividing both sides by (1 + @) (1 + A), we obtain 


a < B 
Il+a 14+28 


Now for any x = {x,}, y = {y,} and z= {z,} in X, we have 
OS |x, — Yn |S) tn — Zn +12, — Fn | 
So from (1) it follows that 


Ly Yel ¢ _|%n = 20 1+ 12 = In | 
1+|x,-In 1 1414, -—2,1+ 12 — Pal 


< lee| _ Iaml 
Lj, = 25] 1s le, = eal 


Multiplying both sides by 2~” and summing w.r.t. 7, we get 
d(x, y) < d(x, z) + d(z, y) 
Hence, (X, d) is a metric space. 


The very definition of a metric presents the concept of the distance from one point to another. We 
now define the distance from a point to a set and the distance between two non-empty subsets of a metric 


space. 
, For any two non-empty subsets A and B of a metric space (X, d), the distance between them denoted 
by d(A, B) is defined as: 
d(A, B) = inf {d(a,b):a € A, b € B}. 
If x is a point of X, then the distance from x to A denoted by d(x, A) is defined as: 
d(x, A) = inf {d(x, a): a ¢ A}. 
If A= {x €R:0<x< 1} and dis the usual metric, then 


d(0, A) = 0, although 0 ¢ 4. 


Similarly d(A, B) = 0 does not imply that A and B have common elements, as can be seen by the 
following example. 


Example 7. Let X = {uz 


wl 


Then d(A, B) = 0, although 44 B= ¢. 
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1.1 Diameter of a Non-Empty Set 


Definition. The diameter of any non-empty subset 4c X denoted by d(A) is defined as: 
d(A) = sup {d(a, b): a,b € A}. 
If d(A) <@, then the diameter of A is said to be finite otherwise infinite. 


By convention d(¢) = — »., 


Definition. A metric d on a non-empty set X is said to be bounded if there exists a real number 
k > 0 such that 


d(x,y)<k, VxyeXx 

ie, d(X)<k, 

(X, d) is then called a bounded metric space, otherwise unbounded. 
Example 8. Let R., be the extended set of real numbers (i.e., the set of real numbers including — 0 
and + 0). 

The function d defined by 

d(x, y=|f)-fO)| VuyeR. 

where f(x) is given by 


x 


; When-»x<x<0 
1+|x| 


{@= 1, when x = 2 


-1, when x = — © 


Show that (R_,,d) is a bounded metric space. 


a For the triangle inequality 


x a 


1+[x| 1+ ly] 


d(x, y) = 


x Zz Zz y 
= Le ae) 
l+[x| 1+|z| 14+|z| 1+ly| 


x z 
- + 
1+|x| a 


Zz y 


l+lz| l+lyl 


=d(x,z)+d(z,y), Vx,y,zER 
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If y= 00, y=—oo, then 


l+Izl 


d(x, y)=l1-(-DIs =e) 


' ila | 7 
= d(x, z) + d(z, y) 

Similarly when x =— 0, y = + oo, the triangle inequality holds. 

Hence (R_,, d ) is a metric space. 

Moverover, if x and y are two elements of R., then 

-1< f(x) <1, and -1< f(y)<1 
d(x, yy=|I f(x) - f(y) Is 2, Vax, yeR, 

Hence (R., d) is a bounded metric space. 

Remark:  Itis to be noted that even when a metric space is unbounded. we can define another metric in many ways. 


so that the resulting metric space is bounded. As from example 5 if (X, d) is any metric space, then (X, d, ) isa bounded 
metric space, where 


d, (n= ee 
1+d(x, y) 
Since O<d, (x, y)<1 VxyeX. 


EXERCISE 


|. Let V be a non-empty set and a function d from X x X into R satisfies : 
() d(x, y) = 0, ifand only ifx=y, and 
(ii) d(x, y)Sd(x,z)+d(y,2), Vx y,zEX. 
Prove that (X, d) is a metric space. 
[Hint: Take y =x, in (ii), d(x, z) 2 0. Take x =z in (ii). d(z, y) < d(y, z) and interchange the role of y and z.] 
2. Show that the conditions 
() d(x, y)=0, ifand only ifx=y, and 
(i) d(x, y) S$ d(x, z)+d(z, y), Vx, y,zEeX 
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are not sufficient to ensure that the function d : X x X — R isa metric on a non-empty set _Y. 


3. Give an example of a function d: X x X — R defined on a non-empty set Y satisfying the following three 
conditions but not a metric on X. 


() d(x, y) 20, and x= y > d(x, y)=0 
(i) d(x, y)=d(y,x) VxyeXx 
(i) d(x, y) S$ d(x, z) + d(z, y), Vx, y,zEX 


[Hint: Take X =R?, d(x, y)=1x,—y,1, where x= (x, 2), Y= (9), Y2). Such a metric is called a 
Pseudometric.] 
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\. Prove that if (X, d) is a metric space, then 
| d(x, z) —d(y, z) |S d(x, y), Vx, y, ze X. 
[Hint: Apply triangle inequality to d(x, z) and d(y, z) separately.] 

5. Prove that, if (X, d) is a metric space, and x,, x, X3,-.-%, € X, then 

d(x, X,) S d(x, %) + d(x, 3) + d(xy, Xy) +... + dG. X,). 
6. Functions d, and d, from R x R — R are defined by 

d(x, y) =exp {lx —y!}, and d,(x, y) = max {x — y, 0}. 
Iseither d, or d, ametriconR? 
Prove that the function d*:R" x R" > R defined by 

d*(x,y)= max | x; =yjl, V x= (%, X ---Xq)s Y= Oy» Vo -- Yn) ER" 
is a metric on R". Also prove that 
d*(x, y) $d (x, y)<Vnd*(x,v), Vx,yeR" 


where d is the Euclidean metric on R". 


®. Consider the set ty ofall sequences {x,,} of complex numbers satisfying the convergence condition =z Ix, I? <0, 
n=l 


for some fixed p > 1, where the distance between points is defined by 
= Yp 
d(x, y=(E ts -y, r] » Vx={x,), y={y,} €l, 
n= 


Show that ¢,, d) is a metric space. 


[Hint: d(x. y) is well defined, can be seen by using, Minkowski s inequality: 
a Yp a Yp S Yp 
(E+) <(E 15.0] +(E) » V(x), (yn) tp] 
n= n=l n=l 


°. Let H,, denote the set of all real sequences {x,} such that | x, |<1,V ne N, then prove that the function d 
defined by 


(lag) (yg =F A224 (a) yg) He 


isametricon H,, [(H..,d) is called the Hilbert-cube]. 


leg 


10. Let (X, d,), (X, d) be two metric spaces and & is a positive real number. Which of the following are metric 
spaces: 
(X, kay), (X, Jd), (X, d?), (X, min (1, d,)), (X, dyda), 
(X, d, + d,), (X,max (d,, d,)), (X, min (d,, d,))? 
||. Prove that the function d: Cx CR defined by 
2\x— yl 


y+ lx? yi +lyP 


d(x, y)= 


is a metric on the set of all complex numbers. 
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\2. Let R[0, 1] be the set of all Riemann integrable functions defined on [0, 1] and let d be defined by 


df.g)= Jif) ~ ds, ¥ fg ERO. 

Show that d is not a metric on R[0, 1]. 
\3. Ifdisa metric on X, then show that min {d(x, y), 1} isa bounded metric on X. 
4. If d:NxN-R is defined by, for m,n €N, 

d(m, n) = 0, if m=n, and for m# n, d(m, n) = 1/5", 

where m—n=5*r, are ris nota multiple of 3. Prove that (N, d) is a bounded metric space. ; 
15. Let C’[a, b] denote the set ofall real-valued functions defined on the closed interval [a, b] having continuous first 

order derivatives on [a, 5]. Prove that the function d defined on C’[a, b] by 

d(f, g)= SUR | f@) — g(x) |+ sup | f(x) - g(x) |, Vf, g © Cla, b] 


aSxSb 
isa metric on C’[a, b]. 


16, Let A and B be any two non-empty subsets of a metric space X. 
Prove that 


() If ACB, then d(A) < d(B), 
(i) d(AU B) <d(A) + d(B) + d(A, B) 
(iii) If ACB # ¢, then d(A VU B) < d(A) + d(B). 


2. OPEN AND CLOSED SETS 


In this section we shall study the concept of neighbourhoods, open sets and closed sets in a metric 
space (X, d) and develop some of the important results relating to these concepts. We begin by defining 
open spheres and closed spheres. 


2.1 Open and Closed Spheres 
Let (X, d) be any metric space, and a € X. Then for any 1 > 0, the set 
S,(a) = {x €X: d(x, a) <r} 
is called an open sphere (or open ball) of radius r centered at a. 
The set 
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S,[a] = {x €X:d(x,a) <r} 
is called a closed sphere of radius r centered at a. It is clear that 
S,(a) ¢ S,{a] 


for every a € X, and for every r > 0. 


ILLUSTRATIONS 


|. In the metric space (R, d) of real numbers with the usual metric d, the open sphere S,.(a) is 
the open interval ]Ja—r, a +r{, and the closed sphere S,[a] is the closed interval [a—r, a+r], 
where a ER, andr>0. 
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2. In the discrete space (X, d), the open sphere S,(a) for a € X is given by 
sca = {4 if0<r<l 
X, ifr>l 
and the closed sphere S,[a] is given by 
sia) {¥ if0<r<l 
" x ifr 2. 
3. The open sphere in the complex plane is the inside of a circle with center at a and radius r. 
4. The open sphere S,(f ) in the metric space C[a, 5] of all real-valued continuous functions 
defined on [a, b] is a strip of width 27 centered on the graph of /). 
Example 9. Let (X, d) be a metric space and S,(x) the open sphere with centre x and radius r. Let A 
be a subset of XY with diameter less than r, which intersects S.(x), then A Cc S,,.(x). 
a Since A S,(x) #¢, let ae ANS,(x) 


then d(a,x)<r, aed, r>0. 
Let y be an arbitrary element of A then by triangle inequality 
d(y, x) < d(y, a) + d(a, x) [-. y,a €A and d(A) <r] 
<rt+r=2r 


This implies y € S,,.(x). 
2.2 Neighbourhood of a Point 


Let (X, d) be a metric space and a € Y. A subset N, of Xis called a neighbourhood of a point a € X, 
if there exists an open sphere S,(a) centered at a and contained in N,; i.e., S.(a)C N,, for some 
r>0. 

Example 10. Every open sphere is a neighbourhood of each of its points. 


a Let S,(a) be an open sphere, and x €S,(a). Ifx =a, then a e N, C S,(a). Therefore suppose 
that x # a. In order to show that S,(a) is a neighbourhood of x, we must show that there exists 
7, > 0 such that 


5,, (x) € S,(a) 
Now x €S,(a) implies d(x, a) <r. Take 4, =r —d (x, a). 
Then y € 5S, (x) implies by using triangle inequality 
d(y, a) < d(y, x) + d(x, a) <7, + d(x, a) =r 
Ke, y €S,(a) 
Hence S,, (x) & S,(a). 


2.3 Open Set 


Definition. A subset G of a metric space (X, d) is said to be open in X with respect to the metric d, if 
G is a neighbourhood of each of its points. In other words, if for each a € G, there is an r > 0 such that 


S,(a) cG. 
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ILLUSTRATIONS 


|. The empty set ¢ and the entire space Y with any metric are open sets. 

2. Every open sphere is an open set. 

3. Let A be the annulus consisting of the complex numbers z such that 1 <|z| <2 with the usual 
metric d, then A is open. 


4. The subset S = {(x, y):x° + y? <1, x,» €R} of R? with the Euclidean metric is an open 
set. 
5. The subset 4 = {(x, y): y <x; x, €R} of R? with the Euclidean metric is an open set. 


6. Let A= {f €C[a,b): int f(x) > 0}. Then 4 is open with respect to the sup metric in 
vefa,b 


C [a, 6). 
Example Il. Show that every set in a discrete space (X, d) is open. 
a Let G be any non-empty subset of the discrete space (X, d) and x be any point of G. Then the open 
sphere S,(x) with r <1 is the singleton set {x} which is contained in G i.e., each point of G is the 
centre of some open sphere contained in G. In particular, each singleton set is open. 


Example 12. Show that on the real line with the usual metric the singleton set {x} is not open. 

a For the metric space (R, d) each open sphere §,(x) is the bounded open interval ]x —r, x + r[ and 
for no value of r (how so-ever small it may be) this sphere is contained in {x}. 
Hence {x) is not open in (R, d). 


Remark: It is to be observed that a given subset of a metric space may be open with respect to one metric but may 
not be open with respect to another metric as can be seen by the following example. 


Example 13. Let R be the set of reals, d the usual metric and d' the discrete metric on the same set 

R. Then show that every singleton set {x}, x € R is open in (R,d’) but not so in (R, d). 

a Every singleton set {x}, x € R is open in (R, d') being an open sphere S, (x), 7 < 1, i.e., bounded 
open interval |x —r, x +r{ for r< | contains only one point of the set, x of the space. But {x} is not 
open in (R, d). Because every open sphere S, (x), 7 <1, is the bounded open interval ]x —r, x + r[ 
& {x}. 

Example 14. Show that the subset A = [0, 1[ of the metric space (X, d), where X = [0, 2[, and d is the 

usual metric, is an open set. 


a Let x eA=(0, IL. 
Ifx = 0, then Sy) (0) =[0, mal c A. If x #0, choose r= min {x, 1 — x}. Clearly r > 0 and 
S,.(x) = |x -—r,x+7[, ¢[0, I[= 4. 
Hence, 4 is open in X. 
Definition. Two metrics d and d' on the same set X are said to be equivalent, if every set open in 
(X, d) is open in (X, da‘), and vice versa. 
Example 15. Let (X, d) be any metric space and let 


d(x, y) 


d(x, y)= 1kd@D° 


VxyeXx 
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Show that d and qd’ are equivalent. 
a We have already shown that d’ is a metric on Y (Example 5). 


Let G be any open subset of (X, d). Then for each x €G, 4 an open sphere, 
S,.(x) = {y eX: d(y,x)<r}coG 
- 
Let 7, =——,, then 7, <r. 
l+r 
Now, 
{y eX: d'(y,x) <n} c fy eX: d(y, x) <r} 

d(y, x) eet 


d'(y, x) <4 => ———— : 
l+d(y,x) l+r 


Thus every point of G is the centre of some open sphere in (X, d') contained in G. 
Consequently, every set open in (X, d) is open in (X, d’). Again, let G be any open set in (X, d') 
so, 3 an open sphere 
S.(x) = {y eX: d'(y,x)<r}coG 


Since d'(x, y) < 1, we may assume r< 1. 


r 
Let 7 = 
l-r 


Now each point of G is the centre of an open sphere contained inG implying that G is open in (X, d). 
Ex. Let (X, d) be a metric space, and let d’(x, y) = min {1, d(x, y)} forall x, y ¢ XY. Then show that 
dand d' are equivalent. 
Theorem |. In any metric space (X, d), 
(i) the union of an arbitrary family of open sets is open, 
(1) the intersection of a finite number of open sets is open. 


(i) Let {G,:a@ <A} bean arbitrary family of open sets in Y, where A is any non-empty index 
set. 


Let G= U Gy. 


aed 


If G=¢ then G is open. Suppose G # @. Let x be any element of G. Since G= U Gy, 


aed 


therefore there is an @ € A such that x €G,,.. 


The set G,, being open implies that there exists 7 > 0, such that 
Se) SGy., 
and so 
S@jew GG, (¢ Gc uw G) 


aed 


Hence, G is an open set. 
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(1) Let G,, Gy,...,G, be any finite number of open sets in X, and 
G=AG,. 
If G = @, then G is open. Suppose G # ¢. 
n 
Let yeG= al G,, then x €G,, Vi=1,2,...0 
iz 


Since each G,,i=1,2...n, is open 3 r; > 0, such that 
S,@)CG, Wi=12,..0 
Letr = min {rj5 Pos...) 
Then r > 0 and 
S.(x) CS, (x) OG, Visl,2,..n 
This implies 
Sx) a GieG 


Hence, G is open in X. 


Remarks: 
\. The part (ii) of the above theorem need not be true for the intersection of an arbitrary family of open sets. 


For example, consider a family of open sets G,, = ]—1/n, 1/n[, n € N in(R, d), where dis the usual metric. The 
intersection 


A G,, = {0}, which is not open in R. 
n=l 


Definition. If X is any set, and F is a collection of subsets of X satisfying, 

) oXeF 

(/) The union of an arbitrary family of sets in F is a member of F. 

(©) The intersection of a finite number of sets in F is a number of F, then F is called a topology for X. 
For example, the collection of all open subsets of a metric space X is a topology for X. 

2. We note that, just as every open set on the real line is a union of open intervals, similarly every open set in the 

metric space (X, d) can be written as a union of open spheres. If G c X is open, then foreach x eG, ir, >0 
such that 
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S,(x) eG. 
Hence G= U_S, (x). 
xeG ” 
Conversely, the union of open spheres is always an open set in (X, d) (the first part of the above theorem). However, 


in the case of real line an explicit description of open sets can be given. 


Lemma. Let F be the family of open intervals in R, no two of which are disjoint, then VU I is an 
aeA 


open interval. 


Let Jy = UJ, and let a,b Ey, anda<c<b. 
1eF 
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Then a €/, and b €/,, for some /,,/, €F. 
Let /;= Ja,, [and /, = Jay, b,[, then 
a, <a<c<b<b, 1) 

If b, < ay, then J, 0 1, = ¢, which is impossible, so b, > a,. Then either c <b, or c 2 b,. In the 
former case c €/,, and in the latter c €/, (7 a, < b,) and consequently in either case _c € J). Thus 
], is an interval. The interval /, must be an open interval because it is an open set (being union of open 
intervals). 
Theorem 2. Every non-empty open set on the real line is the union of a countable collection of 
pairwise disjoint open intervals. 


Let G be a non-empty open subset of R. For each x €G, let /, be the union ofall the open intervals 
which contain x, and are contained in G (such intervals exist because G is open). By the above Lemma, 
each /, is an open interval. Obviously /, contains every open interval which contains x and is contained 
in G. Moreover 


We shall show that any two members in the above union are either disjoint or identical. For this let 

x,y €G, and suppose that 
Lal, #¢ 

Then, by the above lemma, the set /, U /,, is an open interval which contains both x and y. Therefore 

by definition of /, and /,, it follows that 
1,UI, Cf,,and 1,U1, €1,. 

Consequently /, = /,. 

Let F be the collection of all distinct sets of the form /, with x €G. This being a disjoint collection 
of open intervals whose union is in G. 

Now it remains to show that F is countable. The set QM G ofall rational numbers in G is countable. 

We define a function f from Q 24 G into F as follows: 


Given r €Q NG, let/(r) be the unique set /,, in F that contains “(the set /,, is unique because the 
sets in F are pairwise disjoint). 
fis obviously onto, since each open interval in R contains a rational number. Hence F is countable. 


2.4 Limit Points 


Definition. Let A be any subset of a metric space (X, d). A point ‘a’ of X is called an adherent point of 
A, if every open sphere centered at ‘a’ contains a point of A. 


Adherent points are of two types: 
(i) isolated points, 
(7) limit points. 
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An adherent point ‘a’ of a subset A of X is called an isolated point if every open sphere centered at 
‘a’ contains no point of 4 other than a itself. 
An adherent point ‘a’ of a subset A of Y is said to be a limit point of A if every open sphere centered 
at ‘a’ contains at least one member of A other than a 
Le., S.(a) (A - {a}) #¢, Vr>0 
The essential idea here is that points of A different from ‘a’ get arbitrarily close to a or ‘pile up’ at a. 
The limit point is also known as a cluster point, a condensation point or an accumulation point. If 


‘a’ is a limit point of A then every open sphere centered at a contains infinitely many elements of 4, and 
conversely. The limit point of A may or may not be a member of A. 


Derived Set. The set of all limit points of A is called the derived set of A and is denoted by 4’, 
ILLUSTRATIONS 


|. Let R be the set of reals with the usual metric d. Let A = [0, I[. Every point of 4 is a limit point 
of A. Further ‘1’ is also a limit point of A which is not a member of A. Here A’ = [0, 1]. 


2. Let A = {1, 4, 4...} with the usual metric in R. ‘0’ is the only limit point of A which is not a 
member of A, so that A’ = {0}. 


The derived set of every subset of a discrete space is empty. 

+. Every real number is a limit point of the set of rationals. 

5. The set of integers has no limit point. 

6. A finite set has no limit point. 

7. Let A be the annulus consisting of complex numbers z such that 1 < | z | < 2, with the usual 
metric, then A’ = {z:1<|z|< 2}. 


2.5 Closed Sets 


Definition. A subset F of a metric space (X, d) is said to be closed if F contains all its limit points. 


ILLUSTRATIONS 


The empty set ¢ and the whole space X are closed sets in every metric space (X, d). 
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On the real line with the usual metric the set N of natural numbers is closed. 
The set Q of rational numbers is not closed. 

Every closed interval on the real line is a closed set. 

Every finite subset of a metric space is closed. 


. Let A= {f €C[a, b]: f(a) = ]}. Then A is closed with respect to the sup metric in C [a, 5]. 


nek wy 


a 


l+i 
7. The set fe inéeN } is neither open nor closed with respect to the usual metric in the 


complex plane. 


Theorem 3. Let (X, d) be any metric space. A subset F of X is closed if and only if its complement in 
X is open. 
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Suppose F is closed. If F° = ¥ — F = ¢, then it is open. 

Assume that Y — F # ¢. Let x eX — F; then x ¢F. F being closed implies x is nota limit point 
of F and so there exists r > 0, such that 

S.XW)aAFr=¢ 

ie, xeS(x)CX-F 

Hence F° is open. 

Conversely, suppose that Y — F is open. If x ¢ X — F, then there exists r > 0, such that 

Sax =F 

ie., S,(x) A F = ¢=> x cannot be a limit point of F 


Since x € X — F is arbitrary, therefore F does not have any limit point outside it. Consequently F 
is closed. 


From the above theorem we can easily see that every subset of a discrete space is closed. Since in a 
discrete space (X, d) every subset of it is open so if F is an arbitrary subset of X, then X— F being a subset 
of X is open and therefore F is closed. 


Example 16. Every closed sphere is a closed set. 
a Let S,[x] be any closed sphere in a metric space (X, d). If X — S,[x] = ¢, then ¢ is open. 
Assume X — S,[x]# ¢. Let y © X¥ — S,[x]. Then y ¢S,[x]. 
This implies d(y, x) >r. Let 4, = d(y, x) — r. 
The open sphere S,,(v) ¢ X — S,[x], for if z €S,,(y), then d(z, y) <7, and so 
dz, y)<d(y,x)-r 
ie., r<dy, x)—d(z, y)=d(x, z) (by triangle inequality) 
Thus z €S,,(yv) c X - S,[x] 
This implies Y — S,[x] is open. Hence S,[x] is closed. 


Theorem 4. Jn any metric space (X, d), 
(/) the intersection of an arbitrary family of closed sets is closed, 
(i) the union of a finite number of closed sets is closed. 
(Proofs follow from Theorems 6 and 7 of Chapter 2.) 


[For alternative proof. Hint : (i) Let {F,:@ € A} be any family of closed sets, then ‘gy F,, is 
ae 


closed, X- A F, = U (X-F,), A is any index set.] 


aed aceA 


Remark: The arbitrary union of closed sets in a metric space is not necessarily a closed set. 

For example, consider the family {F,: 77 € N}, where F, =[1/7, 1] is closed for each n = 1, 2,..., 
oo 
U F, =)0, Il, 
n=l 


which is not closed. 
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2.6 Subspaces 


Definition. Let (X, d) be a metric space. Let Y be a non-empty subset of Y. Then the restriction map 
dy of the metric dto Y x Y isa metric for Y called the induced metric and the metric space (Y, dy) is 
called a subspace of (X, d). 


The closed unit interval [0, 1] and the set of all rational numbers are subspaces of R; and the unit 
circle, the closed unit disc and the open unit disc are subspaces of the space (C, d) of complex numbers. 
In fact the real line itself is a subspace of the space complex numbers. 


If ¥ c X,(X,d) isa metric space, and y € Y, then we shall denote the open sphere centered at y 
with radius r in (Y, dy) by S? (y). 
ie., S’(y) = {xe ¥:dy(x, y) <r} 
It is easy to verify that 
Sry) = S.C) OY. 
From this it follows that a subset of Y which is open in Y is also open in Y. However, the converse 
may not be true as can be seen by the following examples. 
|. Take Y=[0, 1], Y= R, d the usual metric, then 5! (0) = (0, mall is open in Y, but not in R. Note 
that Y is not open in R. : 
2. An open interval of the real line is not an open subset of the complex plane. 
The following theorem gives a criterion for a subset to be open in a subspace. 
Theorem 5. Let (X, d) be a metric space and Y € X, then a subset A of Y is open in (Y, dy) if and 
only if there exists a set G open in (X, d) such that 


A=GQY. 
Assume that 4 is open in (Y, dy). Then for each a € A there exists r, > 0 such that 
Si(a)cA 
so that 
A= U S} (a) 
aéeaA 
But since 
S} (a) = S,,(a) AY 
A= cs (S,,(@) OY) =GOY, 
where G= ue S,,(a) is open in (X, d). 


Conversely, suppose that there is a set G which is open in (¥. d) with GAY = A. 
Let ae A, then a &G, and so there exists 7 > 0, such that 

S,(a)oG 
This implies 


S¥(a=S(a)AYCGAY=A 
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Lee; S) (a) GA 


Hence, A is open in (Y, d,). 
From the above theorem, it follows that an open subset of Y is open in X if and only if Y itself is 
open in X. 
A similar criterion for closed sets is the following: 
Theorem 6. Let (X,d) be a metric space and Y < X, then a subset A of Y is closed in (Y, dy) ifand 
only if there exists a set F closed in (X, d) such that 
A= Fas 


(Proof follows from the above theorem by taking complements.) 


2.7 Closure of a Set 


Definition. Let A be any subset of a metric space (X, d). The closure of A denoted by 4 is the set of 
all adherent points of A. 
i.é., A=AUA' 
Symbolically A= {x EX:S,(x) 1A, forall r> 0}. 
Properties: 
Let A and B be any two subsets of a metric space (Y, d). Then 
(1) A isaclosed set. 
(2) If ACB, then ACB. 
(3) A is the smallest closed superset of A. 
(4) A=A ifand only if 4 is closed. 
(5) 4 is the intersection of all closed sets containing 4. 
(6) AUB=AUB 
(7) ANBCANB 
(1) In order to show that 4 is a closed set we shall show that its complement (A)° is open. 
If (A) = ¢@ then ¢ is open. Assume that (4)° # ¢. 
Let x €(A)°, then x ¢A = there exists at least one + > 0 such that 
S,xnnA=¢. 
Now to show S,(x) 0 A=4¢, wetakea y €S,(x), then dy, x) <r. 
Let 7 =r —d(y, x). 
Clearly 7, > Oand S,,(v) ¢ S,(x) 
> Si(v) 0 A = @, for at least one 7 [° S-,(¥) 0 AC S,(x) 9 A] 


=> yé¢@Aa 


Since y is an arbitrary member of S, (x), therefore 
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S,(x) ¢ (A)°. This implies (A) is open. 


Hence A is open. 


(2) Let x © then 


(4 


(6 


) 


S.(x) 0 4 # @, forall r>0 
This implies 
S(x)AB#¢, (2 ACB) 
ie., xeB. 
Hence, A ced B. 
We know that 4 is a closed set, and 4 <A. To show that 4 is the smallest closed set 
containing A, we assume that if F is any other closed set containing A, then 
ACFS>ACF=F [- F isclosed]. Since F is arbitrary, so A is the smallest closed set 
containing A. 
If A= A, then by (1) A is closed, and so A is closed. 
Conversely, let A be any closed set. 
Since Adc A, so we need to show that 4 cA. 
Let x be any element of 4, then either x € A or x ¢ A. 
If x € A, then the result is proved. 
If x ¢ A, and x € A, then for every 7 > 0, the open sphere S,(x) contains a point of A other 
than x. 
=> x isa limit point of A. 
But A being closed, therefore x must belong to A. Hence 4 C A. 
Let F be the intersection of all closed sets containing A. Then F is closed. 
ACF>A Ee F=F 
ie., A ek, 
Thus every closed set which contains 4, contains A. But A is aclosed set containing A. F, 
being the intersection of all closed sets containing A, is contained in A. Therefore A = F. 
We know that 
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ACAUB, and BCAUB 
a ACAUB, and BCAUB 
And so AUBCAUB. 
Now to show that 


AUBCAUB 
We proceed as follows: 
Let, if possible x ¢ A U B, but x ¢ A U B. The x is neither an adherent point of A nor that 


of B. Consequently, there exist open spheres S;,(x), and S-,(x) containing no point of A and 
B respectively. 
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Take r = min {7,75}, then 
S,(x) contains no point of A as well as no point of B, and therefore of 4 U B. 
.. X is not an adherent point of 4 U B. 


ie, x€AUB. 
Thus we arrive at a contradiction. 
Hence x ed UB>xEAUB. 
(7) Since AN BCA, and ANBCB 
ANBCA, and AN BC B. Hence ANBCANB. 


The result can be extended to the intersection of an arbitrary family {4,} of subsets of X, 
Ges; 


nA nA, 
aA ~~ acd 7 
Remark: Let (X¥,d)be ametric spaceand A c Y c X. Then the closure of 4 in (Y, dy) isdenoted by A”. Itis easy 


to verify that A’ =AnNY. 


2.8 Interior, Exterior, Frontier and Boundary Points 


Definition. Let A be any subset of a metric space (X, d). A point ‘a’ in A is an interior point of A if 
there exists 7 > 0, such that 


aeéS,(a)ca. 
Interior of a Set. The set of all interior points of A is called the interior of A, and we write 
int A = {x € A: S,(x) Cc A, for some r > 0} 
clearly int A is an open subset of 4. 
A point x € X is said to be an exterior point of A, if it is an interior point of the complement of 4. 
i.e., if there exists an open sphere S,(x) such that 
S,(x) € A®, or S.(x) N A=¢. 
Exterior of a Set. The set of all exterior points of A, denoted by ext A, is called the exterior of A. 
By definition 
ext A =int A° 
ext A is open and is the largest open set contained in 4°. 
Also a point is an exterior point of A if and only if it is not an adherent point of A. 
ext A= (A)° 
Moreover, int A = ext 4° = (A‘)*, and int 4° =(A)*. 
For example, if ¥ = R, and A = (0, I[, then 
int A = ]0, I[ 
ext A=]-—, 0[ U]l, of. 
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Note that the points ‘0° and ‘1’ are neither interior points nor exterior points of 4. Such points of A 
are called Frontier points of A. 


In another example, let A be the set of complex numbers x + iy, such that y=—1, and 0O< x <1. 
Then A'= A and there are no interior points. 


Apoint x € X is said to bea frontier point of A c X ifitis neither an interior nor an exterior point 
of A. If the frontier point belongs to A it is then called a boundary point of A. 


Frontier and Boundary of a Set. The set of all frontier points and boundary points are denoted by 
F(A), and bd (A), respectively. Clearly 
bd(A) c F(A). 
In the above example F,(A) = {0, 1}, and bd(A) = {0}. Note that the interior points, exterior points 
and frontier points of any subset 4 of X fill up the whole space Y. 
ie., X =int A Uext AU F(A) 


Now since int A and ext A both are open in X, therefore F(A) is a closed set. 


ILLUSTRATIONS 


|. X=R, and d the usual metric, A= Q, then int 4 = g, ext 4 = ¢, F(A) =R, and bd(A) = ¢. 
2. X=R, and dis the usual metric, 4 = ]I, 2] U ]3, 4[, then 
int A =A, ext A=]-, I[ U ]2, 3[U]4, of 
F,(A) = {1, 2, 3, 4}, and bd (A) = {2}. 
. If (X, d) is a discrete metric space, and 4A c_YX, then 
int A =A, ext A = A‘, F(A) = bd(A) = @. 
4. IfX=N, and A be a finite subset of it, say A = {1, 2, 3}, then 
int A=¢, ext A=¢ 
F,(A) =N, and bd(A) = A. 


Properties: 
Let A and B be any two subsets of a metric spaces (X, d), then 
(/) int A is the largest open set contained in A. 
ie, A=U{G:G is open, and Gc 4} 
(//) A is open if and only if A = int A. 
(i) ACB implies int 4 c int B 
(iy) int (Aq B) = (int A) q int B. 
(v) int (AU B) Dint A V int B. 
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Proof of (:) and (//) follow from theorems | and 2, chapter 2 (change open interval to open sphere 
in the proof). 


(/) Let x eint A. Then there exists 7 > 0 such that 
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S,x)CA 
Therefore 


S.(x) cB ( ACB) 
This implies x € int B. 
Hence int A c int B. 
(/v) By definition 
int AC A, and int BCB 
“int Aq int B, being the intersection of two open sets, is open. Therefore 
int AM int Bcint (AN B) (by (ii)) 
Also AQ BC A= int (AN B) Cint A, and int (A B) c int B 
*. int (AM B) Cint An int B. 
(vy) ACAUBSint ACint (AU B) 
and BCAUB=S int Bcint (AU B) 
*. int AU int BCint (AUB). 
Note that equality may not hold in (v) as can be seen by the following example: 


Let A = ]2, 5[, and B = [5, 7[ be the subsets of the metric space (R, @) with the usual metric d, then 
int A = ]2, 5[, int B= 5, 7[ 


int A U int B= ]2, 7[ — {5} 
But int (A U B) = 2, 7[ 
*. int(AU B)#int A Uint B 
Theorem 7, Let (X, d) be a metric space, and A, B be any two subsets of X, then 
(/) ext A is the largest open set contained in A 
(ii) A® is open if and only if A° = ext A 
(ii) ACB implies ext BC ext A 
(iv) ext(ANB)Dext AUext B 
(v) ext (AU B)=ext ANext B 


Proof follows from the above theorem by taking complements. 
Theorem 8. Let (X, d) be a metric space, and A, B are subset of X, then 
() Fr(A)=A (A) =A-int A 

(ii) Fr(A) = @ ifand only if A is both open and closed 

(///) A is closed if and only if AD Fr(A) 

(iv) A is open ifand only if AS > Fr(A) 

(\) Fr(AQ B) C Fr(A) U Fr(B). The equality holds if ANB=@ 

(1) Fr(int A) C Fr(A). 
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(i) 


(i) 


(ii) 


Fr(A) = (int A U ext A)® = (int A®) A (ext A)’ = AS OA 
ie, Fr(A)= AOA‘ =A-(A‘) =A-int A 
Let Fr(A) = ¢, then by (i) 
A-intA=@ ie, ACintA 
=> ACACintACA 
Hence, 4 is both open and closed. 
Conversely, let A be both open and closed then 

Fr(A) =A -int A=A-A=¢. 
Let A be closed, then 

Fr(A) = A A(A‘) [by @] 
=AQ(AS)CA 

Conversely, let Fr Ac A. 


If possible, let 4 be not closed, then there exists an element x belonging to A, but not belonging 
toA,ie., xe AA. 
But 


A-A=AN Ao CAN(A‘)= Fr(A) [by ()] 


oP x € Fr(A) 
So that x € A, which is a contradiction. 
Hence, 4 must be closed. 


(iv) Ais open ifand only if A® is closed, and A‘ is closed if and only if 


(vy) 


(vi) 


[o2) 

ASD Fr(A*) = 

But since os 
Fr(A’) = (A) (A) [by Ol 

= A° a A= Fr(A) = 

Hence, A is open if and only if A® D> Fr(A). (s) 


Fr(AA B)=(AN B)A(An BY [by (/)] 
CANBO(A UB‘) 
=ANBO(A UB‘) 
=(ANBAA)U(ANBOB') 
= (Fr(A) 0 B) U (Fr(B) 0 A) 
C(Fr(A) U Fr(B) 
Fr(A U B) = Fr(A U B) = Fr(AS 0 BS) C Fr( A‘) U Fr(B°) 
= Fr(A) U Fr(B) 
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2.9 Dense Sets 
Definition. A subset A of a metric space (X, d) is said to be dense (or everywhere dense) in X, if the 


closure of Ais X,i.e., A =X. 


For example the set of rationals is dense in R with the usual metric. Every interval is dense-in-itself. 
A set A is said to be nowhere dense in X, if the complement of the closure of A is dense in X. 
ie., (A) =X, or ext A= X 
Equivalently, 4 is nowhere dense in X iff int (A) = ¢, since 
int A =ext (A)°, and ext Y=¢ 
Clearly every finite subset of X is nowhere dense. 
A set is said to be somewhere dense in X, if it is not nowhere dense in X. 
It is clear that A is somewhere dense in X if and only if 4 contains a non-empty open sphere. 


Also since A is closed, A is nowhere dense in X if and only if 4 is nowhere dense in X. Clearly a 
subset of a nowhere dense set, is nowhere dense. 


A set ‘A’ is said to be dense-in-itself if every point of A is a limit point of A. 
ies ACA’ 
A set ‘A’ is said to be perfect if it is closed and dense-in-itself, 
ie, A=A' 
Every closed interval, the empty set, ¢, and the whole space YX are perfect sets. 


Example 17. The cantor set is a perfect set. 
Recall that the cantor set is the set obtained from the closed interval [0, 1] by removing the sequence 


Lr a co eae oa [2 
of open intervals 3°31 19°09 9°9\° which are middle thirds of (0, 1]; Oe ae ae 


respectively. Thus the cantor set is the intersection of the family of sets {F,:n <N}, where 


F=(0,0) 


are closed sets. 
( Each F,, is the complement of the union of removed open intervals and the intervals ]- a, Of 


and Jl, ©[), and so the cantor set 


is closed. 
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All that remains is to show that it is dense-in-itself. 


a 0 5k ; 
For this let x e F, then x = © —, where each a, is either 0 or 2, be the ternary expansion of x 
k= 


3 
13k" 
(expansion in the scale of 3). We shall show that x is a limit point of F. 

Choose the sequence {x,,} in F, such that 


Xy =+)'Gy dz... Ay,» 


Xy =+@\4z'd3... a, ..- 


where a,'=0, if a, =2, and a,' = 2, if a, =0. 
The sequence {x,,} of distinct points of F differ from x at the th place in the ternary expansion. 


Therefore lim x, =x 


n> 
Thus every point of the cantor set is a limit point of the set and so it is dense-in-itself. 

Ex. Prove that the cantor set is nowhere dense. 

Definition. A metric space X is said to be separable if there is a countable subset of X, which is dense 

in X. 


Since the set of all rational numbers is countable, and dense in R, therefore the metric space R is 
separable. Let (X, d) be a discrete metric space where X is any uncountable set, then (X, d) is not 
separable (-. the only dense subset of (X, d) is X itself). Hence the discrete metric space is separable if 
and only if it is countable. 


Ex. 1. A subset A of (X, d) is dense in X if and only if A has non-empty intersection with each non- 
empty open sphere in X, or equivalently if and only if A has non-empty intersection with each non-empty 


open subset of X. 
(Hint: Given S,(x) A A # @, for all r > 0, and for each x € X, and by definition 


A= {x €X:S,(x) 0 A @, forall r> 0}. 
hence A = X.] 


Ex. 2. Show that the Euclidean space R” is separable. 
Ex. 3. Prove that the metric space /,, of all bounded sequences with sup metric is not separable. 


(Hint: Show that every dense subset is uncountable.] 


EXERCISE 


|. Let x, and x, be distinct points in the metric space (X, d). Show that there exist two disjoint open spheres 
centered at x, and x,, respectively. 
2. Show by example that a set which fails to be closed need not be open. 
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3. Show by example that a non-empty proper subset 4 of a metric space (X, d) can be both open and closed. 


4. Give an example to show that the closure of the open sphere of radius r centered at x, is not necessarily equal to the 
closed sphere or radius r centered at xy. Prove that we always have 


5,(x) € S,L%0] 
Let {[a,,,5,]} be a sequence of closed intervals such that |a,, |< 1, |, |<1, Vm. Then prove that 
Hab x, €[a, byl} 


w 


is a closed subset of H,,. 
6. IfA and B are disjoint closed subsets of a metric space XY, show that 
G= {x €X: d(x, A) < d(x, B)}, and H = {x € X: d(x, B) < d(x, A)} 
are disjoint open sets containing A and B respectively. 


7. Determine whether the following subsets of the metric spaces indicated are open, closed, both open and closed, or 
neither open nor closed 


() {(%, Xy.-4,%,) ER" x, > 0 for i = 1, 2... 2} and dis the Euclidean metric. 


(ii) {(x,, X)...,X,) ER” : x; is rational for i = 1, 2... n} 
19 42 n i 


(ii) {{x,} €1:x, < Yn, for n= 1, 2...}, where / is the set of all sequences {x,} such that » |x, | is 
n= 


convergent with the metric defined by 
AL} Wad) = Z 1X, — In, 


(iv) {f €C'[a, b]: f(a) + f'(a) = 0}, where C’[a, b] is the set of all functions defined on [a, b] having 
continuous first order derivative on [a. 6], with the metric defined by 


d(f, g) = sup {| f(x) — g(x) |: x €[a, b]} 


+ sup {| f(x) — g'(x) |: x €[a, b]}. 
8. Give an example of a countable family of closed subsets of R whose union is not closed. 
9. Prove that an open subset of R” can be expressed as the union of a countable family of open spheres in R”. 
10. Show that if 7 2 2, then there are open subsets of R” which cannot be expressed as the union of a countable 
family of pairwise disjoint open spheres in R” . 
||. Show that a metric space is discrete if and only if every point of the space is isolated. 
12. Find the closures, the interiors, and the frontiers of the following: 
(/) asubset A of a discrete metric space X, 
(i) the set ofall rational numbers in R, 
(iii) an open sphere in the Euclidean space R”. 
13. Prove that the cantor set of example 17 has neither isolated points nor interior points. 


I4. Let A be the subset 
(z 2m =1,2,...3;m=0,+1,+ mm 
non 


of the Euclidean space R?. Prove that A is the union of A and the set {(x, 0): x € R}. 
\5. Find the Frontier of the subset {x,, x,):x, = 0} of the Euclidean space R7. 
16. Prove that a set D is dense in a metric space (X, d) if and only if ¥ is the only closed set containing D. 
17. Verify that (R — Q, d), the irrationals with the usual metric, is a separable metric space. 
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|S. Prove that every subspace of a separable metric space is separable. 
19. Prove that the space (R”, d) is separable, with the metric d given by d(x, y) = max [xy — yy | 
Isksn 


X = (x,,X2,---,xX,), and y=(y,,-.-,.¥,) ER". 


20. Prove that the example of a Hilbert space (Example 2) is a separable metric space. 
2|. Prove that a closed set in a metric space (X, d) either is nowhere dense in X or else contains some non-empty open 
set. 


22. Prove that A= {f,:n € N} is a nowhere dense subset of C [0, 1] w.rt. sup metric, where f,,(x) =n — mx, if 


xs Via , and f,,(x) = 0, otherwise. 


3. CONVERGENCE AND COMPLETENESS 


Definition. Let (X, d) be any metric space. The sequence {a,,} of points of X is said to converge to a 


point ‘a’ of X, if for each ¢ > 0 there exists a positive integer m, such that 
d(a,,a)<é YVn>m 
Tey d(a,,a) 30, asn> 0 
or equivalently, for each open sphere $.(a) centered at ‘a’ there exist a positive integer m such that a, 
isin §.(a), forall n =m. 


The point ‘a’ is called the /imit of the sequence {a,}, and we write a, > a,asn > © 


1 
nse 


ie, lim a, =a. 
non 


Cauchy sequence. A sequence {a,,} of points of (X, d) is said to be a Cauchy sequence if for each € > 0 


there exists a positive integer ny, such that 


A(X, X_)<E Vn,m> ng 
TOs, d(xX,,X,,) 20, as nym». 
Theorem 9. Every convergent sequence is a Cauchy sequence. 
Let (X, d) be any metric space. Let the sequence {a,,} of points in XY converge to a. 


For every given ¢ > there exists a positive integer m such that 
d(a,,a)<é/2, Vn>n 
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Then for m,n > ny we have 
d(a,, a,,) < d(a,, a) + d(a,a,,) < 6/2 + 6/2=e 


n m 


This implies {a,,} is a Cauchy sequence. 


ns 


Note: The following examples show that the converse of the statement need not be true. 


Example 18. Consider the space Y = ]0. 1] of the real line with the usual metric. The sequence 
{a,,} = {I/n} is a Cauchy sequence, converges to ‘0’, which is not a point of the space. 


Example 19, Let Q be the set of rational numbers in which the metric d is defined by 
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d(x,y)=lx-yl, Vx,yeQ 


(Q, d) is a metric space. The sequence (1/ 3"} is a Cauchy sequence which converges to the limit 0. 
But the sequence {(1+ I/n)"} is also a Cauchy sequence in it, which does not converge to a point of Q. 
Complete metric space. A metric space (X, d) is said to be complete if every Cauchy sequence 
converges to a point of X. 


The spaces in the examples mentioned above are not complete. But if we adjoin the point ‘0° to the 
space ]0, 1] in the first example it becomes complete. 


Remark: Any metric space which is not already complete can be made so by adjoining additional points to it. 


ILLUSTRATIONS 


|. The discrete space (X, d) is a complete metric space. For in this space a Cauchy sequence 
must be a constant sequence (i.e., it must consist of a single point repeated from some place 
on) and so converges. 

2. The space (R, d) is a complete metric space. The convergence in R is the ordinary convergence 
of numerical sequences. 


3. The space R” of all ordered n-tuples with the metric d, 


1/2 


d(x, y) = [ (x; - »] 
i=l 
is a complete metric space. The convergence in this space is coordinate wise. This space 
(R", d) is called n-dimensional Euclidean space. 
Example 20, The space C [0, 1] of all bounded continuous real-valued functions defined on the 
closed interval [0, 1] with the metric d given by 
d(f, g) = max | f(x) — g(x) | 
Osx<l 
is a complete metric space. 


a Let {f,,} be a Cauchy sequence in C [0, 1]. 
Let € > 0 be given. Then there exists a positive integer ny, such that 


Qfar fn <& Wnsm2 ng 


Le, max | f,(x) — f,, (x) I< é, Vn, m2noy 
OSxs! 


185 If, (4) - fy, l<é Vn,m2ny and V xe[0, 1 

By Cauchy criterion of uniform convergence, the sequence of functions { f,,} converges uniformly 
on [0, 1]. Let fbe the limit of a uniformly convergent sequence of continuous functions so this itself is 
continuous on [0, 1]. Hence the Cauchy sequence { f,,} converges to a point of C [0,1]. 


Example 21. Let J, be the set of all bounded numerical sequences {x,,} in which the metric d is 
defined by 
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d(x, y)=suplx, —v, 1, V x= {x,}.y ={y,} el. 


u Let {x,,} be a Cauchy sequence of elements of /_, and let 


x, = {aj"”}. Since x, El, so 3M >0, 
lal |< M, for i= 1, 2, 3... 
Therefore for € > 0, there exists an integer ng such that 
A(X Xp) <E Vnym2 ny 


(n) _ 
7 


ie. sup la al |< e, Vnsm2no 


i 
> lal? -al™ l<e, Vnsm> ny, and for all i= 1, 2, 3... (1) 


(1) (2) 
hat: a res 


Let i be fixed. Then (1) implies that the sequence {a .a\",...} is Cauchy and so converges 


to a;, by Cauchy’s General Principle of convergence. Taking limit in (1) as m — 0, we have 


la? -a,\Se& Vn>ny 


and this is true for all i= 1, 2, 3... 

Hence, la, Isla!” -a,l+la l<e+M Vi 

This implies {a;} is bounded. Let x = {a;}. Then x € 1. Hence (/=, d) is a complete space. 
Example 22. Let /,, be the set of all real numerical sequences for which 


D. lxplh soe. 


a We define the metric din J, by 


°° Vp 
d(x, y) -(5 Ix;-); r] » Vx= {x}, y= {y) el, 
i=l 


The space (/,,,d) is a complete metric space, and is known as Hilbert sequence space. 


Consider a Cauchy sequence {.x,,} = (x }} in /,,. 


Therefore for a given € > 0 there exists an integer mp, such that 
sy Vp 
d(Xns Ym) = (E (ep r] <é, Vnsm2ny (1) 
i=l 7 


Hence |x!” — x!" |< €, Vn, m2 ng, and for all ie N (2) 


Fixing i, we see that the sequence {x!" x!?),... x("”,...} converges to a limit x; 


ie., lim x” 


n> 


=X; 
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Let x = {x,}. Then the inequality (1) implies 


M> 


bxf = x!" IP <e?, for every k, and for n,m > no 


i 
Taking limit as m— ce, we have 


Me 


Ix! —x, I Se’, for n>n 


Letting k — 9, we get 


ae 


Ix —x, Se”, for n21 


This implies x, — x €/,,, and so x= x, — (x, — x) €1,. Also d(x,, x) > 0 as n — ©. Hence /,, 


is complete. 
Example 23. Let Y be the set of all continuous real-valued functions defined on [0, 1], and let 


1 
d(x, y) = Jao —ythldt, x yeXx 


Show that (, d) is not complete. 


a Let {x,} be a sequence in Y defined by 


For n> m, we have 


1 
A(X, X,) = J, Ix, (1) — x,,(0) lt 


Vn2 Vm? 
={ In-—mldt +f 


0 Wn? 


= (n eat) + (2r!? — mt) 
ne Yn2 
_lom (2-2) (2 “| 
n mom mn ne 


ee! 
=—-— 50, as mn ~, 


m n 
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Hence {x,} is a Cauchy sequence in. 
Now we shall show that this Cauchy sequence does not converge in Y. For every x € X 


1 
d(X,.8) = li lx, (t) — x(t) Ldt 


2 foun = x() ldt + I : 


Yn2 


dt 


1 
ie x(t) 


Since integrals are non-negative, so is each integral on the right, and hence d(x,, x) > 0, as 
n — eo would imply that each integral approaches zero, and since x is in XY, so x is continuous. 


But 


rl?, ifO<r<1 
x)= 
0, ifr=0 


which is discontinuous at ¢ = 0. Hence d(x,, x) does not tend to zero for each x € X, ie., the 
sequence {.x,,} does not converge to the point of the space. This implies that (X, d) is not complete. 
Lemma. Let (X, d) be any metric space and A be any non-empty subset of X, then x € A if and only 
if there exists a sequence {x,} in A such that x, > x, as n> ©. 
Let x € A then every open sphere centered at x intersects 4. In particular S\,,(x) 0 A # @, for all 
n. So we get a sequence {x,} in A such that 
d(x,,X) < A Vn 
n 
> lim x, =x. 
neo 
Again, let {x,,} be a sequence in A which converges to x. To show that x ¢ A we must show that 
every open sphere centered at x intersects 4. 


Let §S,() be any open sphere. Then for r > 0, lim x, =x implies that there exists a positive 


noe 
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integer ng, such that 
d(x,,x)<r, Vn21 


In particular 


A(Xj55 x)<r 
=> Xn € S,.(x) 
= S(YAA#¢G [vx € Al 
= xeA 


Theorem 10, Let (X, d) be a complete metric space and Y be a subspace of X. Then Y is complete if 
and only if it is closed in (X, d). 


740 Mathematical Analysis 


Let Y be a complete subspace of X. In order to show that Y is closed we need to show that Y = BR 
By definition Y < Y, so we shall show that Y c Y. 


Let x be an element of Y. If x € Y, the result is proved. If x ¢ Y, then x is a limit point of Y. By 
definition of limit point, every neighbourhood S),,,() contains at least one member of Y other than x. 
Thus for each n we get a sequence {y,,} in Y such that 

d(y,, x) <I/n. Thus y, > y, a noo. 

Now the sequence {y,} being a convergent sequence must be a Cauchy sequence. Since Y is 
complete, this Cauchy sequence {y,,} must converge in Y, hence x € Y, Butx is an arbitrary point of ¥, 
therefore Y CY. 

Conversely, we assume that Y is a closed subspace of \, and establish that } is complete. 

Let {y,} be a Cauchy sequence in Y, and since Y is given to be a complete space, therefore {y,, } 
must converge to a point y in _Y. But then y, €Y, forall n, and y, > y, as n— 

=> yeY=Y_ (+ Yis closed) 


The following is a generalisation of Nested-Interval Theorem (Example 17, Chapter 3). 


Theorem 11. Cantor’s Intersection Theorem. Let (X, d) be a complete metric space, and let {F,} 


be a decreasing sequence of non-empty closed subsets of X such that d(F,) > 0, as n— °%. Then 


F = A F, contains exactly one point. 
n=l 


n 


Since F, # ¢, for each n EN, we can choose a sequence of points {x,} such that x, € F,, for 
n= 1, 2,3... We shall show that {x,,} is a Cauchy sequence in Y. 
Now {F,} is a decreasing sequence, i.2., F,,, © F,, for all n, therefore %,,.X;,41+ +++ all lie in F,. 
Moreover d(F,) > 0, as n > e. Therefore given € > 0 there exists a positive integer my, such 
that 
d(F,)<é€& Wn2ng 


= Ynys Xny. + Xn, vere alll lie in Fig 


1 
Thus for positive integers m,n 2 ny, we have 

d(Xjy4X_) S d( Fay) < € 
=> {x,} is a Cauchy sequence in X. Since (X, d) is complete, 3 a point x¢ X such that 


lim x, =x. 
neo 


We shall now show that xe  F, 
1 


n= 


If possible, x ¢ © F,. Then there exists a positive integer m, such that x ¢ F,,. Since F,, is 
n=l 


closed, and x ¢ F, 


m 
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d(x, F, 


m 


)>0. Let d(x, F,,)=r>0, 
then d(x, y)2r, VyeF 


Thus, the open sphere S,,.(x), and F,, are clearly disjoint, and therefore 
n>m>F,CF,, 

and this implies 
x, € Fi, (x, € F,) => x, € S,(x). 


This is impossible, since {x,} converges to x. Hence xe 2 F,. 


n=l 


Now to show that xe - F, is unique. 


n=l 


If possible, let y be another point in AF 


n=" 
Then ye F,, for every n. 
> d(x, y) <d(F,,), for every n (by the definition of the diameter). 
But, since it is given that d(F,,) > 0 as n> ~, 
Therefore on taking limit as n > 0, 


d(x, y) $0. But d(x, y) 20 is always true. Hence d(x, y) = 0, and so x = y. 
Note: The converse of the above theorem is also true. 


Ex. If every decreasing sequence of non-empty closed sets whose diameter tends to zero have a non- 
empty intersection in a metric space (Y, d), then (X, d) is complete. 

The following examples show that the condition lim d(F,) = 0, and that the sets F,’s are closed, 
are both necessary in the above theorem. i“ 
Example 24. Let X be the real line R with the usual metric, and let F, =[n, &f[. 

Now = R is complete. The sets F,, are closed and F, > F, > Fy... F,... But 4 F, is empty. 


Observe that lim d(F,) # 0. 


n> 


Example 25. Let X be the real line with the usual metric, and let F, = 10, I/n] 
Now Y= R is complete 


and lim d(F,) =0, but © F, is empty. 


ne n=l 
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Observe that /,’s are not closed. 


Definition. A subset A of a metric space (X, d), possibly the whole space, is said to be of the first 
category, if it is the union of a countable family of nowhere dense sets. 


x 
hes Ac X canbe written as A= U 4,, 


n=l 


where each A, is nowhere dense in X, i.e., int (A,) = ¢, for each n. 


Otherwise it is said to be of the second category. It is important to note, that in a discrete space the 
only nowhere dense set is the empty set, i.e., every non-empty set is of the second category. In particular 
the set I of integers is of the second category in the space R of reals with the discrete metric. On the other 
hand if (R, d) is a metric space with the usual metric, then the set I of integers is nowhere dense and 
hence is of the first category. This shows that the set is not of the first or second category in and on its 
own, rather its category classification also depends on the metric space to which the set belongs. 

Ex. Prove that 
(/) Qis of first category in R, w.r.t. usual metric, 
(//) every countable subspace of R is of first category in R, 

(iii) if X is of second category, and if Y = A U B, then either 4 or B must be of second category, 

(iv) NX is of second category in itself if and only if the intersection of every countable family of 

dense open sets in Y is non-empty, 


e 
(v) if A is a dense subset of a complete metric space Y, and if A= 4 G,, where G's are open 
i 


n= 


in X, then X — A is of first category. 


Theorem 12. Baire’s Category Theorem. If {A,,\ is a sequence of nowhere dense sets in a complete 


“ns 
metric space (X, d), then 
z 
X#U A. 
n=l 
ie., Every complete metric space is of second category . 
To prove the theorem we need the following lemma. 


Lemma. Let A be a nowhere dense subset of a metric space, (X, d). Let G be any non-empty open set 
in X, and r > 0 be any real number, then there exists an open sphere of radius less than or equal to r 
contained in G and disjoint from A. 


Since A is nowhere dense i.e., int A = g, and int A isthe largest open set containing A. Therefore, 
if G is any non-empty open set, then 
G¢A, 
G being non-empty and Ge A, therefore 3 an x €G such that x ¢ A. 
Moreover G is open, 3 an open sphere S, (x), for some r > 0, such that 
S,(x).c G. 


Since x ¢ A, we can choose a positive number 7, <r, such that 
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S,,(1) < S,(x), and S,,(x) 0 A = ¢. 
Thus xe S, (x) CG, and S,Q)OA=¢. 
Proof of the main theorem: 
Nis open, being a non-empty open subset of itself, and 4 is nowhere dense in Y, then by the above 
lemma, for given 7, > 0,0 <1, <1, 3 an open sphere S,,(x,) in, such that 
S,(4) 0 A, = 6 


5 ee aa | 
Let F, be the concentric closed sphere of radius an 


ie, F=S, La) 


and consider its interior, int F, # @. Let x, € int F,. Since A, is nowhere dense, int F, contains an open 


sphere S;,(;) of radius nea. such that 


5,02) 0 A, = 6 


F Pha | ‘ 4 
Let F, be the concentric closed sphere of radius —r,, i.e. F, = S,52[x5]. Since A, is nowhere 
2 7” 2 2/22 i 
dense, int F,, being non-empty, contains an open sphere Sr,(43) centered at x, € int F, and radius 


Fe <z, such that 
: Sr4(43) 0 Ay = 6 


‘ aaa | 
Let F, be the concentric closed sphere of radius mars 


Continuing in this manner we get a decreasing sequence {F,} of non-empty closed subsets of X, 
where 
F, = SryalX,]-, 
and 


[xu S,, 


n+1 


Fast = Si, 


Fir Shy Wa. 


n 


‘ (pat) S Sy, [41> F, 


ber, 
Also 
d(F,)=247,/2<Yn, Vn 
d(F,) 30, as n> 
Since V is given to be complete, therefore by Cantor’s intersection theorem we conclude that 
ia F,, contains exactly one point say xe X. 
n= 
=> mek, Vin 
= xe Si, Led CS, (x). Vin 


and Sr, (4, 0 A, = 
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ca xéA, Vn 

=> x€U A, 
n=) 

Hence, UA, #X. 


n=l 
Ex. Use Baire’s Category theorem to prove the existence of everywhere continuous, nowhere 
differentiable real-valued functions. 
[Hint: Take 
A, = (f € C[0, 1]: 3x €[0, 1 - 1/n], such that 


festic ten <n, for0<h<I/n}. 
H 


If f €C[0,1] has a derivative at some point, then f € A,, for some n. Show that A,, is closed, and has 
empty interior.] 


4. CONTINUITY AND UNIFORM CONTINUITY 
Definition. Let (X,d,), and (Y,d) be any two metric spaces. A function f : X — Y is said to be 
continuous at a point ‘a’ of X, if for given € > 0, there exists a 6 > 0, such that 
d,(f (x), f(a)) < €, whenever d, (x, a) < 6. 


Equivalently, for each open sphere S,(f(a)) centered at f(a) there is an open sphere Ss(a) centered at 
a such that 


f(Ss(a)) € S,(f (ay) 
The function f : X > Y is said to be continuous, if it is continuous at each point of X. 
Example 26. If (X, d) is a discrete space then every function f : X — Y is continuous on Y. 
a Forany aeé X if we choose 6 <1. Then 
Ss(a) = {a} 
and so f(S5(a)) = {f(a)} © S,(f (a)) holds for each positive €. 
Example 27. If (X,d,), and (Y,d,) are any two metric spaces: then the constant function 


f:X > Y is continuous on X. 


Theorem 13. Let (X,d,), and (¥,d ) be any two metric spaces and f is a function from X into Y. 


Then f is continuous at a € X ifand only if, for every sequence {a,} converging to ‘a’ we have 


lim f(a,) = f(a) 


ns 


ie, a, 2 a= f(a,) > f(a). 


First, let us suppose that the function fis continuous at a point a € X and {a,} is a sequence in Y, 
such that lim a, =a. 


n> 
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Since fis continuous at a, therefore for any given ¢ > 0, there exists a 5 >0, such that 
d,(f (x), f(a)) < €, whenever dj (x,a)<b sell 


Again, since lim a, =a, therefore 3 a positive integer ny such that 


neo 


d(a,,a)<6, Yn>m 


From (1) putting x =a,, we have 


n? 


d,(f(a,), f(a)) < €, whenever d,(a,.a)<d, Yn =m 


> d,(f(a,), f(a))<é& Wn >m 
=> {f(a,)} converges to f (a) 
ie. lim f(a,) = f(a). 


We now assume that fis not continuous at a; and show that though there exists a sequence {a,,} 
converging to *a’ yet the sequence {f(a,)} does not converge to f(a). 
Since fis not continuous at a, therefore there exists at least one ¢ > 0 such that for every d>0 


dy(f (x), f(a)) 2 €, and d,(x,a)<6, forsome xe X. 


1 
Therefore, by taking 5 = ne we find that for each positive integer there is a@, € X such that 
d,(f(a,), f(a)) 2 €, and d,(a,,a) < zl 
n 


Thus, the sequence {f(a,,)} does not converge to f(a). 


This shows that continuous functions of one metric space into another are those functions which 
send every convergent sequence to a convergent sequence or in other words which preserve convergence. 


Theorem 14. Let (X,d,), and (Y,d,) be two metric spaces, then f : X + Y is continuous if and 


only if f '(G) is open in X, whenever G is open in Y. 
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We first assume that fis continuous. If G is any open subset in Y, we shall show that f (G) is 
open in X. (Recall that if G is a subset of Y then the set {x € X: f(x) € G}, consists of all points of Y 
whose images lie in G, is denoted by f~'(G)). If f “(G) = @, itis open: so we assume that f~'(G) # @. 
Let xe f-'(G). Then f(x) €G and since G is open, 3 an open sphere S.(f(x)) such that 


S.(f(x)) CG, for some €>0 
Now by definition of continuity, there exists an open sphere S,5(x) such that 
(Ss) € S.(f (x), for 6>0 
But S,(f(x)) CG. 
Ss(x) Sf "(G) = f7'(G) is open 
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Now we assume that f~'(G) is open in X, whenever G is open in Y, and show that fis continuous. 


Let x be an arbitrary point in Y, and let € > 0 be given. Let S,(f(x)) be an open sphere in ¥ centered 
at f (x). 


This open sphere in an open set, so its inverse image is an open set which contains x. 
ie, f'\(S-(f (2) is open in.X 
Since x € f '(S.(f (x), da 5 > 0 such that 


Ss(x) € f'SCF 9) 


This implies f(Ss(x)) € S.(f(x)) 
Hence, fis continuous as x. Since x was taken to be an arbitrary point of X. Hence fis continuous 
at every point of Y. 


Note: From the above theorem we observe that continuous functions are precisely those which pull open sets back 
to open sets. It is to be noted that a continuous function need not take open sets to open sets. 


Example 28. Let f :R > R be defined by 

f(x) =sinx 
in the metric space (R, d). It can be easily seen that fis continuous. The open set JO, 2z[ in (R, a) is 
mapped to the closed set [— 1, 1] in (R, d). 


Example 29. Let f :R — R be defined by 
fos, 
fis continuous on R. f'maps the open set | — 2, 2[ onto the semi-closed set [0, 4[. 


Ex. The function f:X — Y ofa metric space (X,d,) into a metric space (Y,d,) is continuous iff 
the inverse image of every closed set contained in Y is closed. 
[Hint: This follows from the preceding theorem by taking complements. ] 


Example 30. Let (X,d,) and (Y,d) be metric spaces, Show that f : X — Y is continuous if and 
only if f(A) f(A), forevery AC X. 


= Let be continuous and 4 be any subset of . Then f'(f(A)) is closed in Y. 


Now f(A) f(A) 

=e Acf (f(A) 

= Acf (f(a) =f (f(A) 
ie, f(A) & f(A). 


Conversely, suppose f(A) c f(A), stl) 
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for every subset 4 of X. 
Let F be any closed subset of Y, then 
f\F)oXx 
using (1), we have 


FFF) © f(f (FP) = F = F 


fis FH 
Thus f-'(F) is closed in X. 
Hence fis continuous. 
Definition. Let (X, d,) and (Y, d,) be two metric spaces. A function f : X — Y is said to be uniformly 
continuous if for each € > 0 there exists a 5 >0 (depending on € alone) such that 
d,(f (x), f(y)) < €, whenever d,(x, y)<d, Vx, ye X 


Every function f : X — Y which is uniformly continuous on Y is necessarily continuous on. 


However, converse may not be true. We shall see later that these two concepts are equivalent on 
concept metric spaces. 


Example 31. For any non-empty subset 4 of a metric space (¥, d) the function f : X + R given by 
f(x) =d(x, A), for xe X 
is uniformly continuous. Also show that f(y=0Exe A. 
a By definition we have for x € X 
d(x, A) = inf {d(x, a): ae A} 
By triangle inequality, 
d(x, a) < d(x, y)+d(y,a), Vae ACKX, x yEeX 
On taking infimum 
d(x, A)= inf d(x, a) < d(x, y) + inf d(y, a) 
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[ d(x, y) is independent of a] 
= d(x, y) + d(y, A) 
d(x, A) — d(y, A) S$ d(x, y) Pe hh) 
Since (1) is true for each x, y € X. Therefore on interchanging x and y, 
d(y, A) — d(x, A) < d(y, x) = d(x, y). 
Thus 
d(x, A) — d(y, A) |< d(x, y) Bs (4 


Now for each € >0, choose a 5<€ 


Mathematical Analysis 


then 


I f(x) — f(y) l=ld(x, A) —d(y, A) IS d(x, y) <6 Seé [using (2)] 
WE., | d(x, A) — d(y, A) |< €, whenever d(x, y) <6 


Hence fis uniformly continuous on X. 
For the second part, let f(x) = 0, ie., d(x, A) = 0. 


This implies that there exists a sequence {a,,} in A such that 


d(a,, x) > d(x, A) 


ie. lim d(a,, x) = d(x, A) =0 
ne 
> a, > X,asn— 


Therefore for a given € > 0, there exists a positive integer mj, such that 
a, €S,(x), VWn2ng 

In particular Quy € S.(X). But dny € A. 
Therefore for each € > 0, S,(x) contains a point of 4 other than x. 
Hence xe A. 

Conversely, let x € A, then there exists a sequence {x,} in A such that {x,} converges to x. 

ts d(x,,X) > 0asn > 
But, since d(x, A) <d(x,x,), V neN, x,€A 
and d(x, x,) 2 0, as n> 

d(x, A) <0. Hence d(x, A) = 0 


Example 32. Let (X, d) be a metric space then show that any disjoint pair of closed sets in .V can be 
separated by disjoint open sets in X. 


a Let A and B be any closed subsets of Y such that 
ANB=¢. 

Define a mapping f : X > R by 

d(x, A) 


PO) = Fat) ede BY 


xex 


Sis well-defined. 
Since d(x, A) + d(x, B) #0, VxeX. For if d(x, A) + d(x, B) = 0 for some x € X, then d(x, A) = 0 
and d(x, B) = 0. 
This implies x ¢ A = Aand xe B=B 
ie., x € AB, which is impossible (. AA B= ¢) 


fis continuous on_X, since the functions x > d (x, A), and x > d (x, B) are continuous on_X. 
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Cleat =e 0, if xeA 
ae FO) ir eek 
Let G={xeX: f(x) <4} 


{ under a continuous mapping 


Nil 


then G= f'(]- 24D, being an inverse image of an open interval ]—% 
fis an open subset of X. 
Moreover x € A implies f(x) =0 £5, ie, xEG 
AEG. 


Similarly, H = {x eX fr is an open set of X containing B. Also G A H = ¢. Hence the 
result. : 
Definition. Let (X, d), and (Y, d') be any two metric spaces. A function tf: X +Y is said to bea 
homeomorphism if 


(/) fis both one-one and onto, 


(i) fand f- are both continuous. 
By theorem 14 it follows that a homeomorphism induces a | — 1 correspondence between the open sets 
in X and open sets in Y. 
Two metric spaces are said to be homeomorphic if there exists a homeomorphism between them. 
But not all metric properties are shared by homeomorphic spaces as is shown by the following example. 


1 


Example 33. Let X = {1, .5 } with d the usual metric on the subsets of R, and let Y=N, the set 


of natural numbers with the usual metric d'(= d). Then the function f : ¥ — Y defined by S(/n)=n 
is a homeomorphism from (x, d) to (Y, a’). In fact every subset of ¥ and every subset of Y is open in 
the respective spaces. But (X, d) is a bounded metric space and (Y,d") is not. Also (Y,d") is a 
complete metric space but (X, d) is not. 


Definition. A function f; X > Y is called an isometry if 


d(x, y)=d'(f(x), f(y”), Vx y eX. 
Clearly each isometry is always one-to-one and uniformly continuous. 


Two metric spaces are said to be isometric if there exists an isometry between them which is onto. 
It is easy to verify that if two metric spaces are isometric, then they are necessarily homeomorphic. But 
its converse may not be true as can be seen by the above example. 


By definition it follows that isometric spaces possess all the same metric properties. Such spaces 
are metrically identical and differ only in names of their elements. 
Theorem 15. The image of a Cauchy sequence under a uniformly continuous function is again a 
Cauchy sequence. 

Let (Y,d,), and (Y,d,) be two metric spaces and f : ¥ — Y be uniformly continuous. Let 
{x,} be any Cauchy sequence in Y; and let ¢ > 0 be given. Then, f being uniformly continuous, there 
exists a 6 > 0 (depending on ¢) such that 
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A (f (Xp), £(%,)) < & whenever d,(x,,,x,) <0 aehy 
Since {x,} is Cauchy, corresponding to this 6 > 0 there exists a positive integer n, (depending on 
6 and so on €) such that 
d(x, 
From (1) and (2), we conclude that 
dy(f(X,). f(%,)) < & for m,n 2 ng 
Hence {f(x,,)} isa Cauchy sequence in Y. 


x,) <6, for m,n=n 


m? 


Remark: Note that a continuous function may not send a Cauchy sequence to a Cauchy sequence; as can be seen by 
the following example. 


Let X be the set of all positive real numbers and d the usual metric on XY, and Y= R be the set of all real numbers with 
d' the usual metric on R. Then f : ¥ + Y defined by 


f(x) = pe Vv x eX, is continuous on Y 
x 


1 
> Oasm,n— ~, But {2} = {n} isnot a Cauchy sequence 
nom 


1 
Now {4} is a Cauchy sequence in Y E 
n 


in Y. Hence fcannot be a uniformly continuous function. 


Theorem 16. Let (Y, d,) be ametric space, and (Y, dy) be a complete metric space. If fis a uniformly 
continuous function from a subset A of X into Y, then fcan be extended uniquely to a uniformly continuous 
function g from A into Y. 
We shall prove the theorem in the following steps. 

(1) Existence of g: A>Y 

(2) Uniform continuity of g 

(3) Uniqueness of g. 
(1) Let {a,,} be any convergent sequence in A converging toa point x € A. Also {a,,} being convergent 
must be a Cauchy sequence and since / is uniformly continuous, its image {/f(a,)} is a Cauchy 
sequence in Y. Again Y is given to be complete, the sequence {f(a,,)} must be a convergent sequence 
in Y, and so there exists a point y in Y such that 


f(a,) > y, ie. lim f(a,) = y 


Now we shall show that y depends only on x and not on the sequence {a,,}. 
Let {b,} be another sequence in A such that {b,} converges to x then by the triangle inequality in 
(X, d,) we have 


d,(a,,b,) < d\(a,, x) + d(x, b,) 


> d,(a,,5,) > 0, ano (a, > x, and b, > x,asn— %) 


And by the uniform continuity of f 
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dy(f(a,), f(b, )) > 0, as n> % 
Now from the triangle inequality in (Y, d,) 
d,({(b,), v) S$ dy(f(b,). £(a,)) + dy(L(a,). ¥) 
we have 
dy(f(b,), y) 20, as n> x 


i.e., lim /(b,) = y. 


nx 
This shows that y is independent of the sequence ta, } in A. 
Thus if we define 

£ v= gx) 
Then g extends f from 4A to A which can be seen as follows: 
Let x eA, then x eA. 


Taking a, =x, Vn, the sequence {a,} is a constant sequence in 4 and so a, > x. 


Then g(x) = lim f(a,,) 


nn 


But since f(a,) = f(x) we get 
lim f(a,) = f(x), Vx eA 


“ f(x) = g(x), Vxed 


Thus g extends fto A. 


(2) Let ¢ > 0 be given. By uniform continuity offwe can find 6 > 0 such that for all a,b € A we have wy 
d(a,b)<8 => d,(f(a), f(b) <é a) gg 
Let x, y be any point in A such that = 
d(x.) <6 z 
there exist sequences {a,} and {b,} in A such that a,— x and b, —> y respectively. = 
ie., d,(a,,x) 30 as n> ~, and d,(b,, vy) 30 as n> % 
For r= ae > 0, 3 a positive integer n) (depending on r) such that 
d(a,,x)<r,d(b,y)<r, Vn>n 
Now dy (a, b,) < d\(a,, x) + d\(x, vy) + d,(y, b,) 


<r+d(x,y)+r=6, Vn 
It follows from (1) that 
d,(f(a,), f(b,))<é Vn Ny ohh 
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By definition of g, we have 
Sf (a,) > g(x), and f(b,) > g(y) asin > % 
ie., for each ¢ > 0,4 positive integers m,,m, such that 
d,(f(a,), g(x) < 6/3, Vn=m 
and 
dy(f (b,), g(x) < €/3, Vn2m, 
By triangle inequality in Y 
dy( g(x), 99) $dy(9(x), f(a,)) + dof (ay), FO) + (LF O,), 80). 
Using (2) and definition of g, 
d(g(x), g(y)) < 6/3 + €/3 + €/3=6, Vn > m= max (m, m,N) 


Thus d(x, y) <6 => d,(g(x), g(y)) <& Vuye A 

Hence g is uniformly continuous. 
(3) We shall now show that g is unique. Let, if possible, there be another extension h : A->Y of f to 
A such that / is uniformly continuous. 

We have for all x € A 

a(x) =f (x) = A(x) 
and forall x € A 
2(x) =f (x) = h(x), by taking limits 
Hence g(x) =h(x), Vx eA 
This shows that g is unique. 


4.1__Banach Fixed Point Theorem 


Definition. Let (X, d) be a metric space. A mapping /: X > X is said to be a contraction mapping, if 
there exists a positive real number @ with a <1, such that 

d(f(x), f(y) <a d(x, y), Vxy eX 
we observe that, applying /'to each of the two points of the space contracts the distance between them. 


Obviously fis continuous. 
x, 


Example 34. If x = {x,} €/, then f(x) = {+} is a contraction mapping on /,. For if y = {y,} is 


any other point of /,, then 


2\¥2 
-($(%-m)] =1 
af), ro-[E(3 | 5 Ae 9) 


Example 35. If f(x) =x?,0<.x< =. Then fis a contraction mapping on [0, 7 with the usual 


wl 


metric d. 
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AL(), £Q)) = A(*, y°) =|x° — y? |=|x—yl]xty|<Zix-y| 


A L(x), £0) <3 d(x, ») 
Definition. A point x € X is called a fixed point of the mapping f : X > X, if f(x) =x. 


Theorem 17. Banach fixed point theorem. Any contraction mapping f of a non-empty complete 
metric space (X, d) into itself has a unique fixed point. 

For all x, y € X, we have d(f(x), f(y)) < ad(x, y) fl 
for some a@,0<a<l 

This implies that fis continuous. 


Now choose any point x) ¢ Y. Let us define a sequence {x,} by 


X, = f(Xq), X2 = £4), Maa = I (Xj) 
Then 


x, =f"(%), VneNn 
We shall show that the sequence {x,,} is Cauchy. For each positive integer n we have 
AX, Xnet) = ML na), Lp) $ CX, Xp) 


<@ A(X, 9+ Xp) 


3 
Sa" d(X)-3, Xn-2) 


<a" d(Xxo, 4) aif 


tw 


By triangle inequality, we have for n > m 


oa 
A(X» Xn) SAX Xs) + Ans ts Xnea) + oe + (Kya Xp) aa 
<a” d(xo,x,) +a" d(xp,x,) +...+.a"! d(x, x) 4 
=a" [ltatar+...ta™ "| d(x, x) e 
a” (l-a"") = 
= l- d(Xo, X1) Pa} 

£ Ae) 0, as m > 00 [ea<]] 

He 


Hence {x,} is a Cauchy sequence, and X being complete implies x,, > x, for some x €Y. 


Since fis continuous, therefore we have 
F(x) = f(lim x,) = lim f(x,) = lim x,,) =x 
n> n> n> 
Hence, 


f@)=x 
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To prove uniqueness, suppose f(y) = y, for some y ¢ X’ then 


d(x, y) =d(f(x), f(y) < ad(x, y) 
Since a <1, and d(x, y) 2 0 therefore we must have 
d(x, y)=0, ie. x 


EXERCISE 


1, Let {x* } bea sequence in H,,( H,, as defined in Q. 9 Exercise, p. 716). Let x = {x,,} € H,,, then prove that {x*} 


converges tox in H,, ifand only if lim ae =x, VneN 


kon 


(Hint: Here d({x,}, {¥,}) = 2 —* 
nai 


7 > |x, 1S1, |y, |<1, VaeN, suppose fim x, =NXewv in: 


ee 2 
Choose a positive integer m such that aE < ¢/2. Show that 3 a positive integer m, such that if 


n=m+1 


ea Ces 
k>m, then ¥ Ha s*al copa 


n=m+1 


Deduce that if k 2 m, 


d(x",x)<eé 
For the converse note that 
k 
mo [xk x x _ 
d(x*,x)= 2 Vail D3, e/2 : Vn>=m) 
n=1 n=l 
2. Let lim x, =x, and lim y,, = y, where {x,} and {y,,} are sequences of real numbers in the metric space (X, d) 


n> now 
and x, y € X. Prove that the sequence of real numbers {d(x,,, y,,)} converges to the real number d(x, y). 


[Hint: d(x,, ¥,) < d(x, x) + d(x, y) + d(y, ¥,)]- 


Show that a Cauchy sequence is convergent <> It has a convergent subsequence. 


- 


Prove that if (X, d) is a complete space, and each x € X isa limit point of X, then Y is uncountable. 


uw 


Give an example of a complete metric space (X, d) and a sequence of non-empty closed sets {4,} in X with 
A, 3 Ay > 3... D A. Such that A,=¢ 


[Hint: The space R of real numbers with the usual metric is a complete metric space. Consider the sequence of 
closed sets 


A, =[00LneN, 0, 4,= 4) 


6. Give an example of a homeomorphism /: X — Y anda Cauchy sequence {x,} in X for which {f(x,,)} is not 
Cauchy in ¥. 


[Hint: Let X = W5.z) with d the usual metric and d’ the discrete metric. Then the identity function 


I: (X,d)— (X, d') is a homeomorphism, but the Cauchy sequence {I/n} in (X, d) has its image {I/n} in 
(X, d') which is not Cauchy]. 
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7. LetYand Y be metric spaces and A be a non-empty subset of X. [f/and g are continuous function from.V into Y such 
that (x) = g(x), for every x in A, show that f(x) = g(x) for every x € A. 
5. Let be a continuous real-valued function defined on R which satisfies the functional equation fx +) =x) +fly). 
Show that the function must have the form f(x) = mx for some real number m. 
9%. Let {x,} eh. Prove that fdefined by f{x,} = L a,x,, a,,'s are real numbers, is a continuous real-valued 
n=l 


function on /,. 

10. Let be a real-valued function on a metric space Y. Prove that fis continuous on Y if and only if the following sets 
{x sfx) <e} and {x : f(x) > c} are open in ¥ for every ce R. 

!l. Let (X, d) be a metric space such that d(x, y) <1, Vx,» ©, and let {x,} be a sequence in X, 

If (x) = {d(x, x,,)}, x €X, then prove that 
(), fisa continuous function from XY into H_,. 
(ii) Ifthe range set of {x,,} is dense in_X, then fis one to one. 

2. Give an example ofa function f : XY — Y whichis one-to-one onto Y and continuous on.Vbut nota homeomorphism. 
[Hint Let X = [0, 1] and let d be the usual metric and d' the discrete metric. Then the identity function 
1:(X,d') > (X, d) is one to one continuous but not a homeomorphism.] 

13. If(X,d) isa complete metric space and if F is a family of real-valued continuous functions defined on Y such that 
the set {/(x): fe F} is bounded for every x € Y. Then there is a non-empty open set G CY, and an M>0 such 

that | f(x) |< M_ for every x €G and for every fe F. [This is known as uniform boundedness principle}. 

I+. Prove that if /: Y — Y isan isometry from X onto Y, then for every Cauchy sequence {x,} inX, {f(x,)} is 
a Cauchy sequence in Y, 

15. Prove that if the spaces (X, d) and (Y, d') are isometric then either they are both complete or neither is complete. 

16. Let (X, d) be a metric space with x) € XY. Define f : ¥ > R by f(x) = d(x, xp). Prove that fis uniformly 
continuous on Y, 

17. Let ¢:C[0,1] > C[0,1] be defined by #(/) = a J, t f(Odt, where ais a constant. 

(a) Find @ such that ¢ is a contraction mapping. 
(») Also show that for each value of a, ¢ has a unique fixed point. 


!S. Prove the ‘converse’ of the Banach’s fixed point theorem: if for each non-empty closed subset 4 ofa metric space 
X, and for each contraction mapping f : A > A, fhas a fixed point, then Y is complete. 
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5. _COMPACTNESS 


The concept of compactness is an abstraction of an important property known as ‘Heine Borel Property’ 
posed by subsets of R which are closed and bounded. Heine Borel theorem states that if / CRisa 


closed interval, any family of open interval in R whose union contains / has a finite subfamily whose 
Compactness is concerned with covering the sets by open sets. Before defining compactness we need 
the following definitions. 


Definition. Let (X, d) be a metric space. A family of subsets {4,} in X is called a cover of any subset 


AofXif Ac U A,A, A is any non-empty index set. If each 4, @ € A is open in_X, then the cover 
aed 


{A} is called an open cover of A. 
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A subfamily of the family {4,,} which itself is an open cover is called an open subcover of A. If the 
number of members in the subfamily is finite it is called a finite subcover of A. 
Definition. A subset A of a metric space (X, d) is said to be compact if every open cover of A admits 
of a finite subcover, i.c., for each family of open subsets {G,,} of X for which U G,>4, there exists 


n ach 
a finite subfamily say {Gu,, Ga... Ga,} such that Ac U Gzg,. 
= i=l 


A metric space (X, d) is compact if X is itself compact, i.e., for each family of open subsets {G,} 


of X for which U G, = X, there exists a finite subfamily (Ga; 21 = 1, 2,...n} such that 
aen 


ILLUSTRATIONS 


!. Any closed interval with the usual metric is compact. 
2. The discrete space (X, d), where X is a finite set, is compact. 


3. The space (R, d) where R is the set of reals and d is the usual metric is not compact, for the 


” 
cover {]-”,n[:2€N} is such that U ] =n, [= R, which do not have a finite subcover. 


n=l 


Example 36, Prove that the open interval ]0, I[ with the usual metric is not compact. 


n=2 


| a 
a The family of open intervals {E. i in=2, 3} is such that U i 1[ =]0, I[. Therefore 
n 


| 
tf: i in=2, au is an open cover of ]0, I[, which has no finite subcover. 


Example 37. Let Y be an infinite set with the discrete metric. Show that (X, d) is not compact. 
m Foreach x €X, {x} is open in XY 


Also U {x} =X 


vex 

Therefore {{x}:x © X} is an open cover of X and since X is infinite, this open cover has no finite 
subcover. 
Theorem 18. Every closed subset of a compact metric space is compact. 


Let (X, d) be any compact metric space and F be any non-empty closed subset of Y. We shall show 
that F’ is compact. 


Let {G, :@ € A} bea family of open sets in X such that 


OY Gast 


aed 


Then (U Gz) U(X — F) isan open cover of ¥ and by compactness of X, it has a finite subcover, 
aed 
say, 
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Ges Gays Gays X ~ F 
U Ga, U(X - F) = X 
i=! 


or U Gg, 2 F 
Hence F is compact. 


Note: This theorem shows that each closed subset of a compact metric space is compact. On the real line the closed 
set N is not compact in R. Also the closed set F = J0, 1[ is not compact in (X, d) where X= ]0, 2] and dis the usual 
metric. Observe that in these examples the space is not compact. 
Theorem 19, Every compact subset F of a metric space (X, d) is closed. 
Let F be any compact set. To prove that F is closed we shall show that F is open. 
Let yeF* and x €F then x#y 
d(x, vy) >0; let d(x, y) =r,, Then the open spheres Si, (x) and Si) are such that 
5S, (x) fa) 51.09) =¢ 


For if z belongs to both SiQ) and Si), then 


i 1 

Mzx)< 5h, and d(z, N<5h 

and by the triangle inequality 
| 1 
d(z,x)< d(x, 2z)+d(z,y)< 3% + 3h =r, 
which contradicts the fact that d(x, y) =r. 
Now consider the collection {S,, (x): x € F} of open spheres of F. This collection is such that 
dy 


VS, (BF 
xeF 2'% 
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Since F is compact, there exists a finite number of open spheres, say, 
Si, (x), Si, (x), K, Si, (x,) 
2" 2x 2!Xy 


such that 
n 
ra 5,2) aF 
n 
Let A, = Si. (y). The set A,, is an open set, being the intersection of open spheres, containing y. 
Mjst TG : 


Since Si. (x) OS, (v) = ¢, for each i, therefore we have 
3x4 Hxy 


Si, GAA, =o 
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And so (v Si, OP) A =O 
Ee) eed . 


This implies 
FO A, =@, or A, Cc F‘ 


Now UV, Ay= F* and each A, is open, therefore F° is open and hence F is closed. 


yer 


Note: The converse of the above theorem may not be true. For example [0, e2[, is closed but not compact. The family 
of intervals {[0, n[:€N} is such that each set [0. n[ is open in [0, ce[ and 


y [0 nf = [0, of. 


This family is an open cover of [0, o>[, which has no finite subcover. 
Moreover, ifa set in any metric space is not closed then it cannot be compact. This can be seen as follows: 


Let A be any non-closed set in any metric space (X, d) and let a be a limit point of A which is not in A. Then the family 
of sets 


(X = Sy, (a):n=1, 2, 3,...} 
is an open cover of A for which there is no finite subcover. Hence A is not compact. 


Corollary. A subset A of a compact metric space (X, d) is itself compact if and only if it is closed in 
(X, d). 
Theorem 20. Every compact subset A of a metric space (X, d) is bounded. 

Suppose that 4 is compact and consider an open cover of 4 consisting of open spheres of radii—I 


dee, Ac VU §,(x) 


xeA 


Since 4 is compact, there must exist x, x)....x,, such that 


2 
ACY S,(x;) 
i=l 
Now let M = max d(x;,x;), [Sis j<n. 
Let x, y € A be any two elements then there exist elements x, and x, such that 
xe S,(x;), and ye S,(x;) 

-. By triangle inequality 

d(x,y) < d(x, x;) + d(x;, X;)+ d(x;, y)$1+M+1=M+2 
Hence 4 is bounded. 


Note: Every compact subset of a metric space is closed and bounded but the converse need not be true, which can be 
seen by the following counter example. Let Y = [0. 1]. and suppose (Y. d) is a discrete space. Then the set 


Ail 3, $0) is closed because every point of 4 is a limit point of 4, it is also bounded because d(x, y) < 1. for 
1 


1 
x,y €A andso d(A) <1. But the open cover {s (2) = (i does not admit of a finite subcover. Hence 4 is not 


compact. 
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Theorem 21. Heine-Borel theorem. Every closed and bounded subset of the real line is compact. 

Let 4 be any closed and bounded subset of R. Since 4 is bounded there exist real numbers a and 4 
such that A C[a, b]. 

A being a closed subset of R, it is a closed subset of [a, 5]. Now since every closed subset of a 
compact metric space is compact therefore it is enough to show that [a, b] is compact. 

Ifa = b, there is nothing to prove, so we assume a <b. If possible, let [a, 5] be not compact, then 
there exists an open cover {G,,} of [a, b] which has no finite subcover. 


a +h 
| 


Let a, =a, b, =b and ¢, = 


So [a, b] =[a,,b,] =[a,,¢,] Ue). by]. 
At least one of these intervals in the union cannot be covered by a finite subfamily of {G,}. Let 
[a3, b,] denote one of these intervals with this property. Thus [a,, b,] € [a,, ,], and b, — a, = 16, ~<a); 


ay +b, 
= 


Let c, = 


Therefore [a,, by | =[a3, cy] U [cy, b, |. As before at least one of these intervals in the union cannot 
be covered by a finite subfamily of {G,, }. Denote that interval by [a,, );]. Then, 


[a;, 3] Cla, by] Cla, bj], and b; — a; = L (b, — ay) = i, (b, — ay) 


Continuing this process, we obtain a sequence {[a,,,, ]} of closed intervals such that each interval 
[a,,, 6, ] cannot be covered by a finite subfamily of {G,,}, and 


[Git Pilla, bb YneN 


F | F 
with b, — a, = Snet (b, — a,) which tends to zero as 77 tends to 0, 


Le, dia,,b,)=la, —b, 130, as ne, 


n? 


Since R is complete, and {[a,,,b,]} is a non-empty decreasing sequence of closed subsets of R 
such that 


d({a,,b,]) 4 0, as n> e% 
Therefore, by Cantor's intersection theorem 
 [a,,,] contains exactly one element say x. 
n=l 
ie., xef[a,,b,], Vn, and [a,,b,]¢ [a,b] [a,b], Vn bly 


And so x €[a,b]. Now since {G,} is an open cover of [a, b], therefore x eG, for some a, 
where 


G,, is open in [a, b]. 
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This implies 
G, =H [a,b], where H is open inR 
Now x€G, >xeH 
But H is open in R. Therefore there exists an open sphere 


S.(Qx)=]x-éx+eLe>0 
such that 


xel]x-é&x+eE[CH ty 
; 1 
Since b, - a, =>— (h — 4,) > 0, as n> 0 


an 


Therefore, for above € >), there exists a positive integer ny such that 


b, —a,<€ Vn2No 


In particular, 


Dag — Ang 


ng? In) GLX EX +E [ CH, by (1) and (2) 
H 


| cla, bj, and Langs b, 1S 


<é 
Therefore [a 


1D, 


Now [a, hn 


ao 
Therefore Langs Ong | S'Gry hel [a,,). by] is covered by a single set G, of the cover {G,,} which 
contradicts the fact that [a,,.. Dj] is not covered by any finite subfamily of (G,,}. Hence our assumption 


that [a, b] is not compact is wrong. Thus [a, 5] is compact. 


Note: Converse of Heine-Borel theorem is also true. If 4 is a compact subset of R, then 4 is closed and bounded. 


Let A be a compact subset of R,and U ]—n,n[ =R 2 A. So there exists positive integers m,, 2y,..., , Such that 
I 


n= 
k 

U )-n,n; [2 A. Take 

isl 


m= max (1), Mg,...,), then AC] —m, nf. 


Example 38. Consider the bounded set 4 = ]0. 1]. A is not closed. Since 0 is a limit point of A which 
does not belong to 4. Let G = {]I/n, 2[ ; 2 € N}. Gis an open cover of A and there is no finite subset of 
G which is a cover of A. 


Example 39. Let A =[0, 09], A is a closed set, but it is not bounded. Consider the family of the sets 
G=({\n-2,n[:neEN}. 
G is an open even cover of A. But G has no finite subcover for 4. 
Remarks: 


1. Heine-Borel theorem does not hold in a general metric space as can be seen by the following example: 
Let (XY, d) be the discrete space and X is infinite, V is bounded as the distance between any two of its members is 


at the most one, Y being the whole space is closed. Also for € = +, 
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S,(x) = {x}, x € X so X = os S,(x), 
xe 


Thus, the open cover {§,(x):.x eX} of Y admits of no finite subcover. 
Hence Y is not compact. 


However, from Theorems 19 and 20 it follows that the converse of Heine-Borel theorem is true for any general 
metric space. 


i) 


Theorem 22. Continuous image of a compact set is compact. 
Let (X,d,) be a compact metric space and f be a continuous function from V into the metric 


space (Y,d,) then f(X), the image of V under fis compact in Y. Let {V,,} be any open cover of /(X): 
which we denote by ¥,(¥, CY), ie., each Ve is open in ¥, and 


Y= AG V,,, A is any index set 
eA 


X= f= fC Val= vf YW.) 


me N 


Since V, is open in ¥,, and fis continuous. 


f'V,,) is open in X. Hence {f~'(V,,)} is an open cover of Y. But V is compact, therefore 
there exists a finite subcover, say 


LF 'Wey)s Leg ees £ (Ween) of the open cover {f~'(V,,)} of X such that 


Let ye¥, = f(X). Then there exists an x € X such that 
y =f). 
Since xe X and X = v f'M,), «xe fUY,), and hence x € f'(V;, ), for some 
i= - i=l cl 


or f(x) €V,,,. for some i 
ie. y €\,, for some i 
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*s {Vee Ycy+++» V,,} isa finite subcover of the open cover {V,,} of Yj. Therefore, ¥; is compact. 
If fis onto then Y¥, = Y, and so Y is compact. 
Example 40. Let A be a non-empty compact subset of a metric space (X, d) and let F be a closed 
subset of Y such that A. F = @, then d(A, F) > 0. 
a = If possible d(4, /) = 0. Since the function x > d(x, F) is continuous on A, and A being compact 
implies d(x, F) assumes a minimum value for some x € A, say Xp. And so 
d(Xxy, F) = d(A, F) = 
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This implies xy € F = F 
Hence xy € AN F, i.e. AM F #@, which is a contradiction. 


5.1__Compactness and Finite-Intersection Property 


Definition. A family of subset of a non-empty set Y is said to have the finite-intersection property 
(FIP) if every finite subfamily has non-empty intersection. 


Ex. The family {{ — 1, ]: 2 €N} of closed (intervals) subsets of R has the FIP. 
Theorem 23. The metric space (X. d) is compact if and only if every family of closed sets in (X, d) 
with the FIP has non-empty intersection. 


Let (X, d) be compact, and let {F,} be any family of closed sets in (Y, @) with FIP. If possible, let 


bay F,, is empty, then on taking complements inY, we get 
ae! 


w Fak 


aeA 


Thus the collection {F,} of open sets, being complements of closed sets F, in (X, d), is an open 
cover of the compact metric space Y ; which has a finite subcover say Fay, Fy, KR, 


ae UF, =X 
i= 
Taking complements 
O Fy, =9 


i=l 


which is a contradiction to the fact that {F,} has the FIP. Hence ay F,, is non-empty. 
aes 


Conversely. suppose every family of closed sets in (Y. d) with the FIP has non-empty intersection. 
In order to show that (X, d) is compact, let {G,,} be an open cover of Y. Then U G, = X 
aeX 
Taking complements 


n Gi=$ 


ae 


Therefore {G¢} isa family of closed sets in Y, whose intersection is empty. Therefore, by hypothesis 


this family does not have the FIP and so there exists a finite subfamily, say Ga. Gu... Gi, Such that 


O, Gar = 9 
a ta n 
1s) [<&,] =¢6 or U Gg, = X 
i=l i= 


Hence {Go; :i=1,2,...,) isa finite subcover of {G,,}, and so (X, d) is compact. 
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Definition. A metric space (YX, d) is said to have Bolzano-Weierstrass Property if every infinite 
subset of V has a limit point. 


The space R with the usual metric does not have Bolzano-Weierstrass property for the set 
{1, 2. 3.....} is an inifinite set in R with no limit points. 


Definition. A metric space (X, d) is sequentially compact if every sequence {x,,} in Yhas a convergent 
subsequence. 
Theorem 24. A metric space (X, d) is sequentially compact if and only ifit has the Bolzano-Weierstrass 
property. 

Let (X, d) be sequentially compact metric space. Let 4 be an infinite subset of Y. We shall show that 
A has a limit point. Since 4 is infinite, we can always extract a sequence say {a, } of distinct points from 
A, Since V is sequentially compact therefore {a,,} contains a convergent subsequence {d,, }. 


Let lim a,, =a. Consider any neighbourhood S,(a) of ‘a’. Then €>0 implies there exists 
koe 


a positive integer m such that 
d(ay,a)<é&, Vk2m 
=> ay, ES(Q, Vk2m 
This implies a is a limit point of A. 
Conversely, suppose (\, d) has the Bolzano- Weierstrass property. Let {.,,} be an arbitrary sequence 
in (XY, d) and S = {x, :n €N} be its range. There are two possibilities—either S is finite or infinite. 
(/) If S is finite, then there must exist at least one number x € S such that x, =x for infinitely 
many values of 7 and so the sequence {.x,,} has a constant subsequence and hence convergent. 
(//) When Sis infinite, then by hypothesis S has a limit point say x). Therefore for each € > 0, the 
set § 1 S,,(xp) is infinite. Choose 
Xn ESAS (XM) My ESA Sy2(X), ny € SO Sy3(Xq) ++. and so on. 
Having chosen Xny,Xny+Xngree Xn Choose Xy., ESO Syys(Xq) with Mar > My. The 
subsequence {x,,} of {x,} converges to xy since X,, € 5. S),(%) which implies 
(Xn, Xo) I/k and hence (X, d) is sequentially compact. 
Theorem 25. Every compact metric space (X, d) is sequentially compact. 
Suppose 4 is an infinite subset of S which has no limit point in.Y. Then for each x € A, there is an 
€, >0 such that Se, (x) A= {x}. Otherwise x would be a limit point of 4. Clearly the family of sets, 


{Se (4): €O A} U {X — A} is an open cover of Y which admits no finite subcover, this contradicts 
the compactness of \. Hence A must have a limit point in V. Therefore by the above theorem (X, d) is 
sequentially compact. 


5.2__ Relative Compactness, ¢e-Nets and Totally Bounded Sets 


Definition. A subset A of a metric space (XY, d) is said to be relatively compact if A is compact. 
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We have seen that compact sets are always closed, so we can say that compact sets are relatively 
compact. 
e-Net 

Let 4 be a subset of the metric space (X, d). Let € be a positive real number. Then by an € -net of 
A we mean a non-empty subset B of A such that for any ae A, there exists a point xe B with 
d(a,x)<€. 


In other words each point in 4 comes within € -distance of one of the points in the set B. 


For example suppose A =R?. Then the set B = {(m,n):m,n=0,+1,+2,+3...} constitute an 


é-net for R* provided € > 


It is easy to see that a set is bounded if and only if it has an € -ner. 


Definition. A non-empty subset *A’ of a metric space (X, d) is said to be totally bounded if for any € > 0 
there exists a finite €-ner for A, i.e., if for every € > 0, there is a finite number of open spheres of 
radius € whose union is A. 
ee A=U S,(x), 
ie. Sex) 


where B is a finite € -net for A. Clearly total boundedness implies boundedness. Since a totally bounded 
set is the union of a finite number of bounded sets (open spheres). But the converse is not always true. In 
the case of Euclidean spaces the converse also holds. In general this is not so as can be seen by the 
following examples. 


Example 41. Infinite discrete space \ is bounded but not totally bounded, for it has no finite + -net, 


since 


Sy2(x) = {x}, x € X and Vis infinite. 
Example 42. Consider the space /, consisting of sequences {.x,,} of complex numbers such that 
¥ Ix, P <0, 
n= 


and the metric is defined by 


d(x, y) = X Ix, - yy, P| . where x = {x,}, y={y,} eb 
n=l 
a Let 4 bea subset of /, consisting of sequences 
e, =(1,0,0,...), e: =(0,1,0,...,0), e; = (0,0, 1,0, 0,..., 0) 
since d(¢;, e;) = V2, Vie j. therefore 4 is bounded, we shall show that 4 is not totally bounded. 


Boat. Il —— ‘ 5 7 
Observe that 4 has no finite poe for if it has, then there exists a finite set B of Y such that 
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d(e,, x) gal and de, y< el 


2 


Clearly x # y, forx=y implies by triangle inequality 


for i # j, and x, yin B 


1 1 
per 
v2 2 

So for each e, in 4 there is an x in B with the above property. Thus there corresponds an infinite set 
B, which is a contradiction to the fact that B is finite. 
Ex. Every subset of a totally bounded set is totally bounded. 


f2= d(e,, e;) < d(e,, x) + d(x, e;) < 


Note: Every compact metric space (YX, d) is totally bounded, since for each € > 0, the open cover {S,(x) :.x € X} 
of X has a finite subcover. 

Note that infinite discrete space and the set A in the above examples are not compact, 

Recall that a metric space is separable if it has a countable dense subset. We have the following : 


Theorem 26. Every totally bounded metric space (X. d) is separable. 
Since Y is totally bounded, therefore for each positive integer 7 it has a finite I/n—net,say A,,. 
Then A, isa finite set, and 
X= VU Sy,(a) 


aed, 


Let A= U A,. 4 is a countable subset of X, being a countable union of finite sets A, We shall 
! 


n= 


now prove that l is dense in VY. i.e., A = X. For this, let x be any element of Y. Let S,.(x) be any open 


es 1 : «cb : 
sphere centered at x. Choose a positive integer 7 such that —<¢, Since A, is —-net, therefore 
n n 


mex = Sy, (@) implies * € Sy,,(@) for some a € A,. This implies 


aeA, 


d(x, a) < deg 
n 


ie. d(x, a) <€, andso a€S,(x) 
Therefore S,(x) 1 A, #@, and hence S,(x) 0 A#@ 
+. x € A. This shows that 4 is a dense subset of Y. 


Corollary. Every compact metric space is separable. 


Note: However, the converse may not be true. For example (R, d) is a separable but not compact. 


The next theorem characterizes total boundedness in terms of sequences in the space, but first we need the following 
lemma. 
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Lemma. JfA is an infinite subset of a totally bounded metric space (X, d), then for each € > 0, there 
exists an infinite set BC A, such that d(B) < €. 
Let €>0 be given. For ¢/3>0, (X, d) being totally bounded, has a finite ¢/3 net, say 


{Xp Xy) 4%, }. Then 


x2 y Sya(x;) 


A= a AN S,3(x;) [te Aaa 
This implies at least one of the sets 4.9 S,.3(x;) is infinite ("A is infinite) call it B. Clearly 


2e 
BCA, and 4G) << % 


Theorem 27. A metric space (X, d) is totally bounded if and only if every sequence in X contains a 
Cauchy subsequence. 


Suppose (X, d) is totally bounded and let {x,,} be any sequence in Y. Let 4 denote the range set of 
the sequence. If 4 is finite then there is nothing to prove. Otherwise by the above Lemma 3 an infinite 
set B, c A, such that 

d(B,) <1 

Choose a positive integer m, such that x, €B,. Again by the same argument 3 an infinite set 

B, © B, such that 


dB) <5 


Choose a positive integer , >, such that x,, <B,. Continuing in this manner we obtain a 


subsequence {x,,} of {x,} such that x,, €B, with d(B,) <7 and B,,, CB, k =1,2,3.... 


We shall now prove that {x} is Cauchy. 
: ey es 1 
Let € > 0 be given. Choose a positive integer ky such that — < ¢ 
0 


. ' il 
©. For k, m2 ky we have by our construction of By'S: Xnp+Xnm, € Brg, and d(By,) < = 
0 


=> (Xp s Xm) < es <é 
ko 


=> {Xn} is Cauchy. Hence every sequence in (X, d) has a Cauchy subsequence. 


Conversely, suppose (X, @) is not totally bounded. 
Then there exists ¢, > 0, for which there is no finite &,-net for X. 


Let x, ¢X be arbitrary. Then S,,(x,) # X (for otherwise {x,} is an &)-net for). 
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This implies 4 x, € X such that 
XE Se)(X), Le. d(xy, x1) 2 Ey 
Again we have S¢y(x,) U Sey(x2) # X (for otherwise (x,,.1,} isan & -net for X), therefore there 
exists x; € X such that 


X3 € Sey (X,) U Seg (Xz) Le., d(x3, X1) 2 Ey, and d(x3, xy) 2 Ep 


Continuing in this manner we obtain a sequence {x,} in Y such that d(x,, x,,) 2 € , for n # m. 


This implies the sequence {.x,,} is not Cauchy and so it has no Cauchy subsequence. 


Note: In the metric space, totally boundedness is the property that complements completeness to guarantee sequential 
compactness (and hence compactness) as proved in the following theorem. 


Theorem 28. A metric space (X. d) is sequentially compact if and only if it is complete and totally 
bounded. 


Let (XY, d) be sequentially compact, then every Cauchy sequence {x,} in V has a convergent 
subsequence and hence it must itself converge. Therefore, (X, d) is complete. 


Again if {x,} is any sequence in Y then it has a convergent subsequence and so by the above 
theorem (XY, d) is totally bounded. 


Conversely, suppose (X, d@) is complete and totally bounded. Let {.x,,} be any sequence in Y then 
totally boundedness of Yimplies {x,,} has a Cauchy subsequence say {x,, }. But since (Xd) is complete, 
therefore the sequence {x,, } must converge and hence (Y, d) is sequentially compact. 


Example 43. The subspace Y= ]0, I[ of the real line is totally bounded but certainly not sequentially 
compact, for consider the sequence {1/n}, which has no convergent subsequence. 

Note than Y is not complete, since it is not closed. 
Example 44. A subset 4 of'a metric space (XY, d) is totally bounded if and only if A is totally bounded. 


a Let A be totally bounded. To show that A is totally bounded, it is enough to show that every 
sequence in A contains a Cauchy subsequence. Let {x,} be any sequence in A. Let €>0 be 
given. Then x, € A implies 

S23(%,) OA#G 


ie, Ja, eA such that d(a,, x,) < €/3 (1) 


So we obtain a sequence {a,} in 4, and A being totally bounded implies {a,} contains a Cauchy 
subsequence say {an}. Therefore for ¢ > 0,3 a positive integer m such that 


A(An js Qn) < €/3, Vnjn 2m Pe 5) 
By using triangle inequality and from (1) and (2), we have 
(Xn js Xing < A(X; j. yj) + A(An 5, ay) + (Ay, Xn) 
<é/3+€/3+€/3=€ Vnj,n 2m 


Hence, {x,,} is a Cauchy subsequence of {x,,}. 
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Therefore, A is totally bounded. 

The converse is obvious since A, being a subset of a totally bounded set A , is itself totally bounded. 

In order to show that sequential compactness implies compactness we need the notion of Lebsegue 
number for an open cover. 
Lebesgue number for covers 

Let {G, :@€ A} be an open cover of a metric space (Y, d). A real number A > 0 is said to be a 
Lebesgue number for the open cover {G,,} if for each subset A of Y with d(A) < A, there is at least one 


set G,, which contains 4. 


Note: Notevery open cover of a metric space has a Lebesgue number. For example, let Y= 0, 1[ be a subspace of the 
real line and {]I/n, I: m= 2, 3, 4, ...} be an open cover of JO, I[. For arbitrary 2 > 0 the set A = ]0, A/2[ is such 
that d(A) < A. But A is not contained in any of the members of the cover. Note that this space is not sequentially 
compact. 


Theorem 29. Lebesgue covering lemma. Every open cover of a sequentially compact metric space 
(Y, d) has a Lebesgue number. 


Let {G,,: @ © A} be any open cover of . Assume that it has no Lebesgue number. Then for each 


' ; | 
natural number 77 there is a non-empty set A, © X with d(A,) <— such that 
n 
A, Z Gq, for every @EA 


For each n EN, choose a point a, € A,. Since V is sequentially compact, the sequence (a, } 
contains a convergent subsequence, say {a,,}. 
Let lim An, =X 
ke 
Now since xe X = U G, implies xe G,, for some @ € A. G,, being open, therefore there is 
aeN 
an € > 0 such that 


Sz) Gy. 


For the above € > 0, an, > X, and d(A,,) > 0, as k — co implies there exists a positive integer 
ky, such that 


dn,» X) < €/2, and d(A,,.) < €/2 wall) 


key 


Let y be any element of A then by using triangle inequality, and (1) we get 


inky? 
d(y, x) <d(y, Any) + (Any, x) 


<d(A,,.)+ A(Any > x) Eg an, € Ang 


ik 
<e/2+e/2=€ 


This implies that y € S,(x) © G,. Hence A, GG, which contradicts the fact that for each 


nike 


natural number 7, A, ¢ G,,. Hence, {G,} must have a Lebesgue number. 
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We are now ina position to prove the converse of the Theorem 25, which will establish the equivalence 
of compactness and sequential compactness in metric spaces. 


Theorem 30. Every sequentially compact metric space (X, d) is compact. 
Let {G,} be any open cover of Y. Since (X, d) is sequentially compact therefore by above lemma 
{G,,} has a Lebesgue number say 2 > 0. Also (¥, d) being sequentially compact is totally bounded and 


F wen A 
so it has a finite 3 et, say {X,, X2...X,}. 


Then X =U Sj; (4;) 


- 
Now for eachi, 1 <i <n we have d(Sj,;(x;)) < a < A, and so by definition of Lebesgue number 


there exists at least one Ge; such that 


Sy3(4;) S Gg, i =1,2,.... 


This implies VU Sy3 (4%;) CU Ge 
i=l " i=l 4 
Rei; X SG 


Hence {Ga,. Gay)-++ Go, } is a finite subcover of {G,,} and so (Y, d) is compact. 
Corollary. A metric space is compact if and only if it is sequentially compact. 
Theorem 31. A metric space is compact if and only if it is complete and totally bounded. 
Follows from theorem 28 and the above Corollary. 
Theorem 32. A closed subspace of a complete metric space is compact if and only if it is totally 
bounded. 


Since a closed subspace of a complete metric space is itself complete, result follows from the above 
theorem. 


We have seen that compactness is another name of Heine-Borel Property. Our results so far establish 
the following equivalence in a metric space. 


(1) Bolzano-Weierstrass Property 

(2) Compactness 

(3) Sequential compactness 

(4) Completeness and totally boundedness. 


As a consequence of the Lebesgue covering lemma and the above corollary, we have the following 
useful result. 


Theorem 33. Let fbe a continuous function from a compact metric space (X, d,) into a metric space 


(Y,d,). Then f is uniformly continuous. 
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Let €> 0 be given. For each x in ¥, f'(S,5(f(x))) is an open subset of X containing x, being an 
inverse image of an open sphere S,,.(/(x)) in Y under the continuous function f : Y > Y. 


Therefore, the collection {/ MSL. >(/(x)))} is an open cover of XY. Since V is compact, therefore 
by the Lebesgue covering lemma and above corollary, this open cover has a Lebesgue number, say, 
6 >0. Let x, y be any two elements of Y with d,(x, vy) <6, then the set {x, vy} is a set in Y with 
diameter less than 5 and so by the definition of Lebesgue number x, y € S'S") for some x’ ¢ X 


i.e., F(X), L(V) ES eof (0), 
> dy(f (x), f(x) < 6/2, and dy(f(¥), f(x") < e/2 
By triangle inequality, 


dy( f(x). L(V) S$ dy (F(x), £0") + (FP (0), f(y) < £ RES 


mle 


Hence fis uniformly continuous. 
Aliter. 
Let ¢ > 0 be given./ being continuous on.X, implies for each x € ; there exists 6, > 0 (depending 
on € and x) such that for x’ ¢ Y 
d(x", x) <b, > dy(f(x"), f(x) < €/2 wl) 
The collection {Sj,>(x):.x €X} of open spheres forms an open cover of the compact space X, 


therefore there exists a finite subcover {S5,(x;) 4; €X,1<i <n} such that 


" 
X =U So,(%) (2) 


: =. HO} 5 . 5 7 
Choose 6 = min {2 | then 6 > 0; since each 6, > 0. 


Let x, y be any two elements of X, with d,(x, ») < 6. Then by (2), 
X €S5,9(x;) for some i. 


Therefore, using (1) we have 
d,(x, x;) < £ < 6; > dy(f(x), f(x;)) < 6/2 wit) 


Also, by triangle inequality, we have 


a 


Of. eo OF 
d(x, ¥) $ d\(x), x) + d\(x, y) < 7 +0< ms + a =6 


i 


(by the choice of 5) 


and so, again from (1) 
d(f(x;), f(y) < €/2 (4) 


From equations (3) and (4), using triangle inequality, we obtain 
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dy (F(x), f(V)) < dy (F(x), £(x;)) + a (F(x;). FQ) 
<é/2+e/2=e. 
Hence fis uniformly continuous. 


Definition. A collection F of functions from the metric space (Y, d,) to the metric space (Y, d,) is 
called equicontinuous, if for each ¢ > 0, there exists a 5 > 0, such that 


d,(f(x), f(y)) < €, whenever d,(x, v) < 6, forall x, y eX, andall feF. 


According to this definition, the functions belonging to the equicontinuous collection are uniformly 
continuous. 


EXERCISE 


|. IfA and B are two compact subsets of a metric space (X, d). Prove that 4. U B and A B are compact. 


2. IfA and B are non-empty subsets of a metric space (X, d) and B is compact. Prove that d(4, B) = 0 if and only if 
AB is non-empty. 
. Let (X, d) be any metric space and let A and B are subsets of Y. Prove that if A is closed and B is compact and 
dA, B)=0, then A B # ¢. 
4. IfA is a compact set of diameter d(4). Prove that there exists a pair of points x and vy ofA such that d(x, y)=d(A). 
5. If A and Bare disjoint compact sets in a metric space (X, d), then prove that d(4, B) > 0. Show also that there exists 
disjoint open sets G, and G, such that Ac G,, BCG). 


6, Prove that a metric space (X, d) is compact ifand only if every family of closed sets with an empty intersection has 
a finite subfamily with empty intersection. 


). If {F, :@ € A} isan infinite family of closed sets with the finite intersection property, and one of the sets of the 


family is compact. Prove that 4 F,, is not empty. 
acA 


: 11 cs : 
8. LetX={l, >}, and let dbe the Euclidean metric. Show that the set {1, pais }, is closed and bounded set in 


Leal 

23 
(X, d) but not compact. Explain why this does not contradict Heine-Borel Theorem. 

°. Show that a subspace of R” is bounded if and only if it is totally bounded. 

10. IfA is a subspace of a complete metric space, show that A is compact if and only if A is totally bounded. 

||. Prove Ascoli theorem: A closed subspace F of C[0, 1] is compact ifand only if F is equicontinuous and uniformly 
bounded. 

!2. Show that a closed subspace of a complete metric space is compact if and only if it is totally bounded. 

13. Prove that a metric space (X, d) is bounded if and only if it has an €-net, for some ¢ > 0. 

\4. Prove that boundedness and total boundedness are equivalent in Euclidean spaces. 
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15. Let (X, d) be a compact metric space and let (Y, d’) be any metric space. Prove that if /: Y > Y is one to one 
continuous and onto, then fis a homeomorphism. 

!6. Prove that the set ofall functions which are continuous and nowhere differentiable on [0, 1] isa set of the second 
category in the space C[0, 1]. 

|7. Prove that from any infinite open cover of a separable metric space one can extract a countable open cover. 

!S. Prove that a separable metric space is compact if from every countable open cover, one can extract a finite open 
cover. 

19, Let A=NXN, and set 


Fe = {(x, vy): x, y ER, and |x|>m,| y|>n}. 


(mn) = 
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Show that {F{,.)} has the finite intersection property, and further show that © {Fin,n)} = @. 
20. Show that a metric space X is compact if and only if every real-valued continuous function on X is bounded. 


21. Let X = {x:0<d(0,x) <1, andxe R? }, where 0 = (0, 0), and dis usual metric. Show that Vis closed and 
bounded, but not compact. Also show that Y is not totally bounded. 


6. CONNECTEDNESS 


So far, we have discussed the three important C’s in metric spaces viz. the continuity, completeness, 
and compactness. The fourth important C which plays the vital role as regards the separation or connection 
between the subsets of a metric space is connectedness. The word connected means not separated so let 
us first define what we mean by separated sets. 


Separated Sets 
Two sets A and B ina metric space (X, d) are said to be separated if neither has a point in common with 
the closure of the other. 


ie, AQB=¢, and ANB=¢ 

Note that if 4 and B are separated then they are disjoint since 

ANBCANB=¢, 
but two disjoint sets are not necessarily separated. For example if, 
A={x:-0<x <0}, B= (x: 0S x < o}, 

then A and B are disjoint but not separated. Clearly subsets of two separated sets are themselves 
separated. Two closed sets (open sets) are separated if and only if they are disjoint. 

If the union of two separated sets is a closed set (open set) then the sets are themselves closed 
(open). For if A and B are two separated sets such that the AU B is closed, then 


A=AN(AVUB)=AN(AVUB)=AN(AUB)=AUGE=A 
Definition. A subset A of a metric space (X, d) is said to be connected if it cannot be expressed as the 
union of two non-empty separated sets. If A is not connected, then it is said to be disconnected. 
Any discrete space with more than one point is disconnected. Equivalent definitions for connectedness 
are contained in the following theorem. 


Theorem 34. Let Y be a subset of a metric space (X, d), then the following are equivalent : 
(/) Y is connected. 
(i)) Y cannot be expressed as disjoint union of two non-empty closed sets in Y . 


(ii), @ and Y are the only sets which are both open and closed in Y . 


(i) => (ii). If possible, let Y = A U B, where A and B are closed in Yand 4 # ¢, B # ¢ANB=$¢. 
We claim that 4 and B are separated. 
ie., AQB=¢, and ANB=¢. 
Clearly YO A=A,and YOB=B (-: Aand Bare closed in Y). 
AQNB=(ANY)ABH=AN(YOB)=ATB. 


If possible, let 4 B # ¢, therefore there exists 
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yEeAnB 
=> yeéA,and ye B 
But since A=YOA 
yey 


Now y eB, yeY implies every neighbourhood of y in Y intersects B and so y € B (+. Bis closed 
in Y). 

Thus vy € 4-9 B, implies 4 4 B # ¢, which is a contradiction. 

Hence AN B = ¢. 

Thus Y is the union of two non-empty separated sets. This implies that Y is disconnected, which is 
a contradiction to the given hypothesis. Hence (ii) is true. 
(ii) = (i). If possible, let Y be disconnected, then Y = 4 U B, where A and B are two non-empty 
subsets of Y such that 

ANB=AQNB=¢ 


Clearly AA B=¢ (s ANBCANB=4) 
Now YA A=(AUB)NA=(ANA)U(BO A)=AUG=A 
[e BOA=4] 


Therefore A, being the intersection of Y and the closed set 4, is closed in Y. 
Similarly, ¥Y © B = B implies B is closed in Y. 


This gives that Y is a disjoint union of two non-empty closed sets A and B in Y, which is a contradiction 
to (ii). Hence Y is connected. 


(ii) = (iii). If possible, let there exist a non-empty proper subset 4 of Y which is both open and closed 
in Y. Then its complement B = Y— 4 in Y is both closed and open in Yand Y= AU B, 44 ¢, B# 4, 
Ac B=; which contradicts (ii). Hence (iii) must be true. 


(iii) => (ii). Obvious. 


Note: The above theorem still holds if the closed sets in (i) are replaced by open sets, that is, Y is connected if and 
only if it cannot be expressed as the disjoint union of two non-empty open sets in Y. 
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Theorem 35. A subset Y of a metric space X is disconnected if and only if Y < G, U G3, where 
G, and G, are open sets in X such that Y OG, #¢, YOAG, #9, GAG, AY=¢. 


Let Y be disconnected, then there exists a non-empty proper subset 4 of Y which is both open and 
closed in Y. This implies that its complement B = Y — A is a non-empty proper subset of Y which is both 
closed and open in Y. 


Since A and B are open in Y, therefore, there exists two open sets G, and G, in Y such that 
A=G,N¥Y, B=G,NY 
Y=AUBCG,UG, 
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Also (G,AGAY=(GAYA(G, AY) =ANB=G 
Clearly 
GAY#6G,AY#¢. [. 449,844] 
Conversely, if there exists two open subsets G, and G, of X such that 
YoG,UG, 
and (GAG, AY=¢.G,0Y4#¢G,0Y#¢ 
Then Y=YN(G,NG,)=(YAG,) U(YNG,) 
Let A=G,Y, and B=G,Y, 
then 4 and B are open in Y. 
So that Y=AUB. 
Moreover ANB=(G,AY)A(G, NY) =¢ 


Thus 4 = Y — B is both open and closed in Y. Clearly A is a non-empty proper subset of Y. 
(e 4#¢,B#¢) 


Hence Y is disconnected. 


Note: Corresponding result also holds using closed sets, i.¢., Y is disconnected if and only if Y ¢ F, U F,, where 
F, and F; are closed sets in X such that 


YNK#6YOR#¢ and RNR AY=¢ 


Remark: By the above theorem Y ¢ _Y is disconnected if there exists two open subsets G, and G, of X such that 
Y=(G,NY)U(G,NY),G, AG, CY. GaYve#¢ 
and GAY +¢. 


Then we say that {G, © Y, G, > Y} isadisconnection of Y. Note that this disconnection is not unique. It follows that 
Y is disconnected if and only if it has a disconnection. Similar remark hoids for closed sets. 


Theorem 36. Let A be a connected subset of a metric space X, and let B be a subset of X such that 
ACBCA, then B is also connected. 
If possible, B be disconnected, then there exist two open subsets G and 1 of X such that 
BCGUH,GONHOB=6,GOB=¢,and HOBO 
Now 4c B implies that Ac GUH, and GA HEB CAS 
ie, GOHOA=¢ 
Also GO A # @, for it not, then 4c G*. 


This implies that A c G° [ © G® is closed being complement of open set G] 


O.g BcG 


or BOAG=4, which is not possible. 
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Similarly, HO A # @ 
It follows that {GA A, HO A} is a disconnection of A which is a contradiction, since A is 
connected. 


Hence B must be connected. In particular, A is also connected. 


Note; Like compactness, connectedness is preserved under continuous functions. 


Theorem 37. Continuous image of a connected set is connected. 

Let f: X + Y bea continuous function from a metric space X to a metric space Y. Let A bea 
connected subset of X. If 4 = ¢, then there is nothing to prove. Let 4 # ¢. We have to show that f(A) 
is connected. If possible, let f(A) be disconnected. Then Y contains open subsets G,, G, which intersect 
(A) and are such that 


F(A) EG, UG, and G, NG, A f(A) =¢ 
This implies 
Acf'(G,UG,)=f-"\(G)uU f-\G,), and 
L(G, OG, 0 f(A) =f") = 4 
or AS f'G)Y SG), and ("GA f"(G)n A= 
( SPA) = A) 
But L(G) and f~'(G,) are both open in X, being inverse images of open sets G, and G, under 
the continuous function /- 
Also P'G)OA=fMGIO SSA) = 1G, 9 f(A) 496 
[e Ga f(A) #9] 
Similarly fMUG)AA#O 


This implies that A is disconnected, which is a contradiction. 
Hence f(A) must be connected. 
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Theorem 38. The union of two connected sets, having non-empty intersection, is connected . 

Let 4 and B be any two connected subsets of a metric space X, such that 

ANB#¢. 

Let Y= 4 U B. To show Y is connected, let D be any non-empty subset of Y which is both open 
and closed in Y. Then Dc Y = A U B implies D must intersect A or B or both. Suppose it intersects 4, 
ie, DAA#¢. Then Do A is a non-empty subset of A which is both open and closed in 4. 
Therefore Do A= A, i.e. ACD, since A is connected. Now 40 BCDAB,and 40 B+ d, 
so that D > B isa non-empty subset of B which is both open and closed in B and so DA B = B, i.e., 
BCD, since B is connected. 

Thus, Y= AWB. DWAD =D 


Hence, Y = D. It follows that Y is connected. 
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Theorem 39. An arbitrary union of connected sets, with non-empty intersection, is connected . 
Let {4,} be a family of connected sets having non-empty intersection i.e., A, # ¢. Taking 
a 


Y =U A,, the proof follows by the same argument as given in the above theorem. 
a 


Ex. 1. If {4,} is a sequence of connected subsets of a metric space X, each of which intersects its 
successor, i.e., 4, O 4,., #9, Vn EN, then show that U A, is connected. 


n=l 


[Hint: Taking B, = A, U Ay U A3...U A, we have 
a B, > A,and U B, =U A,.] 
n= n=l n=l 


Ex. 2. Show that the union of any non-empty—family {4,,} of connected subsets of a metric space 
X, each pair of which intersects, is connected. 


[Hint. Fix @, taking B, = Aay U Ag for each @, we have 
OB, 2 Aay and UV B, =U Ay.) 
a a a 
Example 45, Discuss the connectedness of the following subsets of the Euclidean space R’. 


(i) D={(x, y):x #0, and y=sin I/x} 
(ii) E= {(x,y):x=0,and -Il<y<l}UD 


. ()) DCR®, where D = {(x, y): x 40, and y= sin I/x} 
Let A= {(x,y):x>0,and y =sin I/x}, and 
B= {(x,y):x <0, and y= sin I/x} 
Then D=AUB, and ANB=¢ 
Since A=Dno {x, y):x>O0}, and 
B=Doa {x, y):x <0} 
The sets {(x, y) :x>0} and {(x, y) : x <0} are pairwise disjoint open subsets in Re. 
Obviously 4 and B are open in D and they are also non-empty, i.e., 
A#¢, Bo 
Therefore, {4A, B} is disconnection of D. 
Hence, D is a disconnected subset of R?. 
(ii) Next, we have E Cc R*. given by 
E=Dvu{(0,y):-ls ys} 
Let F = {(0,y):-Ils yl}, 
then E=AUBUF 
From the graph of y = sin I/x, it is easy to verify that 
A=AUF, and B=BUF 
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Therefore 
E=AUB 
Also ANB=F#¢ 
We now define a function / : ]0, ce[ > R? by 
f(x) = (x, sin I/x) 
The function fis continuous and the set 4, being the continuous image of the connected set 
JO, xf, is connected. So 4 is connected. Similarly the function g : ]— °°, 0[ > R° defined 
by g(x) = (x, sin I/x) is continuous. By the same argument B is connected. 
Hence, E is a connected subset of R?. 
Theorem 40. A non-empty subset X of R (with usual metric) is connected if and only if X is an 
interval or a singleton. 
Let X be a non-empty connected subset of R containing at least two elements. If possible, let ¥ be 
not an interval, then there exists a. b,c € R_ such that 
a<c<b,a,beX, but ce X. 
Then G, = ]—,c[ and G, = Jc, ©[ are two disjoint open sets in R which intersect Y (since 
a€G,OX and b eG, > X) such that 
X=(XNG)U(X NG) cG, UG, 
This shows that V is disconnected, which is a contradiction. Hence X must be an interval. 
Conversely, if V is a singleton set, then there is nothing to prove. If possible, let V be disconnected, 
then there exist two open subsets G, and G, of R such that 
XCGUGGAGAX=9,G 0X46, GAX#¢. 
Let a eG, 0 X,b €G, OX. Assume that a < b. The set [a, 5] © G, is non-empty and bounded 


above (by 4) and so it has a supremum say &. Clearly a < € <b. Now &€ ¢ G,, for ifit were in the open 
set G,, then there exist ¢ > 0 such that 


Ie-ec+ecG, 
This implies € — ¢ is an upper bound of [a, b]  G, which contradicts the choice of & as the least 
upper bound. 
Similarly € ¢G,, for if ¢ € G,, G, being open, then there exists 5 > 0 such that 
-6,€+0[cG,. 
Now we have € <b and Jé,b[ 0 G, #@ so that € cannot be an upper bound of [a,b] 0 G,, 
which contradicts the choice of &. 
Hence a,b € X,a< &<b and & ¢ X, it follows that Y is not an interval. 
Corollary. The real line R is connected. 
Since R is an interval so it is connected by the above theorem. 


Aliter. Let, if possible R be disconnected. Then there exist two non-empty disjoint closed sets A and 
Bin R such that R= 4U B. 
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Let a, € A and b, €B, a, +b, so either a, <b, or a, > b,. Without loss of generality we may 


a, +h, 
2 


assume a, <b. Let /, =[a,, 4,]. The mid-point of [a,, 5,] being a point of R belongs to 4 or 


a, +b, 
x 


to B (but not to both). In case it belongs to A, take the interval [ | and name it /, =[ay, b,]; 


a, +b, 


P 1 
otherwise we call the interval [a | as J, =[a,b,], where J, ¢ /, and b, -a, = 5h — a). 


Now bisecting /, as before and continuing the process indefinitely we get a sequence {/,,} = {[a,,, bl} 
or closed intervals such that 


La SB T..i3 7 


2 Dye DA, 


with the property that a, € A,b, € B, Vn €N; and /(/,) = 4 (b, — a,) which tends to zero as n 


tends to infinity. 
Therefore by Cantor’s intersection theorem, 


O 1, = {e} 
n=l 


ie., cel, VneNn 

Clearly c is a limit point of both 4 and B, for if ¢ > 0 is any arbitrary real number then there exists 
a positive integer mp such that 

I,cle-éc+e, Vn2zm 

This implies Je - &, ¢ + €[ contains infinite number of points Ging» 4ng.i+++ of A as well as infinite 
number of points Png: Dyes of B. So c is a limit point of both 4 and B. But A and B are closed 
subsets of R. Therefore, c belongs to both 4 and B, which is a contradiction to the fact that AO B= ¢. 
Hence R is connected. 
Definition. A real-valued function is said to have an intermediate value property if it assumes every 
value between any two of its values. 
Theorem 41. Generalized Intermediate-Value Theorem. Every real-valued continuous function f 
defined on a connected metric space X has the intermediate-value property . 

Continuity of the function /: Y > R and connectedness of X implies /(X) is a connected subset 
of R. Then from Theorem 40, /(X) is either a singleton or an interval. 

If /(X) is singleton then there is nothing to prove. Let /(X) be an interval. 

Let f(x) # f(y), x,» © X be any two values of /(X). Then either f(x) < f(y) or f(x) > f(y) 
Without loss of generality we may assume that /(x) < /(v). 

Let 4 be any real number lying between /(x) and /(v) 
ie., J(x) <A <f). 

Then, 4 € f(X) [- f(X) is an interval] 
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ie., A=f (a), for some x eX. 

Hence /has the intermediate value property. 
Corollary (/ntermediate-value theorem). If a real-valued function f is continuous on the closed interval 
[a, b]. Then f has the intermediate value property, i.e., f assumes every value between f (a) and f (b). 

This follows from the above theorem. Since the interval [a, 5] is a connected subset of R. 
Theorem 42. A metric space X is connected if and only if every real-valued continuous function { has 
the intermediate value property. 

The necessary part has been proved in the above theorem. 

For the sufficient part we shall show that if is not connected then there exists a real-valued continuous 


function which does not possess the Intermediate value property. Let Y be disconnected, then there exist 
two disjoint non-empty open sets G and H in X such that 
X=GUH 
The function /; Y > R defined by 


paya{® fxeG 
haan a ee 


does not take the intermediate value 4 at any point of X. 


rl- 


So /'does not possess the intermediate value property. However, fis continuous, Since the range 
AX) of fis the discrete space {0, 1}, therefore, a complete collection of open subsets of /(X) is given 
by ¢, (0, 1}, {0}, {1}. By definition of /the inverse image of these sets are ¢, X, G, H respectively, all of 
which are open in_X. 

Corollary. A metric space X is disconnected if and only if there exists a continuous function from X 
onto the discrete metric space {0,1}. 

This follows from above theorem and the fact that the discrete metric space with more than one 

point is always disconnected. 


6.1__Components of a Metric Space 


Definition. A subset A of a metric space X is said to be a component of X if it is the maximal 
connected subset of X, i.e., if A is connected but not contained properly in any larger connected subset 
of X. 

Thus if X’ is connected, then Y is the only component of itself. Components always exist, since 
singleton sets are connected. Moreover, in a discrete metric space V singletons are the only connected 
subsets of X, since a subset 4 of X containing more than one element is obviously disconnected and so 
the components of X are singletons. 


Properties: 

(/) Components are closed sets 

Let \’be any metric space and A be its component. By definition, 4 is a maximal connected subset of X. 
Suppose 4 is not closed, then A ¥ A, ie, Ac A. Now A, being the closure of the connected set A 


is itself connected which properly contains 4, this contradicts the maximality of A. Hence, A must be 
closed. 
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(ii) Components need not be open sets 
Consider the metric space of rationals (Q, d) with the usual metric. The components of Q are singletons 
which are not open in Q. Let Y be any subset of Q containing more than one element. Choose y, 2 in 
Y with », <y, then there exists an irrational number € such that y, <¢< yy. Clearly 
{]-~, Ef, ]é, »[} is a disconnection of Y, and so Y is disconnected. 

Hence, the only connected subsets of Q are singletons. 
(iii) Components of a metric space are either identical or pairwise disjoint 
Let A and B be any two components of a metric space Y. Then either AM B=¢ or AM B+ @. If 
AQ B = @, then there is nothing to prove. If 4 B#¢ then 4 U B is aconnected subset of X, Also 
ACAUB and BC AUB, the definition of components implies 4 U B= 4, and AU B= B and 
hence A = B. 
Theorem 43. Every connected subset of a metric space is contained in a component of X.. 

Let 4 be any connected subset of Y. Consider the collection {4,} of all connected subsets of ¥ 
containing A. 

{A,,} # @, since A itself is a connected subset of V containing 4. Let Y=UA,. 

Then Y is a connected subset of X containing A, since each A, isa connected subset of ¥ containing 


Aand 0 A, #6 (2 ACOA,). 
a a 


Moreover, Y is a maximal connected subset of X, for if Y C B, where B is a connected subset of X, 
then Be{A,} Cs ACY>SACB) and so BCU A, =Y. Thus B= ¥. This shows that Y is a 
a 


maximal connected subset of Y containing 4; and hence Y is the required component of X containing 4. 
Also components are pairwise disjoint, therefore Y is the only component of X” containing A. 


Corollary 1. Each element of a metric space X is contained in exactly one component. 
This follows directly from the above theorem since each singleton is connected. 


Corollary 2. A non-empty connected subset of a metric space X is a component, if it is both open and 
closed. 

Let A be a non-empty connected subset of Y, which is both open and closed. Then by the above 
theorem, A is contained in some component, say, B of X. To prove that A is a component of X, we shall 


show that A = B. If possible let 4 # B, then A is a proper subset of B which is both open and closed in 
B. This implies 4 = ¢ (-: B being component, is connected), which is a contradiction. Hence A = B. 
Ex. Show that the metric space if (R",d) where 
d(x, y) = max |x; — yj; | X= (Xp Xa, Ny) 
Isisn 
VY =(Hs V2 00-9 Yn) ER" 
is connected. 


[Hint: Every non-empty proper subset of R" has non-empty boundary]. 


The Lebesgue Integral 


After Riemann’s definition of the integral in 1854 its limitations became apparent. Many definitions of 
the integral for bounded as well as unbounded functions were put forward by various mathematicians. 
At the beginning of nineteenth century, the French mathematician Lebesgue introduced the concept of 
integral which widened the scope of modern analysis. 

In Riemann’s integration, the domain over which the integral is taken is divided into a partition, and 
the integral is defined as the limit of a Cauchy sum for this partition as the norm of the partition tends to 
zero. In Lebesgue integration, on the other hand, the domain over which the integral is taken is divided 
into a number of measurable sets. The integral is then defined as a limit of a certain sum taken for all 
these measurable sets as the number of measurable sets increases indefinitely. The basic distinction 
between the Lebesgue integral and the Riemann integral lies on the fact that the mode of subdivision of 
the domain of integration is different in both the cases. There are many ways to develop the Lebesgue 
integral. The development we shall give here is based on the concept of measurable sets and measurable 
functions. Let us first discuss measurable sets. 


1. MEASURABLE SETS 


Let [a, b] be a closed bounded interval in R. By length of [a, b] we mean the real number b — a. If 4 is 
any non-empty bounded open subset of [a, 5]. then the length of 4 is defined as the sum of the lengths 
of all its disjoint open intervals /,,, k = 1, 2, 3, .... 8.1. AC U I,,, and is denoted by / (4). If A, and A, 
are two bounded open sets and A, c A,, then / (A,) < (Ay). Again if B is any closed subset of the 
interval [a, b], the complement C (B) of B relative to any open subset F of [a, b] containing B is 
F — B= F (\ C(B) and is open in [a, 5]. Then length of B is defined as 
1(B)=1(F)-1(F-B) 
It is to be noted that the length of B does not depend on the choice of F containing B. 


1.1 Outer and Inner Measure of a Bounded Set 


Let A ¢ [a,b] be any bounded subset of real numbers. The outer measure of A denoted by mA, is 


defined as_m’ A = inf [(F), where the infimum is taken over all open sets F which contain 4. F being 
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open, can be expressed as a countable union of open intervals /,,, 7 = 1, 2,..., such that AC FC LE Bs 
n=l 
For each such countable collection containing 4, consider the sum of the lengths of the intervals in that 


collection. The outer measure of A is then defined as 


m A= inf LI(I,) 


ACUI, 


Itis clear that the measure of any bounded set is non-negative and finite. For an empty set @, m ¢=0, 
andif Ac B, then m® A <m* B. Moreover aset consisting of a single element has outer measure zero. 


The inner measure of A denoted by m, A is defined as 
m, A=sup 1(B) 


where the supremum is taken over the lengths of all the closed sets B contained in the set 4. Thus we 
observe that the outer measure mA is computed by open sets F which contain 4 and which come 
closer and closer to 4. 


m ASI(F) 
whereas the inner measure m, A is computed by closed sets B which are contained in A. 
m, A21(B) 
In general mm’ A #m, A. 


Definition. A set A €[a, b] is said to be measurable if m’ A =m, A. In this case we define m A, the 
measure of A as 


mA=m A=m.A 
Theorem 1. For every set A, 
m A=m A 
It suffices to prove the result if 4 is bounded. 
Let F be any bounded open set containing A. 
For any closed subset B contained in A, we have 
BOAC F 
1(B)<S1(F) 


Taking supremum over all closed subsets B contained in 4, we have 


sup | (B)<1(F) 
BoA 
Again taking infimum over all open subsets F containing A 
sup /(B) < inf 1(F 
sup (8) < inf 1(F) 


Le, 


mASma., 
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Theorem 2. If A c[a,b], then 


mA+m. C(A)=b-a 
where C (4) = [a, b] — A is the complement of A relative to a, b]. 


Let F be any open subset of [a, 5] containing 4, then C (F) c C (A). By definition it follows that 
m, C(A) 21 (C (F)) 
Adding / (F) on both sides, 
1(F) +m, C(A) 21(F)+1(C (F)) =(b—-a) 
Taking infimum over all open sets F > A 


m A+m,C(A)2(b-a) «A b) 


Now if B is any closed set such that B C C (A) and C (B)> A, then by definition it follows that 
m A<1(C(B)) 
Adding / (B) on both sides, we have 
m A +1(B)<1(C(B)) +1 (B) =(b—a) 
Taking supremum over all closed sets BC C(A) 
m A +m, C(A) < (b-a) wi(2) 
From equations (1) and (2), we have 
mA +m, C(A) =(b-a) 
Corollary. Asubset A C[a,b] is measurable if and only if 
mA +m’ C(A) < (b-a) 
For any set A C[a, b], 
m' A +m, C(A) =(b—-a) 
Interchanging 4 with C (4), we have 
m> C(A) + m, (A) = (b-a) en( 1) 
If A is measurable, then 
mA=m,A=mA wesley 
From equations (1) and (2), we get 
m C(A) +m A=(b—a) 


Hence, the condition is necessary. 
Given 


m A+m C(A) < (b-a) wif 
Subtracting (1) from (3), we get 
mA-m,A<0 
> mA<m.A 
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But m, A <m’* A, Hence, m, A =m" A= A is measurable. 


The above result being symmetric in 4 and C4 implies that CA is measurable whenever A is measurable. 
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Ex. 1. A necessary and sufficient condition for a set A to be measurable is that for each € > 0, there 
exists an open set F > A and a closed set BCA with FD ADB such that mF —-mB<e., 
Ex. 2. If A, and A, are subsets of [a, 5], then 

m' A, +m’ A, =m" (A, U Ay) + a (A, 1 A) 


and 
m,A, +m,Ay <m.(A, U A,) +m. (A; 1 A>) 
[Hint: If F, and F, are any two open subsets of [a, 5] containing A, and A, respectively, and 
FURDAUA, AR 24, MA), then 
(A) +1(K) =F UR) +R NF) 
and for each € > 0, mA, + €>1(F,)] 
Theorem 3. Jf A, and A, are measurable subsets of [a, b] then both A, U A, and A, 1 Ay are 
measurable and 
mA, +mA, =m (A, U A.) +m (A, 1 Ad). 
Now A,. A, being measurable, 
m’ A; =m,A, and m’ A, = m,A, 
Thus mA, + mA, =m’ A, +m’ A, =m (A, U Ay) + (A, 1) Ap) 
>m, (A, U A,) +m, (A, 1M AQ) 
and m, (A, U Az) +m, (A; 1) Ay) 2 mA, + mA, 
(using Ex. 2 and the relation of inner and outer measure). 


This implies that 
m’(A, U Ay) +: (A, 1 Ay) =m,(A, U Ay) +m, (A; 1 Ay) 


or m' (A, U A) —m,(A; U Ay) = m.(A, 1 Az) — m0 (A, 7) Ad) (1) 
But 
m’ (A, U A) 2 m.(A, U A) 
m.(A, () Ay) — mt (A, 1) Ay) 20, [from (1)] 
Again 
m,(A, 1 Ay) Sm (A; 1 Ad) 
ue m,(A,; 1) A3) =m (A, 1) Ay) 
=> A, [1 A, is measurable. 
From (1) 
m'(A, U A,)—m,(A, U Ay) = 0 
=> A, U A, is measurable 
and 


mA, +mA, =m(A, U A,) +m (A, 1) A3) 
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Ex. 3. If A, and A, are measurable subsets of the closed interval [a, b], then A, — A, is measurable 
and if A, ¢ A, then m(A, — A,) = mA, —mA,. 
Since A; — A, = A; 1 C (Aj) and 4,, A, being measurable, A; — A, is also measurable. Now if 

A, cA, then A, = A, U(A; — Ay) and m (A, 1) (A, — A,)) =m (¢) = 0. Since 43, 4, — A, are 
disjoint. 

mA, =m (A, U (A, — A,)) +m (A, 11 (A, - A2)) 

mA, = mA, +m(A, — A) (by Theorem 3) 
or 

mA, — mA, =m (A, — A;) 


Theorem 4. If A,, A,,..., A, are pairwise disjoint measurable subsets of [a, b] then U A, is 
n= 


measurable and 


n( i 4,] = x mA, 


n=l 


Let € > 0 be given and F,, n= 1, 2, 3, ... be a class of open subsets of [a, 5] such that A,  F, 


and | (F,) <m' A, + =. 


The set U F. 


», is an open set containing U A, 
n=l ae 


w'(O a Jei(O r,)s x l(F,)< y (wa, +4)- Em’ A, +é 


n=l n=l n=l n=l n=l 


Since & is arbitrary, we have 


Also 


86 N N N 
mo A, )2m (i A,)2 x m, A, -—m, (i A,] 


n=l n=l n=l n=l 


Since A,,n=1,2,... are pairwise disjoint, 


Letting N tend to infinity, 


4D 
> 
I 
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Also 
mA, =m A, =mA, for n= 1, 2, 3, ... 
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n=l n=1 


x mA, Sm, (a A, ) sm (i A,) =< y mA, 
This implies 


m, (a A, }=m (i A,)= y mA, , 


n=l n=l n=l 


Corollary 1. If A,, = 1, 2, 3, ... are measurable subsets of [a, 6] and if A; C A;,, for all 


i+1 


i(A;,, © A; for alli) then U A, (A A,) is measurable and 


n=l n=l 


m( 0 A.) lim malm( A A,|= lim mA). 
n=l = n=l neo 


The sets Ay, (Ay — A,), (Ay — Az). 25 (Anat — A,) are pairwise disjoint and measurable. Also 


U A, = 4, U (A, ~ 4) U(4s ~ A) U--U(4, ~ Ay) 


n=l nel 
i fa UU (Ain - a)}=may +2 mAs - A) 
i=l i=l 
n=l 
=mA,+ (m Aig — A.) =mA, 
i=l 
Letting 7 tend to infinity 


m (i A,| = lim mA, 
1 


n= n> 


Now for each n € N, C (A,) is measurable and mC(A,,) = (b—a)—mA,,. 
If Aj,; © A;, then C(Aj41) >C(A;), hence 


m Uc (40] = lim m C(A,) =b-a— lim mA, 
one 


n=l ne 


= U C(A,) is measurable 
n=l 
But U C(A,) is the complement of A An. 
n= n= 
Hence, q, A, is also measurable, and 


m(c(G,a)}=¢-a-m( 4) 
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n=l 


=> m( i 4] lim mA, 
neo 
Corollary 2. If A,, A,..., 4, are measurable subsets of [a, 5], then u A, is measurable and 
n( i A,)s y mA, 
Moreover a A, is measurable. 


[in U A, = 4, U(4z ~ A,)U(43 ~ (4, U Ay)... and AV 4y = (iG G n)] 


Before proceeding to develop the main properties of measurable sets, it is convenient to remove the 
restriction that they should be bounded. Since the outer measure has the advantage that it is defined for 
all sets, though it is not countably additive, we define the set E to be Lebesgue measurable, (more briefly 
measurable) if for each set A we have 


m'A=m'(Af) E)+m'(A() C(E)) 
Since A=(ANE)U(ANC(E)), 

m' AS m'(Af) E) + m' (A) C(EB)) 
Thus, the set Z will be measurable if for each set A, 

m' A>m'(A() E) +m‘ (AN C(E)) 
If £ is measurable then m* E is denoted as mE. 


The definition of measurability being symmetric in E and C(E), hence for every measurable set its 
complement is measurable. 


Clearly ¢ and R are measurable. The theorems which have already been proved for measurable sets 
defined on closed interval hold good for arbitrary sets, some of which are stated as under. 


Theorem 5. Jf E, and E, are measurable then E, UE, is measurable. E, being measurable, by 
definition, for each set A, 
m'A=m'(A() E,) +m (AN C(E,)) sail) 


Again £, is measurable. Thus, taking A () C(E,) in place of A in the condition of measurability, 
we get 


m (Al C(E,)) =m'(AN C(E\)N E,) +m (AN C(E,) NC(E,)) a} 
Now 
(AN E,)U(AN C(E,) N E,) = AN (EZ, U E,) asa disjoint union 
m (AN (E, U E,)) =m (AN E,) U(ANC(E,) NE) 
<m'(AN) E,) +m'(ANC(E,)N Ey) ofS) 
(by Ex. 2) 
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Using (2) in (3), we get 
m’(A(\(E, U E,)) $m" (ANE) + m' (AM C(E,) — m' (AN C(E,) 1 C (E3)) 


or m' A>m' (AN (E, U Ey) +m (AN C(E\)N C(E2)) (from (1)) 
Also m'A<m'(AN(E, UEy)) +m (AN CCE, U E3)) 
Hence m’ A= m'(AM(E, U E2)) +m (AN CZ, U E2)) 

Theorem 6. fA is any set and E,, E),..., E,, is a finite sequence of disjoint measurable sets, then 


mn [. n(o z))= 3 m (AN) E;). 
i=l i=l 


[Hint: This can be proved by induction on n and using ] 


an(o z\N E,=ANE, 
and 
n n-1 
AN (6 z,| NC(E,)=4N (i z,} [- E,are disjoint.] 


Theorem 7. For any sequence of sets {E;} 


m (i é,| < 
i=l i 


The inequality is trivial if any one of the sets has infinite outer measure. Therefore we consider the 
case in which the sets have finite outer measure. If E,'s are open then measurable (by Cor. page 789), 
and so the result follows by Cor. 2. Theorem 4. Otherwise, ref. Ex. 7, p. 797, given €> 0 J open sets 
F, such that 


Ms 


m’ (E,). 


and mF, 
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Theorem 8. The interval [a, ©] is measurable. 
In order to show that [a, “[ is measurable we have to show that for any set A. 
m'A>m'(A()]-0, al) + m'(AN [a, of) P05) 
Let 4, = Af)]-%,a[, and 4, = Af\[a, of. 


Since m*’ A= inf > /(1,), therefore foreach ¢> 0 there exist open intervals /,,,n € N, such 


ACUI, n=l 
that 
AcUI,, and m' A+e>ZI(I,) (2) 
n n=) 
Define 
7, =1,]-,a[ and "= 1, Na, »[. 
so that 
1) =1(0) + (2). [~ ]-%, a[ and [a, [are disjoint] 
Then 
4, =Af)]-,a[cU/, N]-s%,al=U(L, f]-%,a) 
ie, 4, cU(I) 
Similarly 4, cU(I,) 


Now m4, +m" A; < ¥ (J!) + ¥ 1(I") = Li(i,)<m'A+e (by i) 


oy 
i 

= 
i 

= 


Since ¢ is arbitrary, 
m Am A, +m’ A, 
Hence, [a, [ is measurable. 
Corollary. Every interval is measurable. Also every open (closed) set in R is measurable. 
2.__SETSOFMEASUREZERO__ a 
A subset 4 of R is said to be a set of measure zero if for any €> 0 there exists a sequence of bounded 


open intervals /,, /,,... such that 


@ 4c U7, 


n=l 
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From the definition it is clear that every subset of a set of measure zero has measure zero. Moreover, 


if A= U A,,, where A, has measure zero for all », then A has measure zero. 


Theorem 9, The following statements regarding the set E are equivalent: 


(i) E is measurable. 
(ii) For all ¢>0,3O—an open set, ODE such that m'(O-E)<e. 
(iii) 1G,aGs_.4,GDE such that m* (G — E) = 0, (A set G is said to be Gs if G= A G, 
each G, is an open set.) 
(iv) For all € > 0,4 F —aclosedset, FCE, such that m* (E — F)<e. 
(v) 3F,aF,-set, PCE such that m’(E — F) =0. (A set F is said to be F, if F= U F, 


each F, is a closed set.) 


(i) = (i). Let us first consider the case when mE <0. E being measurable, 3 an open set ODE. 
such that 


m O<mE+e 
m'(O- E)=m'O-m'E<e 


If mE =, let EC U I, where J,’s are disjoint finite intervals. Define E, =E(\1,, then 


n=l 
E=U E,,. For each n, E,, is measurable, belong to intersection of two measurable sets. Moreover 
n=l 


E, <1, and m(I,) <. Hence mE, <0. From the above result, it follows that, for each €>0 4 


an open set O, such that O, > E, and m(O, - E,)< Te for n = 1, 2, 3, 


o 
Write O = U O,, then O is an open set. Consider 
n=l 


am (3 Ye 19) 


(ii) > (iii). For each n, 4 an open set O, > E such that m” (0, - E)< a 
n 


Define G= ) O,; then Gisa G;-set. Since Ec O, for each n, so Ec a O, = G. Thus, 
n=l n=l 


P . 1 
m’' (G-E)<m (0, - £) <->. for each n, 
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Be m'(G-E)=0. 
(iii) > (i). Let G be a Gs-set containing E such that m*(G — E) =0 by Ex. | (page 794), G— Eis 
measurable. G being a G;-set is measurable. 


Hence E = G —(G ~ E) is measurable. 
Similarly equivalence in the remaining statements can be established. 
If m’ E is finite the above statements are equivalent to the following: 


n (n 
(v) Given €> 0, there is a disjoint finite union U J, of open intervals such that m (é vf at] <é, 
i=l = 


n n n 
where U 1ae-(U is -e}u(e- U i). 
isl i=l i=l 
The intervals J; can be either open, closed or half open but we will give the proof for open intervals. 
Suppose E is measurable then by (ii) V € > 0, 4 an open set O, O > E such that 
m(O-B) <= (1) 


mE being finite, so mO is finite, O being the union of disjoint open intervals, J;,i = 1,2, 3,...0, 
such that 


mn ( 1s 3 wh <m 
i=l i=l 
Hence, 3 a positive integer n such that 

i=nt+l i=n+l 


o sy é 
x ml; <€, iexm( U 1)<é 


[by Cauchy’s General principle of convergence for series] 


> m(o-t 1)<é 2) 
Writing U = U ie = 
ae ii 
eav=(e-Uuju(n-e)<(o-yn)ueo-2) a 
: << 
m (E av)sm{((o- U 1)u(o-8)] 3 
i=l 


<m(o- U 1) +m(0-B)<£+£e6 [from (1) and (2)] 
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Conversely, for every given set E and €>0,3 an open set O containing E such that 
m’ O<m' E +e. Now we show that m’ (O — E) < € whenever 
m{EAUL|<= 
i=l 3 
Let u =U (1,0), where 1;,i=1,2,...,m, are given open intervals corresponding to the 
i=l 
same €. 


a 
WE U ie 


i=l 


Thus, vaec(e-vju(U 1-6] 
i=l 


But e-u=£-((U.1)no| 
i=l 


g-veencouenc(t 1) 


i=l i=l 


ll 
leo] 
| 
ec 
Fina 


or 
As EGO « ENC(O)=¢ 


vaes(e-0 nju(o -£)=ea(0 i] 


=I 
Ss m’ (U AE)<m [es U 1)<é GB) 
Now EcUUU AE) 
mE $m'U +m'(U AE) <mU = [using (3)] 
a m’ E <mU = AA) 
Also O-Ec(O-U)UW AE) 


m'(O - E)<m'(O-U)+m'(U AE) <m(O-U)+ 


wo | 


[using (3)] 


or m’ (0 - E)<mO-mU += 
Also O and U have finite measure 


m'(O - E)<m'E —mU +3 [m= E+o>m o| 
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* € 2e 
m'(O-E)< es + qs [using (4)] 


= E is measurable 


Remark: The result (vi) indicates that a measurable set with finite measure may be approximated by a finite union of 
disjoint open intervals. It must be noted that the union of these intervals in general neither contains nor is contained in 
the set which we are approximating. 


3.__BOREL SETS 


A class F of subsets of an arbitrary field F is said to be o-Algebra (sigma algebra) if 
(ij) FeF 
(DBs Rigcok 


maior 


.€F 


implies rea F, € Fand F, — F, € F whenever, F,, F, € F. 


From (7) and (ii), it follows that the class F is closed under countable intersection. The o- algebra 
generated by any class of sets is the smallest o-algebra containing this class of sets. 

The Borel Sets in R are the members of the o-algebra generated by the class of intervals of the form 
[a, bf. 

The Lebesgue measurable sets form a o- algebra containing intervals because any countable union 
or countable intersection of measurable sets is measurable and AN C(A,) is measurable whenever A, 
and A, are measurable subsets of R. As Borel sets in R being the members of the smallest o-algebra 
containing the intervals of the form [a, b[ are themselves measurable. It is to be noted that every 
Lebesgue measurable set need not be a Borel set. 


4. _NON-MEASURABLE SETS 


So far we have talked about measurable sets. a natural question arises: do there exist non-measurable 
sets as well? Utilising the axiom of choice (if {F,:@¢€ A} is a non-empty collection of non-empty 
disjoint subsets of a set Y then there exists aset E Cc X containing just one element from each set F,), 
one can construct a non-measurable set as follows: 


Divide the set of all points on the circumference of the unit circle into classes, where two points lie 
in the same class if and only if the are joining them has rational length. These classes will be disjoint. By 
the axiom of choice there exists a set E on the circumference which has exactly one point in common 
with each class. The set £ constructed in this manner will be such that the arc joining any two of its 
members will be of irrational length. The set E is non-measurable. To show this, displace E along the 
circumference by the sets of the form +x, where x is any rational number. Then the entire circumference 
will be covered, because every point p of the circumference lies at some rational arc length say x from 
some point of £. Thus p belongs to E + x. These displacements of E are disjoint for otherwise if p 
belongs to £ +x as well as E +y then p will be at rational distance x from some point of E say e, which 
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belongs to one of the equivalence class say P,, and ata rational distance y from some point of E say e, 
which belongs to P, (e, # e,). This implies that p belongs to both the classes P and P, which is not 
true as P and P, are disjoint equivalence classes. Now we will show that the set is non-measurable. If 
the set E was measurable, then its displacements would also be measurable and they would have the 
same measure (see Example 5). If this measure was zero then the measure of the circumference of the 
given unit circle will be zero, because the circumference has been expressed as a countable disjoint 
union of these displacements. Hence measure of E cannot be zero. If this measure was positive then the 
circumference would have infinite measure which again cannot be possible. Thus £ is non-measurable. 


Example 1. If m’ E =0, then E is measurable. 
a _LetA be any set, then Af) EC E, so O<m' (AN E)<m E=0. 


re m'(Af) E)=0 
Also ANECE,so,0<m' (AN E)<m E=0 
ADANC(E) 7. mA>m (A[\C(E)) 
Now 
m'(A()C(E)) +m’ (AM E)=m' (AM C(E)) Sm’ A sea) 
But 


A=(AN E)U(ANC(E)) 
es m'A<m (A(\E) +m (AN) C(E)) =m (AN C(E)) a2) 
From equations (1) and (2), we get 
m A=m' (Af) E) +m (AN C(E)) 


Hence, £ is measurable. 


Example 2. A set consisting of one point is measurable and its measure is zero. 


a ___Let {x} be the given singleton set. Since xe J, = it - = xt al for all x and (J, ) = 5: - 
mt {x} = int 1(1,)=0 
=> {x} is measurable. 


Example 3. A countable set is measurable and its measure is zero. 


a Let A= U {x,} be a given countable set, then 
isl 
m A=m (i tsi} x m' {x,}=0 [by Example 2] 


Note: From the above example, [0, 1] is not countable, since m’ (0, 1] =1#0, however, one should not conclude 
that the sets of measure zero consist only of at most countable number of points. Indeed we have the following example. 
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Example 4, There exist uncountable sets of measure zero. 


= Let us construct the Cantor sets by dividing the interval [0, 1] into three equal parts by the points 


i 2 
and remove open interval k “| from [0, 1]. Then dividing each of the remaining closed 


i2 
373 303 


1|.|2 V2 1 
intervals [2 i} [2 1 into three parts by the point 9°90 for the first interval [2 ;] and by the 


78 2 i a 7 8 
points 9°9 for the second interval 3 1] and remove the middle open intervals 9° of for ol” 


Next divide each of the remaining four intervals into three equal parts and remove the middle 
intervals from these. Continue this process indefinitely. By this process we remove an open set G, 


from [0, 1], the set G, is the union of a countable family of open intervals, i.e., 


0 1/9 29 «1/3 23 «2/3 8/9 1 


ofl balY Bal ~ 


The complement of G, in [0, 1] is denoted by P,. Clearly the set P, is the set of all those points 
which are left after deleting the intervals, i.e., P, is thei intersection of all the closed intervals which are 
left after each iteration. 

The set P, is an uncountable set. Let, if possible, P, be countable. We enumerate the points of P, 
by x,,i=1, 2,...00.. Let the ternary representation (i-e., expansion in the scale of three of the form 


q, 
Zz where each a, is either zero or two; see also the note) of the points of P, be denoted by 


x, = 0a, a,. 4,3...,i =1, 2, 3, ... 


i 2 


where a,, =0 or 2. S 
Now we construct a point oc 

y =0.,b,b, ... ys 

where b, =0 if a, =2 & 
i= 192; Bias = 

i‘) 


=2 if a4, =0 
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Since b,’s are either zero or 2, therefore the new point y constructed as above which is different 
from x, for any i, belongs to P, which contradicts the fact that the set P, is countable. Hence the set 
P, is uncountable. Now 


WG) ane Poe = 
3 9! ° QT 


Hence, the uncountable set P, has measure 
m(P,) = m({0, 1] -— G,) =0 
The sets G, and P, are called Cantor Sets. 


Note: Let x= ie P,. Then by the ternary representation of x (i.e. expansion of x in the scale of 3) we mean 


2 
2 2s l= on = 
Oi ar 3 3? By che ee es 
Similarly, 
Bo Bei 2 2 p= oar) 
a # 


Example 5. Show that for any set A, m’ A= m' (A+ x). where 


A+x={y+x:ye A} 
es LetAc U I,; then for each € > 0, we have 
n=l 
mA+Eé2 y 1(1,) 
n=l 


Also A+.x¢ U (I, + x). Thus for each € >0, 
m (A+x)< i 11, +x) = ps 1(U,)<m'A+e 
€ being arbitrary, 
m(A+x)<SmA sealed) 
Writing A = A +x —x, from (1), it follows that 
m A=m (A+x)—x)<m (A+x) Be 7) 
From (1) and (2), we get the desired result. 


Example 6. If A is measurable, then for each x the set A + x ={y + x: ye A} is measurable, and the 

measures are the same. 

= As A is measurable, by Theorem 9, for each € > 0,4 an open set O, ODA such that 
m' (O — A)<e. The set O+x is openand O+ xD A+xX. 


The Lebesgue Integral 


Moreover (O + x) —(4 +x) =(O-—A)+x 
and 

m (O- A)=m' ((O— A) +x) <€ 
=> m (O+x-(A+x))<e 


Hence 4 + x is measurable 


Example 7. Show that, for any set A and any € >0,4 an open set O such that ACO and 
mOsm A+e 


a Let J,,n=1,2,3,... be open intervals such that 
Ac U i 
By definition, 
m A= inf, x 1(1,) 
Hence given € > 0, J intervals /,, n= 1, 2,3, ... such that 


m Az x 1.) ~ = 


1f 1, =[4,,6,[, and 1 = Ja, -€/2"',b, +¢/2""[ so that AS UT, . and if O= U 2; then 
O is open set. 


mos d1ry=S10,)+tesmAtrteste 
n=l 2 2) A 


m O<m Ate. 


5. MEASURABLE FUNCTIONS 


As already discussed in the chapter on Riemann integration that if a function fis either continuous or the 
set of limit points of discontinuities of f is finite then fis integrable. We shall see that a function may be 
Lebesgue integrable on [a, 5] even if this might not be the case. In fact, a much less restrictive condition 
than continuity viz. measurability is needed to ensure integrability of f on [a, b]. The definition of 
measurability of functions applies to both bounded as well as unbounded functions. 


Definition. Let f be a function defined on [a, b]. We call f to be a measurable function if for each 
a@eR, the set {x: f(x) > @)} is a measurable set, i.e., f is a measurable function if for every real 
number @, the inverse image of |e. oof is a measurable set. As |e. of is an open set and if f is 


continuous, then the inverse image under fof le. oof is open. Open sets being measurable, hence every 
continuous function is measurable. 
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Theorem 10. The function f on [a, b] is measurable if and only if any one of the following conditions 
hold: 


(i) {x: f(x) > a} is measurable set for every real a 
(ii) {x: f(x) 2 a} is measurable set for every real a 

(ili) {x: f(x) < @} is measurable set for every real a 

(iv) {x: f(x) $ a} is measurable set for every real a 

Suppose fis measurable, then by definition, the set {x: f(x) > a} for every a € R is a measurable 
set. The set {x: f(x) < 01} is the complement of the set {x: f(x) > o} in the space of all measurable sets, 
and the complement of a measurable set is measurable. Therefore the measurability of the set 
{x: f(x) > &} implies the measurability of the set {x: f(x) < a} ie., (i) = (iv). 

Again (i) > (ii). Since f is measurable, and @e R then each of the sets {x: f (x) > @ -1/n}, 
n=1, 2, ... is measurable and {x: f(x) 2@}= A {x: f(x) > @—-1/n}. This being the arbitrary 
intersection of measurable sets is measurable. 

(i) > (iii). Because the set {x : f (x) < @} is the complement of the set {x: f(x) 2 @} and the 
set {x: f(x) 2 a}= nN {x: f (x) > @—1/n}. Therefore measurability of (i) implies measurability of 
(iii). te 

(iii) => (iv). Since the set {x: f(x) <a@}= nN {x: f(x) <a@+l/n} and each of the sets 
{x: f(x) <a@+l1/n} is measurable. The set (x77 @ >a} being the complement of the set 
{x: f (x) <a@} and {x: f (x) <@} is measurable because (iii) holds. 

(iii) > (i). Now for each n, the set {x: f(x) >@-—1/n} is the complement of the set 
(x: f(x) S$a@—-1/n}, and {x: f() 2a)= 4 {x: f (x) > @-1/n} is the complement of 


U {x: f(x) S$ a@—-I/n} ={x: f(x) <a}. 
Hence any of these conditions may be used to define measurability of functions. 


Theorem 11. If fis measurable then | f | is measurable. 
Since the set {x:|f (x)| < a} ={x: f(x) < @} M{x: f (x) >- @} and each of the sets 


{x: f (x) < a@}, {x: f (x) >- @} is measurable. Hence \f| is measurable. 


Theorem 12. If fis a measurable function on [a, b] and k € R, then f + k and kf are measurable. 


If @e R, then {x: f (x) +k > @} ={x: f (x) > a —k}. Theset on the right is measurable because 
jis measurable. Hence the set on the left is measurable. 


If k>O, kf (>a f)>F. 


Hence the set {x : kf (x) > a}={x: son> Sf (1) 
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andif k<O,kf(s)>a= f(x) a And the set 


{x:kf (x) > ape {vse<4h (2) 


Each of the sets on the right of (1) and (2) is measurable. Hence the set on the left is measurable. 
Clearly if fis measurable the — fis measurable by taking k =— 1. 


Example 8. Show that if fis measurable then the set {x: f (x) = @} is measurable for each extended 
real number @. 
= For @ to be finite, we R the set 


{: f(x) = a}={x: f(x) 2 aN fx: f(x) <a} 
and each of these sets is measurable and so the set {x [f@= a}. 
For @=+, the set {x: f(x) =oob= a {x: f(x) > n} is measurable. 
Similarly, for @ = — ©. 
Example 9. Constant functions are measurable. 
=a Given f(x)=C forall xeR. 


Let ae R, if C2q, then the set {x: f(x) => @} is R which is measurable. 


And if C <@, then the set {x: f(x) 2@} is ¢, which is again measurable, a being arbitrary. 
Hence fis measurable. 


6. MEASURABILITY OF THE SUM, DIFFERENCE, PRODUCT 
AND QUOTIENT OF MEASURABLE FUNCTIONS 
Theorem 13. If f, and f, are measurable on [a, b] then so are f, + fy, fi — fa ff, and fi/ fr 
provided f, #0 on [a, 6). 
Let q), 42, +++» J, --. be an enumeration of the set of rational numbers. Let x € [a,b] and aeER. 


i, (x) > @ — f,(x) if and only if there is a rational number gq, such that 


AQ) >q, >a- f:(>) 
Hence, the set 


{x: fi) + f(x) > a} 
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= U[fe: fo > a} fea - £0 <a4,9] Bra! 


For any ne N the set {x: f,(x) > q,} is measurable, since f, is a measurable function. And the 
set {x:a— f,(x)<q,}={x : f,(x) > @—q,} is measurable because f, is measurable. The set on 
the right of (i) is measurable which establishes that the sum f, (x) + f,(x) is measurable. 


800 Mathematical Analysis 


Again f, (x) — f(x) = f, (x) + (—f, (x) and hence measurable. Now to show that f(x) A) is 
measurable, we will first show that the square of a measurable function is measurable. If g is a measurable 
function on [a, b] and @ 20, then 


{xi(gQ9" > a} = {x: g(x)>VajU{x: g(a <- va} 
Each of the sets on the right is measurable and hence their union is measurable. 
If ~@ <0 then the set {x i(g (oy > a} is in the interval [a, b], hence measurable. 


Now /f, and f, are measurable then (f, + fry and (f,-f, )° are also measurable. 


1 2 2 
Since HAM =7[h + LOY -hO)- Od" }, it follows that f0)-A@) is 


measurable. 


At last to show that , f(x) #0 on [a, 5] is measurable, we will first show that 


AQ) 
ff 


f(x) #0 on [a, 4] is measurable. 


= 
fray : 
As f,(x) #0 on [a, 5] we have 


ra 
Ki Oe 
(x) 


{x: f,(x) > 0} if a=0 
=4{x: f(x) > OF {x: f(x) <I/a} if a>0 
{x: fp(x) > O}U fx: A) <O}N fx: A < Va} if a<0 
Each of the sets on the right is measurable and if f, is measurable on [a. 5] then 1/f,, f, (x) #0 Vx 
on [a, b] is measurable. 


Now AG) _ f,@): a provided f, (x) #0, V xe [a,b]. Hence from the previous result it 


A (x 
A® . 
follows that FO is measurable, when f, (x) #0 on [a, 5]. 


Theorem 14. [f {f,} is a sequence of measurable functions on [a, b| such that the sequence { f,, (x)} 


is bounded for every x € [a,b], then the functions 
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G(x) =L.u.b (f(x), f(x), f(4)...} 


g(= gl. b{ F(x), A, KQ)..-} 
H (x) = limsup f, (x) 


ne 


h(x) = liminf f, (x) 


neo 


are measurable. 


Let ae R. Let xe [a,b] be such that G(x) > @, then 3 some v for which Ff, (x) > a. Also if 
f, (x) > @, then Lu.b f, (x) >a ie, G(x) >a. Thus G(x) >@ iff f(x) >a@ for some n. 


Now consider the set 
{x: G(x) > a} =U {x: f, (x) > a} 

Each f, being a measurable function, the set {.: f, (x) > a} is measurable, and hence their countable 
union U {x: f, (x) > @} is measurable > {x:G(x) > @} is measurable, @ being arbitrary. Hence, the 
function G is measurable. 

Similarly from the relation 

{x: g(x) <a} aU {x: f, (x) < a 
it follows that the function g is measurable. 
Now for each n€ N we define the functions G, (x), g, (x) as follows: 
G, (x) = LUb(F, 0), firs fr Os od 
8,) =slLb(f,@), fia, fia} 


The functions G, (x) and g, (x) being the |.u.b. and g.1.b of measurable functions f, (x) are also 
measurable. 


Also for each x€ [a, b], 
G, (x) 2 G, (x) 2 G, (x) 2... G, (x) 2... 
and 8, (2) S 8) (x) <8, (4)... S 8, (0S... 


Now 


A (x)= lim sup f, (x) = lim G, (x) 
and h(x) = lim inf f, (x) = lim 8, (x) 


The sequences {G,, (x)} and {g, (x)} being monotonically decreasing and monotonically increasing, 
respectively, it follows that H (x) < G,(x) and h(x) > g, (x) forall n. 
Now for each @e R the sets 


(x: H(x)<a}=U{x:G, (x) <a} 
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{x: h(x) > @} =U {x: 8, (x) > a} 


n 
are measurable. Hence the functions H (x) and h(x) are measurable. 


Definition 1. A function f is a Borel measurable or a Borel function if for each ae R the set 
{x: f (x) > @} is a Borel set. 


Definition 2. A property which holds everywhere except on a set of measure zero is said to hold almost 
everywhere, abbreviated as a.e. 


Definition 3. Any two functions f and g are said to be equal almost everywhere if the set A = {x: f(x) 
# g(x)} is of measure zero, i.e., f= g ae. if m4 = 0. 


Definition 4 . A sequence {f,} of measurable functions defined and finite a.e. on a measurable set £ is said 


f, - f|2 @})=0, 


to converge in measure to a measurable function f which is finite a.e. if pos m ({x : 


for all positive real numbers @. 


Note: Convergence in measure is essentially weaker than convergence a.e., i.e., there exist sequences of measurable 
(even continuous) functions which are divergent at every point, but which are convergent in measure. 


Theorem 15. Iff=ga.e. and fis a measurable function, then g is also measurable. 


Let @ be a positive real number. 


The set {x: f(x) — g(x) > @)={x: f (x) # g(x), f (x) — g(x) > @) is contained in the sets 
{x: f (x) # g(x)} which is of measure zero. Hence {x: f(x) — g(x) > a} is of measure zero and 
hence measurable. 

Let a <0, then the set 

(x: f(x) — g(x) > a} ={x: FX) = 8()} 
U(x: f() # g(@), f () - g(x) > a} 
The two sets on the right hand side are measurable, the first set is the complement of the set of 


measure zero and the second is contained in the set of measure zero. Thus the set (x: f (x) — g(x) > @} 
is measurable for arbitrary real a. 


Hence, the function f— g is measurable. 
Now g=f-(f—g), fand f— g being measurable implies that g is measurable. 


Theorem 16. Every continuous function is measurable. 

Let we R then the set {x: f(x) > @}, being the inverse image of open interval Ja, -o[ under a 
continuous function f is also open, and hence measurable. 

The converse of this theorem may or may not be true, i.e., every measurable function may or may 
not be continuous. 

Still then every measurable function which is finite a.e. can be approximated by some continuous 
function in the following sense. 


The Lebesgue Integral 803 


Theorem 17. N. N. Lusin. Given f to be a measurable function which is finite a.e. on [a, 6]. Then for 
every 6 > 0 there exists a continuous function g such that m{x: f # g} <6. Moreover if fis bounded 
by a constant M then g is also bounded by the same constant. 


(The proof is beyond the scope of the present chapter. Interested reader is advised to see Theory of 
Functions of Real Variables, Vol. | by 1. P. Natanson). 
Theorem 18. Egoroff. If { f,} is a sequence of measurable functions which converge to a real valued 
function f a.e. on a measurable set E of finite measure, then given n > 0, there is a subset AC E with 
m(E — A) <7 such that { f,} converges to f uniformly on A. 

The sequence { f,} being pointwise convergent to fon £ a.e., let F C E be the set ofall xe E for 
which { f, (x)} converges to f(x). Then 


m(E-F)=0 alt) 
Define the sets 


Fou = {ly —f1< 2, VN 2m} 
n 


For a fixed n, F,,,’s from an increasing sequence of subsets of E (i.e., Fy CF, C F,3-..) and 


nl =*n2 


Fe U E,,- The sets F,,, being measurable, we have mF = Lt F. 


nm * 
mao 


Thus given 7 > 0 and for each n, 5 a positive integer m, depending on 77 such that 


Ww 


m(F - F,,,)<2 0) 


am, ou 


If we define A= n F,,,> then for each xe E, we have 


fae ee Vn2m, 
n 


Clearly m, does not depend on the choice of x. Hence { f,,} converges to f uniformly on A. 
Now we have to show that m(E — A) <7. 


Consider F — A, where A= n F,,, - Thus 
n=l 7 


F-ACU(F—F) 


and 


Me 
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m(F —A)<¥m(F-F,,,)<¥ bam (by (2)) 


m(E—- A)=m(E-F + F-—A)Sm(E-F)+m(F-A)<7 
ie., m(E-A)< 
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So far we have discussed about the measurability of the functions. A natural question arises, do 
there exist non-measurable functions? The answer is in the affirmative. For the function /to be measurable 
on an arbitrary set E we must have the set E on which fis defined to be measurable as well as the set 
{x: f (x) > @} is measurable for every real @ € R . Since the characteristic function ofa non-measurable 
set E denoted by y,, i.e., the function which equals | at the points of E and 0 otherwise, is non-measurable. 
Therefore the existence of non-measurable set implies the existence of a non-measurable function. 
Theorem 19. The set E <[ab] and its characteristic function y,, are both measurable or both non- 
measurable. 

If y,, is measurable then the measurability of E follows from the relation 


E={x:y, > 0} 
Conversely if £ is a measurable set then the set 
0) if a@21 
{x:y, >a}= jE if 0<a<l 
[a,b] if a<0 


which establishes the measurability of Wx . 


7. LEBESGUE INTEGRAL 


The definition of the integral by Cauchy and Riemann turns out to be inadequate from a more general 
point of view. First, Riemann’s definition has the drawback of applying only rarely: in other words the 
class of all Riemann integrable functions is quite small. Secondly, the limiting operations often lead to 
great difficulties. In fact, if f\, /, ....f, -. is a sequence of Riemann integrable functions converging 
pointwise to a function fon [a, 5] then it is not in general true that 


b b 
lim [f=] f 
To enlarge the class of integrable functions, first we will give the definition of the integral which is 


similar to that of Riemann. Later on we will define it independently. 


Definition |. Let f be any bounded function on [a, 5] and let P =(A,, A,,.... A,) be any partition of 
[a, b], where A,, A,,.... A, are measurable subsets of [a, b] (also called the components of P) such that 


U A =[a,b], and m(A, 0 A,) =0, for i# j 
i=l 
Such a partition of [a, b] would be called a measurable partition of [a, b]. We define 


UP P= x (sup f (x)) mA, 


Ke A, 


1 


and L(P, f) = & (inf f (x)) mA, 


flisea 
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as the upper and lower Lebesgue sums of the function f corresponding to the partition P (4), A..... 4,) 
of [a, b]. Obviously U (P, f)2L(P, f) for every partition P. The infimum of the set of all upper 
Lebesgue sums is called the Upper Lebesgue Integral denoted as: 


Lf f dx =inf U(P, f) V partitions P 
The supremum of the set of all lower Lebesgue sums is called the Lower Lebesgue Integral denoted as: 
LI’ fax =sup L(P, f) V partitions P 
Definition 2. A bounded function fon [a, 5] is said to be Lebesgue Integrable if 
Li'far=Lf" fax 
In this case we define ‘ 
Lf’ fac=Lf'far=L ff ac* 
The fact that fis Lebesgue integrable, we express by writing f € L[a, b]. 


Lemma. Let f be a bounded function on [a, b]. Then for any two measurable partitions P., P, of 
[a, b], we have 


UCP, A)ZLIP,. f), and Lf’ fade <LI" fax 


Let PR ={A,, A,,..., A,}, PB, ={B,, B,..., B,,} be any two measurable partitions of [a, b], and P be 
the measurable partition, called their common refinement whose components are nm subsets 
AN B, (1 =1,2,3,....; j=1,2,...,m). Now 


U(F, f)2U(P, fy2L(P, f)2 L(A, f) 


Taking the infimum over all partitions P , we get inf U(F, f)2 L(P,, f); whatever partition P, 
may be. : 
Again taking the supremum over all partitions P, we have 


inf UCR, f) 2 sup L(P,, f) 
i ’ 
ie:, Lf’ fac2L [ita 


Remark: Every upper (lower) Riemann integral is greater than (less than) or equal to every upper (lower) Lebesgue 
integral. 
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*For simplicity sometimes we denote the upper and lower Lebesque integrals of fby 


7 » 
L ii f and L fr and the integrals by L fir 
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Since R fr dx= inf U(Q, f), Where Q is any partition of [a, b] into intervals, every interval 
being a measurable set, so every partition can be regarded as a measurable partition. Thus 
inf U(Q, fyzing U(P, f)=LI'f dx 
where P is a measurable partition. Similarly 
Lf fax >RI fd 
Combining the two results, we have 
Rf fax <Lf'f ae <Lf'facsr ff ax 


Theorem 20. Every bounded Riemann integrable function over [a, b] is Lebesgue integrable and the 
two integrals are equal. 


If fis Riemann integrable, then 
RI’ fdcv=RI' fds =RI fae 


By the previous remark, we have 


Rf favs [rae <L J fax Rf far 


= Rf fav=Lf' fav =Lf'far =LI! fac 

Thus every Riemann integrable function is Lebesgue integrable and the two integrals are the same. 
However, the converse of this result may or may not be true. It can be illustrated by the following 
example. 

Let f be a function defined on the interval [0, 1] as follows: 

Ff (x) = 0, when x is rational 
= 1, when x is irrational 

This function is not Riemann integrable (see Example 2, Chapter 9). For Lebesgue integrability, let 
A, be the set of all rational numbers and A, be the set of all irrational numbers in [0, 1]. The partition 
P ={A,, A,} isa measurable partition of [0, 1] and mA, = 0, mA, =1. 


L(P, f)=inf f(G)- mA, +inf f(x): mA, =0-mA +1-mA,=1 
U(P, f) =sup f(x): mA, + sup f(x)-mA, =0-mA,+1-mA, =1 
A A 
sup L(P, f)=1=inf U(P, f) 
P 


> f is Lebesgue integrable over [0, 1] and the integral of fis 1. 

In fact we have the following theorem: 

A function f is Riemann integrable on [a, b] if and only if the set of discontinuities of f in [a, b] has 
measure zero, i.e., if f is continuous a.e. 

(The proof is beyond the scope of the present chapter.) 
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Theorem 21. A necessary and sufficient condition for a bounded function f to be Lebesgue integrable 
over [a, b] is that for each given € >0 there exists a measurable partition P of [a, b] such that 
U (P, f)- L(P, f)<e. 

[The proof is exactly similar to Theorem 3, Ch. 9.] 
Theorem 22. Every bounded measurable function on {a, b] is Lebesgue integrable on [a, b]. 

J being bounded, there exist real numbers m, M such that the range of fis a subset of [m, M[. Given 
€ > 0 there exists a finite number of points y,, y,, y,,..., y, such that 


M=Jo<Y< Y.-S), =M 


and 


€ 


= < 
Ye ~ Vent =r 


For each k = 1, 2, ..., n, let A, = {xe [a,b]: y,_, $ f(x) < y,}. Then each A, is measurable, 
since fis measurable. 
Thus, P = {A,, A,,..., A,} is a measurable partition of [a, 6]. 


Since sup f(x) < y,, and ink, FOZ ar, i 
xe Ay ee 
n n oc 
U(P, f)= > (sup f (x) mA, < Dy mA, bed 
k=! A k=l a 
ae 8 4 
L(P, f)= & (inf f (x) mA, = ¥ y,_, mA, ae 
k=l A k=l (s) 
Now 
UP. ALP, NSE (4 — ad mA <<— Si mA, <e, 
. — - k=l 
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{since A,'s are pairwise disjoint sets and U A, =[a, }}.] 


Hence f is Lebesgue integrable on [a, 5]. Thus if fis bounded on [a, b], the measurability of fis a 
sufficient condition for fto be Lebesgue integrable on [a, 5], 

It may be noted that measurability is also a necessary condition for a bounded function / to be 
Lebesgue integrable. 


8. PROPERTIES OF LEBESGUE INTEGRAL FOR 
BOUNDED MEASURABLE FUNCTIONS 


The following properties hold for a bounded Lebesgue integrable function fon [a, b]: 
(1) Ifa<c<b, then fis Lebesgue integrable on [a, c] as well as on [c, 5] and 


{r= (F+ 7 


(ii) If k is any scalar, k e R, then kf is Lebesgue integrable and 


[ere [yr 


(iii) If f = f, + f, where f,, f, are Lebesgue integrable on [a, 5], then fis Lebesgue integrable 


on [a, b], and 
[r= [a+ ls 


(iv) If A, isa (finite or infinite) sequence of disjoint measurable subsets of [ a, b] whose union A 


has finite measure, then 


Example 10. Let 


1, ifx is an irrational number in [—4, 4] 


re=| 


—2, if x is rational number in [-4, 4] 
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Evaluate ae) dx. 


As fis bounded by the numbers —2, 1, choose a partition P by subdividing [-2, 1] by points y,'S 
such that 


—2-E€=Vy<V< Wy <y, 


Sn-l 


<y, =l+e, €>0 
and consider the sets 4,'s for k= 1, 2, ..., 2 as follows: 
A, = {x NaS fQ< ye} 


In the figure the bold lines indicate the graph of fin [-4, 4] and the dotted lines show the points of 
sub-division taken along y-axis. It is clear from the diagram that the only non-empty sets are 


A ={x:y S$ f(x) <9} 
and 
= {x [3¥,<3 @= y,} 

The set A, is the set of rational numbers in [-4, 4] while the set 4, is the set of irrational numbers 
in [-4, 4]. It follows therefore that m(4,)=0 and m(A4,)=8, while m A, =0, for k = 2, 3, 4, ..., 
(n— 1). 

For the partition P = {4,, 4,, A,,..., A,} of measurable subsets of [-4, 4], the upper and lower 
Lebesgue sums are defined respectively by 


U(Pf) = sup f(x) m4, < Ly, mA, =y,mA, + y,mA, 
k=l 


kel vey 


=8y, =8(1+e) 


kal yes 


LP, f) => inf f(x) m4, > ¥ y, mA, =8y,, =80- 2) 
a k=l 
Now by varying the partition, y,, is any number greater than one and ¥,,_; is any number less than 
one. 


inf U(P, f) = sup L(P, f) =8 


[fe dx=8. 
Example 11. Calculate Lebesgue integral for the function 
1 when x is rational 
f(x) = 


2 when x is irrational 


= As fis bounded on R (the real line) it is bounded on any subset [a, 5] of R. 
By definition the upper and lower Lebesgue sums are given as in the previous example. 


U(P, fy= 3 sup Sf (x)mA, < 2 y, A, = y,mA + y,mA, 
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U(P, f) <$(2+ 6) (b-a) - mA =0,mA,=b-a 
L(P, f)= 3 inf fO)2E yA = m4, + yA, 


ie., L(P, f) 2 (2-6) (b-a) 
where A, ={(x: y 1 Sf£@)<y), 4 =1,2,3..0. 

A, is the set of rationals in [a, 6] which are countable and hence mA, =0. A, is the set of 
irrationals in [a, b] and mA, = b - a. Taking supremum and infimum over all partitions P, we get 


2(b— a) 2 inf U(P, f) 2 sup L(P, f) 2 2(b-a) 
F 


[fe dx=26-a) 
If the interval [a, b] is the whole real line, then 
J,£@ dx=2mR=~, 

Example 12, Evaluate 

0, O<x<!l 

[foods it F=f, (is x<QuBsx<4) 

2, (2<x<3}U{4<sx<5} 
by using Riemann and Lebesgue definitions of the integral. 
= Using Riemann definition of the integral (where the subdivision is taken of the segment [0, 5] by the 


division points x, , x,, %),-.-, %, 0nx-axis) the upper and lower Riemann sums tend to the common 
value 


eX 
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0 (1-0) + 1(2—1) +23 —2)+ 1(4-3)+2(5-4)=6 
(since the function is constant on each of the subintervals.) 
R{ fadx=6 
f(a) dx= 


Evaluating the Lebesgue integral where the subdivision is that of the interval [0, 2 + d[, d > 0, we 


get 
0 [1-0] +1[((22-1)+(4-3)]+2(3-2)+(5-4)] =6 


5 
LIfe dx =6. 


Theorem 23. Iffis a bounded and Lebesgue integrable function on [a, b] such that f (x) = g (x) ae. 
on [a, 6], where g is a bounded function on [a, b] then g is Lebesgue integrable and 


Jy acs |) F ax 


f being bounded and Lebesgue integrable, it is measurable. Also f (x) = g (x) a.e. Hence, g (x) is 
measurable. 


Moreover g is bounded, hence g is Lebesgue integrable on [a, 5]. 


To show that [isae=f far, denote the set 4 as the set of all points x in [a, b] where 
S (x) # g(x). Clearly mA = 0. Now C(A) = [a, b]—A and f(x) = g (x), x € C(A). Consider the partition 
P = {A, C (A)} of [a, 5]; then 


Ua 5) = "supa — fh.) Atsup (8 — f)' tH C(A) 
= sup (g - f)-0+0-m C(A)=0 
Similarly L (P, g —f) = 0. Thus : 
0=L(P, g-f)< f(g f) de sU(P, g- f)=0 


fite-fax=0 


Now 


b b b b b 
Jiga=[e-f+flde=[(g-fac+[ fac=ff ae 
b b 
[ede [far . 
Theorem 24. Iffand g are bounded functions and Lebesgue integrable over [a, b] and if 


(1) F(X) 20 ae. on [a,b], then [['f@ ae20. 


b b 
(ii) f(x) < g(x) ae. on [a,b], then (iF dx< j g dx. 
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(/) We may assume that f (x) = 0 for all x in [a, b] as this assumption does not alter the value of 


2 


b 
j f dx under given conditions. 


Obviously U (P, f) 20 for any measurable partition P 


= L le f dx =0, fbeing Lebesgue integrable 
LI fav=LI'f dr20, Lf’ fac20 
(ii) Since f (x) < g(x) ae. on [a, b], so g(x) — f(x) 20 ae. on [a, b]. By (i), 


b b b 
J (g@)- FO) de20> fg) de—- ff) de 20 


> firaxsfigax. 


Theorem 25. [fa bounded function f is Lebesgue integrable on [a, b] then | f | is Lebesgue integrable 
over [a, b]. Moreover, iff is Lebesgue integrable then 


false 


f being bounded and Lebesgue integrable on [a, 4] 
Hence fis measurable. 


Define f* = max (f 0), and f~ =— min (f, 0), then 


1 1 
(f+a)+5lf-sl. and 


nw] 


fla free [whereas (f,g)= 


min (F.9=3(+0-Z1F-a] 


| fi | being the sum of two measurable functions is measurable. Also boundedness of f implies 


boundedness of | f | . Therefore | f | is Lebesgue integrable. 


Now 
f <|f|.and -f <|f| 
[fs fir ana -['F s [al 
= Pals ful. 
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Example 13. If f(x) =5+ sinx,0<x<2z, find f* and f’. 


. f* =max (f (x), 0) =40, 


f- =-min (f (x), 0)= -5 sin x —<x<s— 


Thus 
f=fi-f-,and |fl= fo +f 
Example 14. If f(x) = 0, for every x in the Cantor set P, and f(x) = k for x in each of the intervals 
of length 1/3‘ in G,, prove that fis Lebesgue integrable on [0, 1] and that i f =3. 


= Let PR and G, be Cantor sets as defined in Example 4, then 
P, UG, =[0, 1] 
f (x) =0, Vxe P, [the closed intervals which we retain] 


=k Wx ineach of the intervals of length 1/3' in G, [the open intervals which we delete] 
From Example 4, if follows that the number of intervals of length 1/3* is 2'-'. Thus 


1 Be 1 ier ioe 
[pf dealeglt2-3 243-5 -2 teeth aD + 


=3(1+2-5+(3) +t e(2) aes 
3 3 3 3 
9. LEBESGUE INTEGRAL OF A BOUNDED FUNCTION 


OVER A SET OF FINITE MEASURE 


Define a function Y on a measurable subset A of [a, b] known as the characteristic function of A as 
follows: 
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(x) 1, xeA 
x) = 
ta 0, x¢A 


A linear combination 'Y (x) = x a, z, (x), U A, = A of the characteristic functions of measurable 
i=l : tel 
sets A, is called a simple function. The representation of a simple function is not unique. If 
A/,i=1,2,...m is another collection of measurable sets such that y Al=A, then Ya’ y, (x) is 
a isl . 


also a representation of the given simple function wy . More explicitly, given y = 5 a, z,, Where 4,'s 
i=l me 
are disjoint and Y A, = A, then a,, a,, ... a, are distinct non-zero values of y on thesets 4,, A), ..., 4, 


respectively. The sets 4, are measurable, if y is a measurable function. This representation of w is 


unique and is called the canonical representation of w . The integral of the measurable function y is 
defined as 


J dx= y a,mA, 


isl 
Definition. For any non-negative measurable function fon a measurable set A, its integral is defined as 


) f dx =sup i} ¢ dx, for all simple functions ¢ on A 
A osf A 


Integral of f can also be defined as 
js dx = inf iy dx, for all simple functions w on A 
Since f defined on the set A can also be written as f-y,, 
[f= lft 


Theorem 26. A necessary and sufficient condition for a bounded function f defined on a measurable 

set A with finite measure, to be measurable, is that inf [xo dx = sup foo dx, for all simple 
= i oss 

functions ¢ and y on A. 


Necessary Condition. Let be any bounded measurable function with M as its supremum on the set 
A. Partitioning the range ]- M, M] of the given function f, we define the sets 4, as follows: 


i-1 iM 
A, -{x: te sys usin} 
n n 
f being measurable the sets A, are disjoint measurable sets having A as their union, i.e., 


Az A, and mA= by mA, 


issn issn 
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The simple functions ¢, (x) and ‘¥, (x) defined by 


4-4 3 G-n Aw 


nN i=-n 
and 


M n 
¥,,() = = 2» iZ, (x) 
satisfy the relation ¢, (x) < f (x) < ‘¥,, (x). Thus 


inf fv@ dx sf ¥,() d=" Ss imA, 


Nn iz-n 


and 


WE ep 
sup ow dx <J 6,(x) de = =z Gi-DmA, 


i=-n 


: Me M 
Os inf [,¥ ©) de —sup J,o@ dvs — y mA =—mA 


nN i=-n n 


Taking n to be an arbitrary large number, we have 


inf ese) dx = Sup fo dx 
s i ition: inf | V(x) dx= dx 
Sufficient Condition: Suppose inf J, (x) dx sup Jeo 


sup Joo dx — inf [xo dx =0 


oss 


& sup f (x) de + sup [Konze dx =0 
A yep 74 


osf 


Thus, for each given n, there are simple functions ¢,(x) and ¥ (x) such that 
J,%_ 9 de f.9, (9 dr<— 
Then, the functions inf ‘¥,, and sup @, are measurable and 
sup @, (x) < f (x) inf Y,, (x) 
Let F, ={x:sup @, (x) <inf ¥, (x) — 1/a}, then 
Y F,, = F ={x:sup @, (x) <inf P, (x)} 


But each F,, is contained in the set {x : 6, (x) < ¥,, (x) — 1/a} with measure less than @/n. Since 
nis an arbitrary large number, so m(F,,) = 0 and hence mF = 0. Thus, sup @, (x) = inf ‘¥,, (x) except 
on a set of measure zero and sup ¢, (x) = f =inf ‘¥, (x) a.e. Hence, fis measurable. 


: 
: 


Theorem 27. Iffand g are non-negative bounded measurable functions defined on a set A C [a, b] 
of finite measure, then 


(i) Jor + Bg=a Lf +B Jig where a, B are any real numbers. 
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(ii) If f= g ae, then [Peale 
(iii) If f 20 ae. then f,f 20. and if f Sg a.e., then Jrs]ie- 


(iv) If aS f(x) < B, then amas] f < BmA. In particular if a@ = B then fir = ama. 
fel Fee 


(v) If A, and A, are disjoint measurable sets of finite measure, then lia “ 


(vi) IfmA = 0, and f is measurable, then IR =0. 


(i) Let w be any simple function then @¥ is also a simple function. 
If a>0 


es =int Jav=aint {vas 
If a<0, 


jer ae ee | eae | ee | 
Now if , and ‘¥, are simple functions greater than or equal to f and g repectively, then 


¥, + ¥, is also a simple function greater than or equal to f+ g, and 
JftesfCit¥o=fet fe. 
Since infimum on the right hand side is le as J,s- 


Ieee Mes, | te Lae 
On the other hand, if ¢ < f and ¢, < g, then ¢ +, isa simple function less than or equal 
to (f+ g). 


J+ e2fa+a=far] a 


Again supremum on the right hand side is lie + J, 8. 
J,F+e2sup Ja + sup J, =J,F Js 


Hence the result follows. 
(ii) Since f— g=0a.e., so if w is a simple function greater than or equal to f— g, then ¥ 20 a.e. 
and hence 
jv 20= inf | 20>] (f-g)20 


W2(f-2) 


Similarly taking @ < (f — g), we get 
Joso= sup Joso> J s-g<o 


os(f-s) 


[oto fs |e 
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(iii) f 20 ae. on A. If w is a simple function greater than or equal to £ then 
¥2f20ac >] ¥20— inf [ ¥20>) f20 


Wf 
fsgae>eg-f20aeonA 
Let y bea simple function greater than or equal to (g —f ); then 
¥20ae >) ¥20> int Jv 20 


= j,e-f 20> [22 ].F 
(iv) If as f <B, then for w to be a simple function greater than or equal to f, we have 
asv=> Ra < [ees or amAs [pes 
Taking infimum on the right, 
ama <int f Y= ff 
Similarly, 
sup A o<BmaA 


osf 
Thus, 
amA < int alk ME =sup f, o< BmA, 
war ** 

(v) Since A, and A, are disjoint measurable sets of finite measure, so their characteristic function 
Hava, of the union A, UA, is measurable and is of finite measure. Moreover 
ane, ie A tae We 
Let y bea simple function greater than or equal to fon A, as well as on A,. Then w will be 
greater than or equal to fon A, U A,. Now 


Faun F 4 inf [P= int [¥z4u0 
mint Jz +i Ja. 


=> 18 


Example 15. Show that if f is a non-negative measurable function then f= 0 a.e. on a set A iff 
J. far=o 
= Let @ be any measurable simple function such that @ < f. Since f= 0 a.e. on A, so fie dx <0. 


Taking supremum over all those measurable simple functions @ < f , we get We dx < 0. Similarly 


inf vaca J fax>0 


wep 


J,far=0 
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8 1 
Conversely if, ={x: F009 >4} =f favz fix dx=4 mE, => mE, =0 
n cs ce ie n 


= 
i 


But {x: f@)>0}=U8,, +. m(5 Jeo 
ies, m {x : f(x) > 0} =0, “. f =0 ae.onA 


10. LEBESGUE INTEGRAL FOR UNBOUNDED FUNCTIONS 


We now consider Lebesgue integral for unbounded measurable functions. 
Let f be a non-negative measurable function on [a, 5]. 


For each x€ [a,b] and ne N we define a function F (x, 1) as follows: 


F (x,n)=f (x), if OS fi) sn =n, iff(@)>n 


W 


y 


>x 


fj =n 


px 


Fig. 4 


Thus, 
F (x, n) = min (f (x), 1) 


F (x, n) being the minimum of f(x) and n, is bounded and hence measurable which implies that for 
each né N, F(x, n) is Lebesgue integrable. 
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b 
Now if Lt j F(x, n) dx exists finitely then we say that the unbounded function f is Lebesgue 


n> 


integrable and 


Lee Lt axes n)dx 


If the limit does not exist finitely then fis not Lebesgue integrable. The function F (x, 7) is called 
truncated function. 


Example 16. Define 


1 


2/3 
x 


Show that fis Lebesgue integrable on [0, 1], and i dx = 3. Find also F (x, 2). 
0 


1 
a Since 5 > ©, as x — 0, sof is unbounded in [0, 1]. In order to examine its Lebesgue integrability, 


x 
define 
F(x n)= a if Tp) 
x ale 
=nif 0<x<—, (1) 
1 ( ied 
=0ifx=0 
For 1 =2 
F(x, 2)= J d <x<l 
(x, =a if lela 
1 
=2if 0<x<s, 
=0ifx=0 
Now 


1 Yn? 1 
JpF Gun) de=f" FC m) det Jigs Os) de 


Yn? 
=| ndx+ 
0 
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Thus by the definition of the Lebesgue integral of unbounded functions, we have 


fre dx = Le fro n) dx = Lt [: - ah 3 


Example 17. If 


1 
f (=, if 0<xS1 
xe 


=9, ifx=0 
then fis not Lebesgue integrable on [0, 1]. 


a Define Alem, if tees 
x n 


=n, if oepes 
n 


=min (9,7), ifx=0 


|n 1 
fro. n) dx = ndx+ " dx =1+4 log n, Vn 


Yn x 


Lt axes n)dx= aa (1 + log n) =e 


nae 


Thus by definition fis not Lebesgue integrable. 


11. THE GENERAL INTEGRAL 


Let f be any real function defined on R and A be any measurable subset of R. The functions f* and 
fare defined as 


f* (x) = max (f (x), and f(x) = max (— f (x), 0) =— min (f (x), 0) 


are such that 
@ faf-f.lflaf trish. f 20 
(ii) fis measurable iff f* and f~ are measurable. 


Definition. Let f be a measurable function defined on a measurable set 4 and 


{ frdx<~, J, f dx <co, then fis Lebesgue integrable on A and its integral is given by 


1 F 


If ir dx=+e and J frac= +e, then jf dx is undefined. 
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From the definition it follows that ip J is finite if both ei dx and ae dx are finite and this will 


be true iff fils = ir + [rf is finite. 


12. SOME FUNDAMENTAL THEOREMS 
Theorem 28. /f A=UA, is the union of a finite or denumerable number of measurable and disjoint 
k 
subsets A,, Ay, Ay, .., Ay... Of [a, b], and if J f f dx exists, then 
j, fdc=> i fdx 


We will establish the theorem for non-negative functions and extend the results to arbitrary functions 
by decomposing the function into non-negative and non-positive parts, i... 


f, fdx= J, fi dx- J, fodx= x (f, fo dx- f, fF as] 


= x I f dx. 
Hence, we assume that f > 0. 
Let E, =A, UA,..U A. 
For bounded functions F (x, 7) = min (f(x), 2), we have 

J, Fx, n)dv=> fi F(x,n)dx<¥ Ny S (x) dx 
k k 

For every n, when n — ©, it follows that 

Is fdx= Lt J, F(x,n) dx sd J, fax man) 
Also 


Baus 4 


k 
Th fdx=f, fdx>J,  F(x,n)dv=¥ J, F(x, n) dx 
A hs i=l 
Taking the limit first with respect to 7 and then with respect to & (if Y A, is countable), we get 


J, fav I, favors, fdx2¥ J, fax (2) 


according as k is finite or infinite. 
From (1) and (2), we have 


the fac=ZJ, f dx 
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be illustrated by the following example. 
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Example 18. Let 


2 
nif gl <x 
6 4n-1 2n-1 1.2.3 
x)= w=1,2.322 
y ; 1 2n 
—n if <-— 
2n+1 4n-1 


For each n we have 


YQn-1) 


W(2n-1) 2n/(4n? -1) 
i f(x) dx = | (=n) dx + , ndx 


(2n+1) * Y(2n+l) 2n/(4n* -1) 


2n 1 1 2n 
=-n| ———- +n -— =0 
4n°-1 2n+1 2n-1 4n° -1 


and 
1 2 
ij ‘ am ale zn ‘ 1 _ p. 1] 
n|J2n+1 4n° -1 4n°-1 2n-1 
Now 
1 = V2Qn-)) 3 — = V(2n-1) 4 
fil (| dx = x Meeaig (x) Ce z J (2n+1) n dx 
ofa 5S 
m= 4n>—-1 on 4n 


But the series Z x A is divergent. 
mtn 


BA [lFeo} dx tends to infinity, and hence [ir (x) dx does not exist. 


Theorem 29. Let f be a measurable function over the interval {a, b], then f is Lebesgue integrable 


over [a, 6] iff | if | is Lebesgue integrable. Moreover if f is Lebesgue integrable over (a, b], then 
b rb 
[fis fila 


Suppose fis measurable and | f | is Lebesgue integrable over [a, 5]. By definition of f~ and f~ . we 


have for xe [a,b], 
0< f°) SFO 
0< fF SFO 
which implies that f* and f~ are Lebesgue integrable over [a, b]. Hence fis Lebesgue integrable on 
[a, b]. Again if fis Lebesgue integrable over [a, b] then both f* and f~ are Lebesgue integrable. 
But \f| = f* + f-. Hence \f| is Lebesgue integrable. Now 
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f <|f|, and - f <|f| 
firs Piel ana - f'rs fal 
fas fla 


Ex. If fis Lebesgue integrable on [a, 5], and [fir dx 


=> 


< fll dx, when does the equality hold? 
+ ib b 
[ Hine: \f|-f 20 so, f[flde> ffl ade. Also |f| + f 20 and hence j |f| d= -f f dx. 


Hence, fl dx 2 fis dx 


tf’ fdr>0, then f'|fldr=f' fdr, ie. ['(f|-/)av=0|f|=F ac. 
ie, f 20 ae. 
If ce dx <0, then ful dx=- fr dx, i.e., ru + i) dx = 0, and hence || =-f ae,ie. 


f <0 ae. 


b 
Hence, f 20 a.e.,or f <0 a.e. isanecessary condition for the equality of I f dx 


and fia ax.| 


Theorem 30. Let f be a Lebesgue integrable function on [a, b), then given €>04 a 6>0 such 


that |J A f| <€ whenever A is a measurable subset of [a, b] with mA <6. 


We will first prove the result for non-negative functions. Assuming /to be a non-negative function 
we have 


f(x), ifOs f(sn 
n, if f (x)>a 


no 


b b 
Lt 1 F (x, n)= f F (x) dx, where F (x, 7) -| 


Then given € > 0,4 Ne WN such that 


b b é 
[foo a - I F(x, N) dx <5 
b b x 
[ {i F (x, n) ax} is a non-decreasing sequence converging to J, f(x) dr| ie, 
oo & 
[(¢@- FON) ar< = a) 


Choose any 6 > 0, with 6 < TE If A is a measurable subset of [a, b] and mA < 6, then we have 
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(F(x, N)desJ,N de=N mA<S (2) 


{using mA <¢/2N] 
From (1) and (2), we get 
€ 


2 


J, @) dv=J, Cf (x) - F (x, NY) dv tJ, FX, N) de < = $ 


For an arbitrary Lebesgue integrable function fover [a, b] we have f = f* — f 


By the first part, for a given €>0,3 a 5,>0 such that J, f* dx << whenever mA < 6,. 


Similarly Ja 6, > 0 such that I, f- dx = whenever mA < 6,. 


Thus if mA <6 = min (6,, 5,), we get 
I, fled Wlehs fth oo <S+S=e 


Hence, II, f <€, whenever mA< 0. 


13. LEBESGUE THEOREM ON BOUNDED CONVERGENCE 


Let {f,} be a sequence of functions measurable on a measurable subset A C[a,b] such that 
Lt f, (x) = f (x). Then, if there exists a constant M such that \fi (x)| <M, for all 1 and for all x, 


we have 


Lt J, f, @adr=J, f adr 


no= 


Since Lt f, (x) = f (x). and \f, @)|<M = |f (OSM, the function f is bounded and 
measurable (being the limit of bounded and measurable functions), hence Lebesgue integrable. We shall 


show that 
Lt J, |f, @- f (| dx =0 
For a given € > 0, we define a partition A into disjoint measurable sets A,’s as follows: 
A ={x:|fu-sl2e|h-sl<e.Va > kh, k=1,2,3, « 
In particular, 
A, ={x:|f, - f[<e.n=1,2,...} 
A, ={x:|f- f|2e.|f, -— f]<e.n=2,3.4,.4 


The Lebesgue Integral 


Clearly 
a =u, A, “(9 A, ee A, }- A v 2, (say) 
and 
mA=m(P,UQ,)=mP,+mQ, 
Now 
Slt -fldv=l, |f,-—fldxtly lf, - flax mn) 

For each n, we have 

lf, ~f|<e€ on P,, and |f, — f|<|f,|+|f[< 2M on Q, ae) 


Thus 
f, If, - fldx<em P,+2MmQ, 


As noo, Lt mP,=mA and, Lt mQ,=0. 


noe nae 


Thus J, |f,-flax<ema 
Ik AA sta 
oa J, f.@) de=J, fQ) dr, 


f, — f|<emA, € being arbitrary 


Example 19. Verify Bounded Convergence Theorem for the sequence of functions 


S<x<l,neNn. 


(x) =————, 0 
iG (1+ x/n)’ 


\fn (x)| = <1,Vnand Vx. 


js A | 
(l + x/n) 
a Each ff, being bounded and measurable, the limit function 
1 1 
Lt f(x) = Lt ———_=— 

nae "= (l4x/ny e 
is also bounded and measurable. 

—n+i|! 
[ dx __ n(l+x/n) ‘ ia [ a) 
0 


(1+ x/n)' 7 (-n +1) , acl 
iit [ dx oe 1+I1/n 
oe (Lain som (1+1/n)' 


0 (1-2) 
e e 


Now, 
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Also 


f Lt —_! _a= tS ee i-1 gee! 
On +o (1+ x/n) 0 @ e e 


Hence, Bounded Convergence Theorem is applicable. 


Theorem 31. Monotone convergence theorem. Let A be any measurable subset of [a, b] with finite 


measure. Let {f,} be a sequence of measurable functions such that for x€ A 
OS FINDS AWS... Su. f, (XS 
if Lt f, (x)= f(x), then Li fy f, =], Bie 


For a given x, the sequence {f, (x)} is monotonically increasing and Lt f, (x) = f (x). Assume 


that Lt j, Sf, =@, for some a. 


nae 
Since es s | oe so taking the limit as 7 — °°, we get 


as<|f atl) 


Let £ be any real number lying between 0 and |, i.¢., 0< # <1 and @ be any simple measurable 
function such that 0< @< f. 


Define the sets A, = {x: f, (x) 2 B@ (x)},n=1, 2,3... 
By definition of {f,}, we have 


yeh 


A. CAg PHD, 2,0, and A= OA 
Also for any n, 
[iz], f28),¢ 
Taking the limit as 7 tends to infinity, we get 
a2B J, 

Letting B > 1, we get a2 Jo Since @ is arbitrary, so the result holds for all simple functions 

Os f. 
a>sup] o=f f (2) 


oss’ 


The equality follows from (1) and (2). 
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14. _INTEGRABILITY AND MEASURABILITY 


The next theorem establishes the connection between integrability and measurability and, indeed, provides 
a major justification for introducing the concept of measurability of functions. We define a function /to 


be dominated in A by a function g if g is integrable and || < g throughout A. 
Theorem 32. Classical Lebesgue dominated convergence theorem. Let {f,} be a sequence of 
measurable functions on [a, b] such that 
Lt f, (x) = f(x) ae. on [a, b] 
If there exists a Lebesgue integrable function g on [a, b] such that for each ne N 
|f, (X)| S$ g(x) ae. on [a, b] 
Then f is Lebesgue integrable and 
uf t= fs 


Sf being the limit of a sequence of measurable functions is also measurable. For né / 
\f, (x)| < g(x) ae. on [a, b] eitit 


= Lt \f, (x)| <g(yae> | Lt S, (O)} S g(x) ae. 


=> lf} < g(x) ae. on [a, b] scifey 
Since g is Lebesgue integrable on [a, 5], so FI is Lebesgue integrable on [a, 5], which in turn 
implies that fis Lebesgue integrable on [a, 5]. 


Corresponding to a given € > 0 and NEN, define 


iS 
2(b- 


Ay = } [fi - fo] < yn 2N,xela, ap 
a 


Here 


Ay C Ay,, VNEN 


N IN+1 


Since Lt f, (x) = f(x) ae., so every point of [a, ] either lies in the union U, Ay or ina subset 


A of the interval [a, b] whose measure is zero, i.e. 


[a,b] = (2, Ay je A, where md = 0 
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b-a= yt mAy wy 


Veo 


It is given that g is Lebesgue integrable; therefore for every € > 0 there exists a 6 > 0 such that 


[e<> for mA<6 


From (i) and (ii), it follows that 


flals fig <<, for mA<d w(4) 


and 
flrs Je<5 for mA<6 5) 


From (iii) there exists a positive integer M, such that 


b-a-mA, <6, VN2M -(6) 
bes mC(Ay)< 6, VN2M 
Now 
b P| | 
(le ad=( aoa | ea (by def. of Ay) 
e€ m(A,) 
<5 2(b ee 4 Lecansl4al i Jecayslth Vn2M 
or 
A 
[i -fi<spa tat gts Vane (using (4) and (5)) 
b b 
f f-§|<J lf, -fl<e Vn2M 
or 
Le <e Vn2M 
= ofa ls 


Remark: The theorem still holds if the interval [a, b] is replaced by any arbitrary measurable subset A C [a, b] not 
necessarily the interval. The dominated convergence theorem will not hold if there does not exist an integrable function 
g such that lf, |< <g,n=1,2,3,... A sequence of functions {f, (o} although convergent everywhere, can have a 


nonintegrable limit function. Even if the limit function is integrable Lt [ if; dv= f dx may be false, which can 
nae Ja la 


be seen by the following example. 
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Example 20. Define the functions f, (x) on [0, 1] as follows: 


Ya 


—_——:___—____>x 


Fig.5 
f,() =-2xn? +2n for 0S xs ds 
n 


= 0 for tees 
n 


Vn 


1 1 
Jefe (x) dx = j, (-2x0° + 2n) dx + ne dx 
=1, n= 1,2; 3,... 
Lt ff, de=l 
Lt Jf (x) dx = 
Also f, (x) > 0 for every x. Hence fire dx =0. 
Ex. For n22 define f, (x) on [0, 1] as 


wx forO<x<1/n 
f, (x)= 4-W (x= 2/n) for In <x < 2/n 
0 for 2/n< x1 


So 
N 
o 
Wu 
= 
oo 
<= 
<= 
1) 


i» x 
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Show that f, > f pointwise on [0, 1] where fis the zero function and 


1 1 
Lt ffx) de=140=[ f(a) dr. 


nae 


Fatou’s Lemma. Let {f,} be a sequence of non-negative measurable functions on [a, b]. Let 
lim Ff, (x) = f (x) ae. on [a, b]. Then 

¥ " b b 

lim inf f Ff: 2] f 


n> 


iff is Lebesgue integrable on [a, b]; otherwise 


lim inf jae iad 


nao 


For any me N, we have 
F,(x,m) = f, (x), if 0 f, (x) <m.xe [a,b] 


=m, if f,(x)>m 


Thus F(x, m) = min (f, (x), m). Each F, (x, m) is bounded by m. Also 


Lt F.(x,m)= Lt min (f, (x), m)= min ( Lt f, (x), m) 


nao 


= min (f(x), m) a.e. on [a, b] 
= F (x, m) ae. on [a, 5]. 
For each m, F, (x, m) being bounded and measurable, is Lebsegue integrable on [a, 5]. Thus by the 
Dominated Convergence Theorem (for g (x) = m) its limit viz. F (x, m) is also Lebesgue Integrable. 


Moreover, 
Lt li F(x, m) dx = f Lt F(x, m)dx= fro, m) dx 


F(x, m) is min (f, (x), m). Hence F, (x, m) < f, (x) forall 
b b 
i} F(x,m)dx= Lt J F, (x, m) dx 


ee b ve b 
= Lt inf [’F,(x,m) dx < Lt inf ff, 


; b b 5 
Lt inf i} he > F(x,m) dx foreach mel 


noe 


F (x, m) tends to f(x) when m — ce 


tim inf [7,2 fF 
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An Important Result for Integrable Functions 


Every integrable function f defined on [a, b] can always be approximated by some continuous function 
g for which the following condition holds: 


rb 
) |f (x) = g(x)| dv <e for any arbitrary positive number ¢ 


This can be illustrated by the following example. 
Define 


rn 1, xe[a,b] cla, b] 
fo={p xe [a,b] 


Show that for a given € > 0 there exists a continuous function g defined on [a, b] such that 


b 
f |f) - gQ)| dr-e. 
Let the graph of g be represented by PLABMO in the figure; i.e., 


0 a a-n btn 6 
Fig.7 
0, asgxSa-n 
1+(x-a)/n, a -nNSxsa, 
g(x) =]1, a, Sx Sb, 
1-(x-))/n, bh <xsbt+n 
0, b+nsxsb 


where 77 is a +ve small number. 
Clearly g is continuous on [a, 5]. Also 


fife) -g@lar=f" (+ 41) a § et! = _ Jere ance. 


Example 21. For ne N let 
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f, (x) =2n, for rele 


2n n 


=0, for efozfopt 
2n 


ag ‘ ‘2 1 
Calculate i Jim Sf, (x) dx, and Jim, J, f, (x) dx 
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Show also that Fatou’s Lemma holds but that Lebesgue dominated convergence theorem does not. 


a By definition, lim f, (x) = 0a.e. on [0, 1] 


[iim f,0) dx=0 
Also 


"f(x dr=['"0-det [" 2ndxt [| Odv=l 
0 Oo 2’ Vn 


f: 1 - Bs a " 1 3 ~— 1 
lim ff.) = 1 lim inf JA dx=1>f fdr=0 


Hence strict inequality holds in Fatou’s Lemma. In order that the Lebesgue Dominated Convergence 
theorem is applicable, the functions f, (x) should be bounded by some Lebesgue integrable function 


g (x). But the functions f, (x) as defined above are unbounded. 


Example 22. Put 


fy ()=8 (x), OS x81 


tea = 2 U—2), OS xS1 
Then show that 


tim inf [f(x de> [tim inf f(x) de 


a Since f, (x)= g(x), OS x1, ifis even, 
So, (x) = 0, if 0sx<5 
ae, 
=1, if —<x<l 
2 


fan) =8U-x), OS x1 


1 
= Sx<-— 
Fry ® 1; Osx<7 
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lim inf f, (x)= sup finf (f,, fuss fur )=0, OS x1 


f lim inf f, (x) dx=0 (1) 


D1 00 


Now 
i 72 1 1 
fn @O=fOdx+fi1 ‘dra 
and 
1 1/2 1 1 
Jo fe) de= flat J,.0 dx == 


lim inf ff, (x) dx=t 
From (1) and (2), 


lim int J fila) de> f lim inf f, (x) dx 


ne 


Wn, |x[<n 


Example 23. Let f, (x) = 
xample et fi, (x) {. la > 


Then f, (x) > 0 uniformly on R but f. f, dx=2, n=1,2,3 


Lt f,(~)= aoe T6, when |x| <n 
netien =n 


= 0, when |x| > 
Lt f, (x) =0, uniformly on the whole real line 


Now 


Fan = Fie (x =| La Pa <e€, whenever m> ei 
m| 2m 2e 
Now 


[f@dx=["odx+ f Lee Odx=2 


—n 
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This implies that uniform convergence of {f,(x)} is not enough for Lt r= fe S,- This 


equality in Lebesgue integration, in general, is only due to dominated convergence of the sequence 
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{f, (x)}. However, on the set of finite measure, uniformly convergent sequences of bounded functions 
are boundedly convergent. 


Example 24. The function fis defined on the interval [0, 1] by 


: 0, X is rational 
ia [1/x], x is irrational 


where [I/x] is the integral part of 1/x <1/x for x to be irrational. Show that 
i 
J, fdx=e 


a Define a function g(x) =[I/x]. for x ]0, I[. Clearly f < g on JO, 1[. Moreover f= ga.e. Since 
f<g at the rational points of J0, 1[ which are of measure zero, thus f= g ae. 


fie-Nar=0 wa) 


1 1 m 1 
Consider J, g dx > J, gax= > 


/(m+1) n=Int+l1 


| 


Ost A td : 
m+tm 4 3 2 
see 
The series & —— diverges to co. 
n=int+l 
1 é i 
he x = 00 -«(2) 
g(x) 
1 2 3 m+1 


But 
[ig ar=[g-+flde=fe-Nade+ fi fac 
=f f dx [using (i) 
[rae 


Example 25. The function fis defined on [0, 1] by 
F(x) = 0, when x is rational 
=n, when x is irrational 
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where 7 denotes the number of zeros immediately after the decimal point in the representation of x on 
the decimal scale. Show that fis measurable and find If dx. 


1 
Sx<—-, n=0, 1,2... and xe ]0, I]. 


| 
= Let g(x) =n, if = io™ 10" 


Clearly f < g over ]0, 1]. Moreover f= g ae. 


1 1 
Now the set {x : g(x) =} is measurable (since g (x) is constant on each of the intervals a= 0" 10" rae 


n= 1, 2,3 and each interval is measurable). 
Hence the function fis measurable and 


fr dx = [is dx 
But 


1 7 1 1 = On i 
is dame A ae 10"! ri 10" 9 


Example 26. If fis integrable, show that fis finite-value a.e. 
a Let A be any measurable subset of R. 


As Le is finite, so fll is also finite. 


Let if possible |f|=>2 onaset E CA with mE > 0, then 
filfl> f.ifl> ame. vn By lfl>va] 


> Jilf[> eas 2 0 


which is a contradiction to the fact that ff is finite. Thus mE = 0. Hence /is finite valued a.e. 


Example 27. _Iffis measurable and g is integrable on [a, b] and Mand M’ are real numbers such that 
Ms f <M’ ae., then 3 areal number €. M <& <M’ such that 


a \s| deaé Ile dx 
‘Is 


a Since |f g|< 


<(\m| + 


(\@| +|™'|)|g| is integrable 
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= fg is integrable. Also, 


M|g\< f|g|<M’'|g| ae. 
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uf 


b b 
If i \s| dx =() then g = 0 ae. and the result is trivial. If fle! dx #0, by taking € to bea real 


gldx sf’ f|gldv<M’ ['|s| dx 


number 


b 
. f fle dx : 


rT) 
Psi 
we get the required result. 


15. LEBESGUE INTEGRAL ON UNBOUNDED SETS OR 
INTEGRALS 


Up till now we have considered Lebesgue integral on bounded sets. In order to extend the definition to 
unbounded sets such as intervals Ja, ©], |e, b [or] — e, e[, we adopt a suitable limiting case of 
bounded sets. 

Let f be non-negative and Lebesgue integrable on [a, 5] for all finite values of b. Then we define 


Lebesgue integral of fon an unbounded set Ja, e[ as 


les dx = uf f dx 


provided this limit exists. If fhas an arbitrary sign, then we define 


(fF dx = a dx - pr dx 
where f*, f~ are non-negative and we say that fis integrable on Ja, >[ if each of the integrals on the 
right exist in accordance with the definition. Similarly the integrals on the unbounded intervals 


if tay b[ and J+ °°, oof can be defined. If A be any unbounded set not necessarily an infinite interval 
then we can define 


boo 


J, fdx= Lt Ih acm fa 


aan 
bate 


Most of the theorems which we have established involving Lebesgue integrals on bounded sets also 
hold for unbounded sets such as Lebesgue dominated convergence theorem, Fatou’s Lemma, theorem 


regarding integrability of fand |f| viz. A function fis integrable on 4 if and only if || is integrable on 


A regardless of whether 4 is bounded or unbounded and Ij,4| = J,lfl- 


16. COMPARISON WITH RIEMANN INTEGRAL FOR 
UNBOUNDED SETS 


The Riemann integral of fon unbounded set 4 can exist eventhough the Riemann integral of \F| does 


not exist on A. For example, A Ne sie pe RL 


bon x 


dx exists as an improper Riemann integral 


The Lebesgue Integral 837 


sin x 


whereas the integral R (s dx does not exist. On the contrary the Lebesgue integral of 


x 


sin x 


x 


© sin x ‘ ee : ange 
L J, dx does not exist, because j dx does not exist. It shows that there exist improper 


x 


Riemann integrals which are not integrable in Lebesgue sense. This indicates that nothing can be said 
about the equality of the two integrals when A is unbounded. Riemann integral may exist when the 
Lebesgue integral does not exist. Moreover, if lf| is Riemann integrable on A, then fis both Riemann 
and Lebesgue integrable on A and two integrals are equal. Thus, while talking of Lebesgue integral on 
unbounded sets, one gets the feeling that it is less general than the improper Riemann integral, yet the 
great significance of this cannot be ignored due to the most important theorem viz. Lebesgue dominated 
convergence theorem, which is valid only for it. 


EXERCISE 


|. Find the lengths of the following sets: 
(i) {(xi-3<x<4)U(x:lsx<6} 


(i) {x:3Sx<4)U(-5<x<-2} 


(ii) frgeexs 


2. Prove that the set ofall irrational numbers in [0, 1] is measurable and find its measure. Is every subset of irrational 
numbers measurable? 


3. Is every subset of a measurable set measurable? 
[Hint: Define a non-measurable subset of [0, 1].] 
4. If A,, A,, A, are any measurable sets, prove that 
m(A, UA, U A,)=(mA, + mA, +mA,)—m (A, A,)—m(A OA) 
—m(A,OA,)+m(A, 0 A, 0 A,). 
5. Prove that a set 4 is measurable if and only if for any € > 0 there exist aclosed set B C A suchthat m” (A — B) < €. 


6. Show that every non-empty open set has positive measure. 


7. The set Q of rationals are enumerated as x, , x,, x, ... and the set G is defined by G = u }s - al xe 4. 
nv 


n 
Prove that for any closed set F, m(G AF) >0. 


8. Show that every subset of a set of measure zero is of measure zero. 

9. Show that every set with positive outer measure contains a non-measurable subset. 

10. Ifeach point ofa bounded, measurable set 4 is covered by a collection / of intervals having arbitrarily small length 
(called a Vitali covering), then there exists a denumerable set of mutually disjoint intervals /, , I,, ... Such that 


fed 1, covers A except for a set of measure zero, i... m’ (4 - Y, I, - 0 for any set of mutually disjoint 


intervals /,, /,, ... which cover A a.e. 
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19, 


20, 
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1 
Define fon [°. | by /(0)=0, f (x) =x sin —, x > 0. Find the measure of the set {x : f (x) 2 0}. 


x 
Give an example of a measurable set which is not a Borel set. 
Any function defined on a set of measure zero is measurable. 


If f, and f, are measurable functions on any measurable set A C [a, b] then max Cf 5 A) and min (Cee $3) 
are also measurable. 


. Give an example of a function fsuch that if| is measurable, but /is not. 


Fai {f,} is a sequence of measurable functions ona measurable set A then lim f, and lim /f, are measurable on 4. 


nae 


Show that the monotone convergence theorem need not hold for decreasing sequence of functions. 
If {yf} is a sequence of measurable function on a measurable set 4 and g be an integrable function on A such that 
|f, @)|S g (x) ae. on A, then 


flim Jf, stim ff, <tim Jf, < ftim Ff, . 


= 0<x< n n 
Let f, (x) =5n? ss . Evaluate Lt fs J, (x) dx and Ip Lt f, (x) dx 


0, otherwise 
Are these equal? 


‘ 1 dx 
Evaluate j : ¢ ic 
nly? + 


Show that 
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Beta and Gamma Functions 


We have already discussed the convergence of the improper integrals 
| 0° 
) x" (— x)" dx, and ) eel ae, 
0 0 


for m— 1 <0, and »— 1 <0 in chapter 11 Sections 3.4 and 4.4 respectively. 
We have seen that the first integral converges if m > 0, 1 > 0 and the second converges for m > 0. 


These integrals are named as Beta and Gamma functions, respectively and denoted by (m,n) and 
T'(m), respectively. 


m2 


i.e., Bim, n) = J x"! (Px)! dy = 2 J sin”! 6 cos*""'6 d@, (x = sin’@) 


1 
0 0 
and 
T(m) = i x! e* de =2 ie Pre” de (x=r) 
0 0 
Also in chapter 17, example 25, we have established a relation between them, viz. 
T(m) T(n) 
T(m+n) 
We shall now give Legendre 's Duplication Formula 


Bim, n) = 


ne 1 
Va T(2m) = 2?""' [(m) Tarts) 


we have 
Ps. Basi oe 
ae = B(m,n) =2 | sin?”"! @ cos?”"! @d@ (1) 
Taking n =m, we have 
(P(m)* 


= B(m, m) =2 li sin?" 6 cos””""! 6 dO 
T(2m) / 0 


[2 
= Saez J) sin" 26 40 


1 om 
= sae J, sin” '$dd (20=¢) 2) 
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In (1) taking 7» = i we get 
2 


Pe. 
ee sin?” 9 d0 (3) 
T(m+ 4) 0 


From (2) and (3), we obtain 


(Pim)? _ 1 Pam TG) 
T(2m) 22"! T(m+ 4) 


or 


gent ront(m+5) =JnT(2m), since r(4) ch 
This proves the required duplication formula. 
Ex. Prove that 1(1/4) (3/4) = ¥2z. 
Next, employing integrating by parts to the Gamma function 


Tm) ={ x" e™* dx, m>0 
0 
we obtain 


b 
P(m+1) = im I xe de 


a>0+ 


b 
= lim {-0" ee tame +f mx"! em* ax} 
ery a 

a—0+ 


= mT(m), since b" e~’ — 0, as b > ©, and 
a" e“ 50,asa> 0+ ( m>0) 
T(m+1l)=mT(m), Vm>0. 


Further, since (1) = 1, so it can be easily shown that 
Tin+D=n!, Vnen. 


5/2 /2 
ifr sin? x axl{f sin?*! x ax| = # 
0 0 2(p +1) 


T(m) C(1=m)=a/sinma, 0<m<1 


[Hint: B(m,1—-m) = aac =T(m)T(1-m), 


Ex. 1. Show that 


Ex. 2. Show that 
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and 


1 
Bim, |= m) = i x” dx" dx 


yma 


= y ; 
=|. Tex )» taking x= y/(1+y). 


tad 
a 
Zz 
ul 
o 
a 
< 


Evaluate this improper integral, and use exercise 8, chapter 14.] 
Example 1. Show that 
m1 


Bes x 
I, dip = B(m,n), for m,n>0 


when x varies from 0 to -, ¢ varies from 0 to 1. 


lg yn! ee f 1 m-l a- 7 ht ‘s 
ode" als d—1? 


= j. ml ad-n"! d= Bim, n) 


= anal 
(=1)?" 


Example 2. Show that for /> 0, m > 0 
i 4 1 T+m-1 
) (x—a)! (b— x)" de = (b- a)" BL m) 


a = Putx = py + q, where p and q are such that when x = a, y = 0 and when x = b, y = 1. This gives 
p=b-—a, and a=a and the integral becomes 


-[. [(b- a) y+a—a] (6-(—a) y—a)™ (b—a) dy 


1 
as i t= gyi ttemt yr! le yy! dy=( —a)itnl Bil. m) 
Example 3. Show that 
ae 2/3 ee 
Je (l- x) 23 (1+2x) dx =x BQ/3,Y3) 


x at " . . 
a Put 1 = ap where a is a constant to be chosen so that the given integral becomes Beta 
ae 


function 


at 
x =————_.,, 
1-(l-a)t 
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2dt 
dx = ———__ 
fl-(-a)t}- 


1/3 2/3 —1 
f; at l= 1-1 + 3at adt 
o}1-(-a)t 1-(l-a)r 1-(l-ayt} [1-(-a)t? 


7 i a} "8 [1-11 - 3a)y' at 
do a-1)? : 


when x = 0, f= 0 


If we choose q =; then the integral becomes a Beta function and therefore taking a= > we have 


2/3 
a (2/3)-1 w3-1 7, —_! 
E; [ (5) 1°91 — "| ay = ra B(2/3, 1/3) 


Example 4. If is a positive integer, prove that the ratio of the areas enclosed by the curves 
xe y= 1x" + y= 1 is n2!"/in +1) 
a For area under the Ist curve 
Put x°" =cos? 6, y? = sin? @ 


then the area is 


/2 : 
A, =4 lin sin ot cos"! 6 (= sin @) d0 
0 n 


/2 
aes i sin? @ cos”! 6d@ 
n 


_ 2 (3 x\--2 T (3/2) P(/2n) 
- 2'2n) 


1 n [(1/2n + 3/2) 


Similarly putting x°" = cos? 6, y°" = sin? 6, the area under the 2nd curve is 


7/2 
A, =- af * sin!" @ J costa @ sin 0d0 
0 n 
= r sin’!”*!@ cos!”“949 
nJo 


2 1 1 
We neh 
= (5. +) 
ly i 1G : Fr ! +14+ : 
Ay _ 2 \2 2n 2n 2n 
Ay (3 +teijr( +r) 
an 2 2n 2n 
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n 

5 é 

*(ded)r a Peaued 
2n 2 2n 2) 2n 2n 2n 


iS 
a 
Zz 
mn) 
o. 
a 
< 


we get 


b(n +1) aml Ie r(] n+l1° 


n 


Example 5. Evaluate the integrals 
i e* x"! cos bx dx, and {r eo x"! sin bx dx, m> 0. 
0 0 


Hence or otherwise show that 


yo3 rr oo 
) x"! cos bx de = = ™ cos (=) and ) x sin br dr = LO sin (mz/2). 
0 b” 2 A ‘ 
a Now ia eo x"! dy = Fn) 
5 ra 


Taking k=a—ib, |k|>0 


1a erent) aml yy T(m) 
0 (a — ib)” 


iC ena pitt ml py T(m) (a + ib)” 
0 ‘ (a — ib)"(a + ib)” 


T(m) (a + ib)” 


‘id e~™ (cos bx +i sin bx) x"! dx = ——— 
0 @ +5)" 
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Writing a + ib = r (cos 9+ i sin 9), and separating the real and imaginary parts, we get 


Ca Rk T(m) cos m@ b 
ax mea = e 
J, e* cos bx x"! dv = (a? + Bey” where @ = tan”! — 
and 
cd m hy i 
J e~™ sin bx x"! dx = Ji) stalin! a Leg where 6 = tan”! es 
0 (a? +b?)"? a 


Taking a =0,0= n/2 


i Recipe tt ee T'(m)cos(mz/2) 
0 b” 
and 
i sin bx x"! dy = Tm)sin(ma/2)- 
0 b”™ 
EXERCISE 


|. Show that 


qnem+l 
[xt 21" =P anu 24h) 
0 q q 


ifp>0,g>0,m+1>0,n+1>0. 


Prove that 


ym gil 
(i) {| Tey * = B(m,n). 


int ? (m,n) = IL. xT a = i es ih, Ze 


a Sy 
0 a AESayiety 0 (al + soy 1 a +x)" Be 


m=) 


Put x = : in the second integra, 


2 (xml 4g ytly 
o (+x) 


(ii) 


dx =2B(m,n). 


Show that for m, n > 0, 


[ per (ila) oie Bim, n) 
0 (b+ex)"" (b +c)” b" 


i Put y= Gree 
b+ex 
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|. Show that 


n 
ls (: - 4) 1! dt=n* B(x,n +1), where x>0. 
0 n 
5. Show that for m> 0, 


() Bom, m) = 2!" Bim, 4), 


iS 
Qa 
Zz 
WW 
o. 
oO 
< 


(i) B(m, m) Bam + 4,m+ 4) = am '2", 


. Prove that 


0 SY yee ik - yin 8 a8 = x. 
0 [gestae ae 


7. Show that 


I 2 2 
(i) -x* d=—J= (rep 
J, l=x° dx Diz @r, 


(ii) ip (=x)? de = 22"! (P(/n) P /nP 2/n). 


Show that the perimeter of the lemniscate r? = 2a” cos 20 is 


a 2 
= (KG 
eae 

°. Show that the perimeter of a loop of the curve 


r" =a" cosn@ 
2 
[Gs 
4 o(n)-! ee 


10. Show that the area bounded by the curve x” + y" =a", and the co-ordinate axes in the first quadrant is 


(P/nyP /2nP 2/n). 
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Cantor's Theory of Real Numbers 


In chapter 1, we followed Dedekind’s theory to extend the rational number system to the real number 
system. We now introduce another method, which is less algebraic but more sophisticated, due to G. 
Cantor. The construction of real numbers by Cantor’s theory depends on the existence of an equivalence 
relation in the set of all Cauchy sequences of rational numbers. Defining each equivalence class as a real 
number and by suitably defining addition and multiplication, and order, this set R of Cantor’s real 
numbers will be made into an ordered field which will be an extension of the ordered field Q or rational 
numbers. It will then be shown that this ordered field R is also complete (in the sense defined earlier) 
i.e., the field R is order complete. 

Since the concept of Cauchy sequences of rational numbers and their limits are basic to Cantor's 
Theory, we start the discussion by a brief introduction to these sequences. 


1. SEQUENCES OF RATIONAL NUMBERS 


Definitions 
|. A function S on the set N of natural numbers into the set Q of rational numbers is called a 
rational sequence or a sequence of rational numbers and is symbolically denoted as S : N > Q. 
2. A rational sequence {S,,} is said to be bounded if there exists a rational numbers K > 0 such 
that 
IS, ISK, Wan. 
3. A-sequence {S,,} of rational numbers is called a Cauchy sequence or a fundamental sequence, 
if for each rational number € > 0 there exists a positive integer mp), such that 
IS, -—S, 1<€ Vmn2m 
or 
Sip —S, 1S Vin > mo, integer p > 1. 
4. Arational sequence {S,,} is said to converge to a rational number / (or we have the number / 
as its /imit) if for each rational number € > 0, there exists a positive integer mp, (depending 


on é), such that 
1S, —l1<€ for all n 2m, and we then write 


lim S,=lor S, 31 


neo 
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It may be easily shown that 
(/) every Cauchy sequence is bounded, 
(ji) every convergent sequence is bounded, and 
(iii) every convergent sequence is a Cauchy sequence, i.e., a necessary condition for 
convergence of a rational sequence is that it is a Cauchy sequence. 
Thus a necessary condition for convergence of a rational sequence is that for any rational 


number € > 0, there exists a positive integer mp such that 
Snap ~Spl<é Wn 2m, p21 GLY 


Example. Show that the sequence {S,,}, where 


2+58, 
= “nei 
n+l I+S, 
§,=1 


is not convergent in the field or rational numbers. 
If the sequence converges to a rational number, say g, then 
lim S,,, =g =lim S,, 


Qa), 2g 
L+q9 


q = lim 


or q 


But no rational number exists whose square is equal to 2. Hence, the sequence is not convergent in 
the field of rational numbers. 


Note:  {S,,} is the rational sequence, | 


ae ae 2+5 ‘ 
Thus by considering the sequence {S,,}, where S,,,, =———", for n 2 1, S, =1, it may be shown 


1 
that (1) is not a sufficient condition for convergence of a rational sequence. Thus every Cauchy sequence 
is not convergent in the field of rationals (compare § 6.1, Ch. 3). 


1+2+ks, wats 
Ex. 1. Show that the sequence {S,,}, where S,,, = aa S, =1, 1, k are finite non-zero 
C+ n 

numbers, is not convergent in the field of rationals. 
Ex. 2. If {a,} and {b,} are Cauchy sequences of rational numbers, then 

(/) the sequences {a, +,}, {a,b} are also Cauchy sequences, 

: 1 di . 
(7) the sequences i and 4—*> are also Cauchy sequences provided {b,} does not converge 
D, Dy 


to zero, and b, #0 for any n. 


n 
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2. CANTOR REAL NUMBER 
We shall use Fy to denote the set of all Cauchy sequences of rational numbers. 


Definition. A sequence \a,} € Fg is said to be equivalent to {b,} € Fg whenever {a,, — b,} converges 
to zero. Expressed symbolically, 
{a,} ~ {b,} iff lim (a, — b,) =0. 
Theorem |. The relation ~ in the set of all Cauchy sequences of rational numbers, defined by 
{a,,} ~ {b,} iff lim (a, — 5,) =0 
is an equivalence relation. 
(1) For any Cauchy sequence {4,,} € Fo 
lim (a, — a,) =0 
{a,} ~ {a,} 


and so the relation ~ is reflexive. 


W 


Let {a,}, {b,} be sequences in Fo such that lim (a, — b,) = 0. 
Then 
lim (4, — a,,) = lim [- (a, - 5,)] = 0 
ta} ~ 1b,} => 1B} ~ tay} 
and so the relation ~ is symmetric. 
(3) Let {a,}, {B,}, {c,} be sequences in Fo, such that 
{a,} ~ {b,} and {b,} ~ {c,} 

ie., 

lim (a,, — 6,) = 0 and lim (b, — ¢,) = 0 
Then, 

lim (a, — ¢,) = lim (a, — 5, +b, — ¢, 

= lim (a, — 5,) + lim (6, - ¢,) = 0 
tay} ~ {by} A Mba} ~ Lent => tan} ~ fend 

Hence, the relation ~ is transitive. 
Hence from (1), (2) and (3) it follows that the relation ~ is an equivalence relation in Fo. 


Notation. Let [a,,] denote the equivalence class containing the sequence {a,,}, i.e., the set of rational 


Cauchy sequences equivalent to {a,,}. Thus, 
[an] = tix} © Fo | tx} ~ fa, bh. 
Ex. 1. If {@,} €¥o, then lim (a,) = a iff {a,} ~ {a}. 


Ex. 2. Two equivalence classes [a,,], and [a,,'] are equal iff {a,,} ~ {a,,'}. 
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Definition. A Cantor real number is an equivalence class [a,,] with respect to the equivalence relation 
~in Fo defined by the condition 
{a,,} ~ {b,} iff lim (a, —b,) =0 
Thus if € is a real number [a,,], then 
S= (x) © Fo Han} ~ {a,)} 


We shall denote by R the set of all real numbers and use €, 77,... to denote the real numbers. 


3.__ ADDITION AND MULTIPLICATION IN R 


We shall define two binary operations (+ and .) in R, to be called addition and multiplication and discuss 
some of their properties. But we shall need the following theorems before we can do so. 


Theorem 2. Uf {x,}, (,}, {a,}, and (b,} belong to Fg such that {x,}~ {a,,} and {y,} ~ {by}, 
then {x, + y,} and {a, +b,} also belong to Fo and {x, + Y,} ~ {a, +,}- 
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Since {x,}, {y,}, {a,} and {b,} all belong to Fo therefore as in Ex. 2 § 1, {x, + y,} and 
{a,, +,} also belong to Fy. Also 
{x,,} ~ {a,,} = lim (x, — @,) = 0 


and 
{y,} ~ {8,) = lim (y,, - b,) = 0 
lim (x, + ¥, — @, —5,) = lim (x, —a,) + lim (y, — b,)=0 
= {x, + y,} ~ {a, +5,}- 


Theorem 3. If {x,}, (y+ {a,} and {b,} belong to Fo such that (x,}~ {a,} and {¥,} ~ {b,}, 
then {X,¥,} and {a,b,} also belong to Fy and {X,¥,} ~ (a,b, }- 


Since {x,}, {y,}, {a,} and {b,} all belong to Fo, therefore {x,,y,,} and {a,b,} also belong to 
Fo. 
Again since {x,}, {b,} are rational Cauchy sequences, they are bounded and therefore 3 positive 
rational numbers k,, k, such that 
Ix, 1< ky, IbI< kj, VYneN 
Also since {x,} ~ {a,,} and {y,} ~ (0, }, 
lim (x, — a,) =O and lim (y, —b,) =0 
so that for rational € > 0,4 positive integers m,, m1, that 
Ix, —a,|<€/2k,, forn =m 
and 
ly, —b,l< €/2k,, forn2>m, 
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Let m= max (m,, m). 
Hence for n 2m, we have 
In ~ AP |= |Xn(Vn = Bn) + Oy (Xp — Gy) | 


S14n Wn — On 1+ 18 [Sn = Gn | 


<k, eae ky =e 
2k, Qk, 
> lim (x,y, — @,b,) = 0 
XPnb ~ 1Auby} 


Theorem 4. (Addition in R). There is a binary operation f:R XR — R such that for every pair of 
real numbers & =[a,], 7 =[b,], 
S(EmM=¢ 

where ¢=[a, +5,] 

Let (¢, 77) be an arbitrary element of R * R and let &=[a,], 7 =[b,], for some sequences 
{a,j and {b,} in Fo. 

Since {a, + ,} € Fo, therefore [a, + b,] eR. 

Let /(¢, 7) =¢, where ¢ =[a, + 6,]. 

We now show that mapping /is well defined. 


Let, if possible, /(¢, 7) = ¢", where ¢’ =[a,'+5,'], €=[a,"], and 7 =[4,']. 


Now 
[a,]=¢=[a',] and 7 =[b,]=[b,"] 
ta,} ~ ta,"} and {b,} ~ {b,"} 

> {a, + b,} ~ {a,' + b,'} 

> [a, + 6,] =[a,' + ,'] 

= ga" 


Thus fis a binary operation on R. 


Definition. The binary operation f on R is called addition in R and is denoted by +. Thus 

For every pair &,n of real numbers where &=[a,] and n=[b,], for some sequences 
{a,} and {b,} in Fo, the real number & =[a, + b,] is called the sum of € and 1 and is denoted by 
é+ 7. 


Ex. For real numbers &, 77, ¢,..., prove that 


G) €+n=n+€ 
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(i) S++ O=(G+mM+o 
(iii) There is a unique real number 0 such that 
E€+0=0+E=6€ 
[Hint: Take 0 =[0,,], where 0, = 0 for all 7] 
(iv) For every eR, there exists a unique 77 €R_ such that 
é+n=0=7+6€. 
Theorem 5. (Multiplication in R). There is a binary operation g:R x R > R such that for every 
pair of real numbers & =[a,,], 1 =[b,], 
als M=6, 
where ¢ =[a,), ]. 


Let (&, 7) be an arbitrary element of R x R and let €=[a,], 7 =[b,], for some sequences 
{a,} and {6,} in Fo. 

Since {a,b,} € Fo, therefore [a,b,]€R. 

Let g(¢, 7) =¢, where ¢ =[a,b,,]. 

We now show that the mapping g is well defined. 

Let, if possible, g(¢, 7) =¢", where ¢" =[a,'b,'], and & =[a,"], 7 =[b,']. 
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Now 

[a,] =[a,,"], and [b,] = [4,"] 
Se {a,} ~ {a,"} and {b,} ~ {b,"} 
=> {a,b,} ~ {a,'b,"} 
=> [a,b] =[a,"b,"] 
= g=0 


Thus g is a binary operation on R. 


Definition. The binary operation g on R is called multiplication in R and is denoted by (.). Thus for 
every pair , 7 or real numbers where €=[a,] and 7=[b,] for some sequences {a,,} and {,} in 
Fo, the real number ¢ = [a,b,] is called the product of € and 7 and is denoted by €- 77. 


Ex. For real numbers €, 7, ¢,..., show that 
(i) &n=n-g 
(ii) §-(-$) =(6-7)-6, 


(iii) There exists a real number 1, called the multiplicative identity such that 


(Hint: Take 1 =[J,,], where /,, = 1 for all n.] 


(iv) The multiplicative identity is unique. 
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(.) To each real number & # 0, there corresponds a unique real number 77 such that 
syalans 

Let €=[a,,], Since & # 0, the sequence {a,,} can have at the most a finite number of terms equal 

to zero. Let me N be such that a, #0 for n> m. 


1 
Let us define a sequence {b,}, where 6, =—, forn>m,and b, =1 for n<m. 
n 


The real number 7 = [h,,] has the desired property. 
The real number 77 is called the mu/tiplicative inverse of & and is denoted by €"'. 
('/) The multiplicative inverse €~' is unique. 


Theorem 6. Prove that (R, +, .) is a field. 
The proof is left to the reader. 


4. ORDERINR 


We shall now give an order structure to the field of real numbers. To do so we shall first define the set of 
positive elements of R. 


4.1 Definition (A positive sequence of rational numbers). A rational sequence {a,} is called a 
positive sequence if there exists a positive rational number e and a positive integer m such that 
a, >, for alln2=m 

From the above definition it may be easily shown that if {a,,} and {b,} are positive sequences of 
rational numbers, then a, + b,} and {a,b,} are also positive sequences of rational numbers . 
Theorem 7. If {a,}~ {a,"}, and {a,} is a positive rational sequence, then {a,'} is also a positive 
rational sequence. 

Since {a,,} is a positive rational sequence, therefore 3 ¢ > 0 in Q* and m, €N such that 

a, > e, forn > m, w(1) 
Again since {a,} ~ {a,'}, therefore 3m, €N such that 
Fi e 
|iaj," =a, I<>, for all n = m, 

or 


e > 
Sy WE ne sas(2) 


Let my = max (7m,, m,). 


4, = (4,'— ay) + a, 


se : +e, for n> mp [from (1) and (2)] 
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= . > 0, for all n= my 


Hence {a,"'} is a positive rational sequence. 


Corollary. If € is a real number and {a 
{a,'} €& is also a positive sequence in Q. 


n} €& be a positive sequence in Q then every sequence 
4.2 Definition. A real number & is positive if every sequence in € is a positive sequence. 
In view of Theorem 7.1, it follows that a real number € is positive if and only if there exists a positive 


rational sequence in &. 


We shall denote the set of positive real numbers by R*. Thus 


. _ J (FER | Fis positive} 
{fe R | for some {a,,} € ¢, {a,,} is positive} 


From definition, the following result may be easily proved. 
If &, 17 are positive real numbers then so also are € +) and §-7. 
Theorem 8 If €€R, then one and only one of the following statements is true: 
(i) €=0, (ii) EER*, (iii) -EER™. 
We first show that at /east one of the three statements is true. 
Let €=[a,], so that {a,} €¢, and {a,} € Fo. 
When & = 0, there is nothing to prove, for then (/) holds. 
Let € #0, so that {a,} is not equivalent to {0,,}, where 0, = 0 forall 7, consequently {q,} does 
not converge to 0. Hence 3 e €Q* and m, €N such that 
|ja,|>e Wn>m «oh 


Again since {a,} is a Cauchy sequence and e > 0, therefore J m, € N such that 
e 
|a,., —4, |<=, forn =m, p21 (2) 
n+p n > n> P 


Let m= max (im, m,), then from (2), 


e e 
<a, <a, + =,pieil 3 
7'P re, 


a= 
m m+ p 
2 P 


‘m 
From (1) either a,, > e or a,, <—e. 


If a,, >e, then from (3), 


e e 
Insp ED 
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Therefore {a,,} is a positive sequence and hence € € R*. 


And if a,, <—e, then again from (3), 


e e 
tp He +S == Spel 


m+ p 


1ses,, -—a >5>0pzl 


Therefore {-a,} is a positive sequence and hence - €€ R*. 
Thus we have shown that at least one of the three statements is true. 
We now proceed to show that not more than one of the three statements is true. 
If €=0, then {a,,} ~ {0,}. Hence for rational e > 0,3 m'e€N such that 
|a,|<e, forn 2m! 
Hence there is no e € Q™ such that for some my €N, either 
a,z2e VWn2zm 
or -a,z2e VYWn>m 
Thus if ¢ = 0, then neither = R* nor — €e R*. 
Now, if possible, Ge R* and- Ee R*. 
Then for some e, e' (e < e', say) € Q® and 1,7, EN, 
a,2e VWn2n 
-a,2e Wn2n, 
Hence for m= max (7, 7), 
0<e'<-—a,<-e<0 
which is impossible, 
EeR* a —EER’ is false 
Hence the theorem. 


4.3 Thus R® is a set of positive elements of R such that 
(a) fEneR*, then €+neER* and EneR*. 
(b) For each & € R, one and only one of the following is true: 
(i) GeR* (ii) E€=0 (iii) -EeER’. 
4.4 Definition. A real number € is said to be greater than a real number 1 if é-neR*. 
Using the symbol > to denote ‘greater than’, we write 
E>» iff E-neR* 


The same thing can also be expressed by saying that 77 is ‘Jess than’ & and write 77 < &. 
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Ex. For real numbers &, 77, ¢,..., prove that 
|. Exactly one of the following holds: 
() €>n, (ii) =n, (iii) E<n. 
2. €>nandn>C>é>C. 
3. €>n>G+O>nt+e. 
4. ForGeR*,€>naé-C>n-e. 
Theorem 9. Prove that (R, +, -,>) is an ordered field. 


The proof is left to the reader. 


5. REAL RATIONAL AND IRRATIONAL NUMBERS 


If a Cauchy sequence of rational numbers converges in the field of rationals then the real number 
determined by it is called a real rational number. Thus if a rational Cauchy sequence {a,,} converges to 
arational number @ then [a, ] is the real rational number @. 


Theorem 10. Jf @ is a rational number then there exists a rational Cauchy sequence converging 
to a 
Let {a,,}, where a, = @ forall n, be a rational sequence, which clearly converges to a. Also it is 


a Cauchy sequence, since |a,,, — a,|=0 forall n, p. 


n+p 
Theorem Il. Uf {a,} and {b,} are two rational Cauchy sequences converging to the same limit a, 
then 
tan} ~ 1B,} 
lim a, = a = lim b, 
lim (a, — b,) =0 
ta} ~ {b,} 
Theorem 12. To every rational number @ there corresponds a unique real rational number. 
Let {a,,} be a rational Cauchy sequence that converges to @, so that {a,,} is a real rational number 
that corresponds to @. 
If [a,,'] be another real rational number that corresponds to @, then the rational Cauchy sequence 
{a,,"} also converges to @. Hence by Theorem 11, 
ta} ~ ta,"} 


{4,1 = [a,"} 


Notation. The set of all real rational numbers will be denoted by R", where R* = {a|a@ is a real 
rational number}. 


If GER but eR’, then € is called real irrational number and the set of all real irrational 
numbers is R — R*, 


xs 
a 
z 
i 
o 
a. 
< 
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6. _SOME PROPERTIES OF REAL NUMBERS 
Theorem 13. If & is a real number and {x,,} a Cauchy sequence in Q such that {x,} € ¢, then 
lim x, =€ inR. 
Let € >0 bea real number and ¢ a rational number such that 0 < e < €. 
Since {x,,} is a Cauchy sequence in Q, therefore for e > 0, 3 my €N such that 


e 
<= Vm,n2m 


Hence for all m,n2m,  e-Ix, Il>— 


Xp. = 


‘m 
and so for each n > my the sequence {y,,}, where y,, =e—Ix, —,,l, is a positive sequence in R. 
Ly, ]>0 inR 

or e—[lx, —x,|]>0 inR 

Thus for n 2 my 

Ix, — A=lx, — [x] 
=ILx,]- Ly, I 
=I[x, — %,]l=(lx, — x, l]<e<eé 
lim x, = and eR. 

Corollary 1. If &€R and €>0 inR then there is an x €Q such that |€-x\< € inR. 

Let {x,} be a Cauchy sequence in Q such that {x,,} € ¢. 

lim x, =€ inR 
Hence for every € >0 in R, JanmeN such that 
l€-x,l<e inR Vn2m 
In particular for x = x,, € Q, 
l€-xl<e 

Corollary 2. If & <7 inR, then there is an x €Q such that <x <7. 

We know that every ordered field is dense. Therefore, there is areal number ¢ such that € < (<7. 
If e€ = min (¢ - &, n — G), then by Cor. 1. There is a rational number x such that 

E<C-ec<x<Gt+e<n. 
Corollary 3. Ris Archimedean 
or 

For each pair of positive real numbers &, n, there exists a positive integer n such thatn & >. 

For 0<&<7 inR, let x, y be rational numbers such that 0 < x < € << y inR. Since the field 
Q is Archimedean, therefore J ann € N such that nx > y. 
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n€>nx>y>n 
Hence R is Archimedean. 
Theorem 14. Every Cauchy sequence of Cantor real numbers converges in R. 
Let (¢,,) be a Cauchy sequence in R. Then for €>0 in R, Sm, €N such that 
16, -€,1<e/3 Vmn2>m sll 

By Cor. 1, for each n EN, there exists a rational number x, such that |€, — x, |< I/n. 
For above € > 0, we can choose m, € N such that 

Yn<}e and 1g,-x,1<In<te Vn>m ~ai(2) 
Let my = max (m,, m,), from (1) and (2), 

Ixy — Xm = by, — Sh + Sn — Sn + En — Xm | 


SI xy — Sn VANE = Sn LL En = Xp | 
<yzettetie=e, Vmn=m 
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-. {x,} is a Cauchy sequence in Q. 
Hence [x,] is a real number €, say, 
. lim x, = € in R [Theorem 13] 
Again, since {x,} converges to € in R, for € > 0 in R, Janm, €N such that 


2 
Ix, -Sk 26, Vn2m, Vn>n, si(3) 


Hence for n > m’ = max (m,,m,), we have 
16, -Gl=le, — x +x, -§ 1 
$16, -%, |+1x,-¢1 
<tetiere [using (2), (3)] 
lim €, =¢inR . 


7. COMPLETENESS IN R 


Theorem 15. Order-completeness property. Every non-empty subset of real numbers which is bounded 
above has the supremum in R. 


(i) Suppose A is a non-empty subset of R, 4 is an upper bound of A, and @ € A so that a <b. 
Since R is Archimedean, therefore, for each n € N, there exists an m €N such that @ + (m/n) = b 
in A, and therefore @ + (m/n) is an upper bound of A. Hence for each n EN, the set 


B, = {m lat me is an upper bound of A, me nl 
n 


J 


is a non-empty subset of N. 
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But, since every non-empty subset of natural numbers has a least element, let mm, be the least 
element of B,. Thus for each n EN, 


m, 


(1) y, = a + —* is an upper bound of A, and 
n 
1 ee 
(2) x, =), ~~ Hat is not an upper bound of A. 
n n 
Xn <Ynv VngneN 
Now 
1 
Xn Xm Sn ~ Xm = — 
m 
and 


Xm — Xn Sn 7 Xn = i 


Lay, — Al = MAK (5, — Xp Ly — Xp) 


i 
<—, for mn2n 
Ny 


Hence, {x,} is a Cauchy sequence in R which by Cauchy property of R (Theorem 14, § 6) 

converges in R. 

i lim x, = €, where eR. 

(ii) We shall now show that € = sup A. 
Let, if possible, € be not an upper bound of 4. 
Hence & < x, for some x in A. 


Since lim x, = ¢ and lim I/n =0, there is some n €N such that 


is #26 
n 2 
and 
x, ~&Slx, -él< — 


Then by equations (1) and (2), we have 


1 ke = Z 
Yn =X, +—< g+24) 44 G ovine 
n 2 2 


But this is impossible by (1), since x € A. 
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Hence & is an upper bound of A. 

If & is not the least upper bound, let 7 < & be the least upper bound of A. 
Let €-n=6>0. 

Since lim x, = &, therefore for 6 >0,i3n€N such that 

€-x, Sl€-x,1<d=E-7 

n N<x, <x, forsome xe A 

which is a contradiction. 


Hence &< pn, so that & is the least upper bound of A. 
Thus, the non-empty set 4 of real numbers has the supremum in R. 


xs 
a 
Zz 
i 
a 
a 
<x 
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The book has theory from its very beginning. The foundations have been 
laid very carefully and the treatment is rigorous based on modern lines. It 
opens with a brief outline of the essential properties of rational numbers 
and using Dedekind’s cut, the properties of real numbers are also 
established. This foundation supports the subsequent chapters: 
Topological Framework Real Sequences and Series, Continuity, 
Differentiation, Functions of Several Variables, Elementary and Implicit 
Functions, Riemann and Riemann-Stieltjes Integrals, Lebesgue 
Integrals, Surface, Double and Triple Integrals which are discussed in 
detail. Uniform Convergence, Power Series, Fourier Series, Improper 
Integrals have been presented in as simple and lucid manner as possible. 
Number of solved examples to illustrate various types have also been 
included. 


As per need, in the present atmosphere, a chapter on Metric Spaces 
discussing completeness, compactness and connectedness of the spaces 
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